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Abstract. Knowledge base exchange can be considered as a generalization of
data exchange in which the aim is to exchange between a source and a target con-
nected through mappings, not only explicit knowledge, i.e., data, but also implicit
knowledge in the form of axioms. Such problem has been investigated recently
using Description Logics (DLs) as representation formalism, thus assuming that
the source and target KBs are given as a DL TBox+ABox, while the mappings
have the form of DL TBox assertions. In this paper we are interested in the prob-
lem of representing a given source TBox by means of a target TBox that captures
at best the intensional information in the source. In previous work, results on
representability have been obtained for DL-Literprs, a DL corresponding to the
FOL fragment of RDFS. We extend these results to the positive fragment of DL-
Liter, in which, differently from DL-Literprs, the assertions in the TBox and the
mappings may introduce existentially implied individuals. For this we need to
overcome the challenge that the chase, a key notion in data and knowledge base
exchange, is not guaranteed anymore to be finite.

1 Introduction

Knowledge base exchange is an extension of the data exchange setting, where the source
may contain implicit knowledge by which new data may be inferred. The first frame-
work for data exchange with incompletely specified data in the source was proposed
in [3]. This framework is based on the general notion of representation system, as a
mechanism to represent multiple instances of a data schema, and considers the problem
of incomplete data exchanges under mappings constituted by a set of tuple generating
dependencies (tgds), i.e., mappings between pairs of conjunctive queries. Given that the
source data may be incompletely specified, (possibly infinitely) many source instances
are implicitly represented. This framework was refined in [1, 2] to the case where as a
representation system Description Logics (DL) knowledge bases (KBs) were used: the
TBox and the ABox of a DL KB represent implicit and explicit information respec-
tively, and mappings are sets of DL inclusions. While in the traditional data exchange
setting, given a source instance and a mapping specification, (universal) solutions are
target instances derived from the source instance and the mapping, in this case solutions
are target DL KBs, derived from the source KB and the mapping.



In such a setting, in order to minimize the exchange (and hence transfer and materi-
alization) of explicit (i.e., ABox) information, one is interested in computing universal
solutions that contain as much implicit knowledge as possible. Therefore, the notion of
representability was defined, which helps us in understanding the capacity of (univer-
sal) solutions to transfer implicit knowledge: we say that a source TBox is representable
under a mapping if there exists a target TBox that leads to a universal solution when it is
combined with a suitable ABox computed from the source ABox, independently of the
actual source ABox. Weak representability is concerned with representability under a
mapping extended with assertions that are implied by the given mapping and the source
TBox. (Weak) representability of a source TBox under a mapping implies that the only
knowledge that remains to be transferred explicitly via the (extended) mapping is the
one in the source ABox. Therefore, checking (weak) representability and computing
a representation of a source TBox under a(n extended) mapping turn out to be crucial
problems in the context of KB exchange.

In [1,2] the problems of deciding representability and weak-representability, and
of computing a representation for a given mapping and a TBox was tackled for DL-
Liteprs, the DL counterpart of RDFS [5] and a member of the DL-Lite family of
DLs [6]. It has been shown that these problems can be solved in polynomial time for
DL-Lite,,s mappings and TBoxes. Moreover, due to the simplicity of the logic, the
characterization of representations is concise and simple.

In this paper we extend those results to the case of DL-Liter without disjointness
assertions, a DL that we call DL—Lite%” *. The presence of existential quantifiers on the
right-hand side of concept inclusions makes the problem considerably more compli-
cated than for DL-Lite ;. However, we show that also in the presence of existentials
on the right-hand side we are able to decide representability and weak representability
of a DL-Lite’* TBox under a DL-Litef;," mapping in polynomial time and to construct
a polynomial size representation.

2 Preliminaries

2.1 DL-Lite%" Knowledge Bases

The DLs of the DL-Lite family [6] are characterized by the fact that reasoning can be
done in polynomial time, and that data complexity of reasoning and conjunctive query
answering is in AC®. We present now the syntax and semantics of DL-Lite%;", which is
the DL that we adopt here, together with a sub-language of it.

In the following, we use A and P to denote concept and role names, respectively,
and B and R to denote generic concepts and roles, respectively. The latter are defined

by the following grammar:
R := P | P” B :=A]| 3R

For arole R, we use R~ to denote P~ when R = P, and P when R = P~.

A DL-LiteX;” TBox is a finite set of concept inclusions B C B’ and role inclusions
R C R'. A DL-Litel)* ABox is a finite set of membership assertions of the form A(u)
and P(u,v), where u and v are individuals or labeled nulls. We distinguish between the



two, since individuals are interpreted under the unique name assumption, while labeled
nulls obtain their meaning through assignments (see below). Notice that we include
labeled nulls in ABoxes as they are needed in the exchange of KBs. A DL-Litel,” KB
K is a pair (T, A), where T is a DL-Litel;” TBox and A is a DL-Lite};" ABox.

Note that DL-Litef;" is the fragment of the DL DL-Liter studied in [6] without
disjointness assertions on concepts and roles. In DL-Liter, B and R are called basic
concepts and basic roles, respectively, and for coherence with previous work on the DL-
Lite family, we adopt here this terminology as well. We call DL-Lite s the fragment
of DL-Lite%;” (and hence of DL-Liter) in which there are only atomic concepts and
atomic roles on the right-hand side of inclusions.

The semantics of DL—Lite%" * is, as usual in DLs, based on the notion of first-order
interpretation T = (AT, .T), where A7 is a non-empty domain and -Z is an interpreta-
tion function such that: (1) AZ C AZ, for every concept name A; (2) PT C AT x AT,
for every role name P; (3) a* € AZ, for every individual name a; and (4) such that:

(HR)I = {x € AT | thereexists y € AT s.t. (v,y) € RT}
(P = {(y,2) € AT x AT | (z,y) € PT}

Moreover, satisfaction of concept and role inclusions is defined as follows: Z |=
BC B'it BT C B, andZ = RC R'if RT C R'". Finally, satisfaction of member-
ship assertions is defined as follows. A substitution over an interpretation Z is a function
h from individuals and labeled nulls to AZ such that h(a) = a” for each individual a.
Then (Z,h) = A(u) if h(u) € AZ, and (Z, h) = P(u,v) if (h(u), h(v)) € PL.

An interpretation Z is a model of a DL-Lite};)” TBox T if for every o € T, it holds
that Z |= o, and it is a model of a DL-Litel)* ABox A if there exists a substitution h
over Z such that for every o € A, it holds that (Z, h) |= «. Finally, Z is a model of a
DL-Liter KB K = (T, .A) if Z is a model of both 7 and .A. The set of all models of
K is denoted MOD(K), and K is consistent if MOD(K) # (). We observe that in DL-
Lite}y” one cannot express any form of negative information, and hence a DL-Litely"
KB is always consistent.

We assume that interpretations satisfy the standard names assumption, that is, we
assume given a fixed infinite set U of individual names, and we assume that for every
interpretation Z, it holds that AT C U and o = a for every individual name a. This
implies that interpretations satisfy the unique name assumption over individual names.

A signature X is a set of concept and role names. An interpretation Z is said to be
an interpretation of X if it is defined exactly on the concept and role names in 2. Given
a KB K, the signature X (K) of K is the alphabet of concept and role names occurring
in K, and K is said to be defined over (or simply, over) a signature X if ¥'(K) C X (and
likewise for a TBox 7T, an ABox A, inclusions B C C and R C (), and membership
assertions A(u) and P(u,v)).

2.2 Queries, Certain Answers, and Chase

A k-ary query g over a signature X, with k£ > 0, is a function that maps every interpreta-
tion (AT, -T) of X into a k-ary relation ¢ C A*. In particular, if k = 0, then ¢ is called
a Boolean query, and ¢ is either a relation containing the empty tuple () (representing



the value true) or the empty relation (representing the value false). A query q is said to
be a query over a KB K if ¢ is a query over a signature >’ and X' C X'(K). Moreover, the
answer to ¢ over K, denoted by cert(q, K), is defined as cert(q, K) = Nzemon(x) qr.
Each tuple in cert(q, K) is called a certain answer for q over K. Notice that if ¢ is
a Boolean query, then cert(q, K) evaluates to true if g% evaluates to true for every
T € MoD(K), and it evaluates to false otherwise.

In this paper, we adopt the class of unions of conjunctive queries as our main query
formalism. A conjunctive query (CQ) over a signature 2. is a first-order formula of the
form ¢(x) = Jy.conj(x,y), where x, y are tuples of variables and conj(x,y) is a
conjunction of atoms of the form: (1) A(¢), with A a concept name in X' and ¢ either
an individual from U or a variable from « or y, or (2) P(t1,t2), with P a role name
in XY and ¢; (: = 1, 2) either an individual from U or a variable from @ or y. In a CQ
q(x) = Jy.conj(x,y) over a signature X, x is the tuple of free variables of g(x).
Moreover, given an interpretation Z = (AT, .Z) of X, the answer of q over Z, denoted
by ¢7, is defined as the set of tuples a of elements from A’ for which there exist a
tuple b of elements from AZ such that Z satisfies every conjunct in conj(a, b). Finally,
a union of conjunctive queries (UCQ) over a signature X' is a finite set of CQs over X
that have the same free variables. A UCQ ¢(x) is interpreted as the first-order formula
V4. eq 4i(®), and its semantics is defined as ¢* =, , ¢:"-

Certain answers in DL-Lite};” can be characterized through the notion of chase. We
call a chase a (possibly infinite) set of assertions of the form A(t), P(t,t'), where ¢,
t’ are either individuals from U, or labeled nulls interpreted as not necessarily distinct
domain elements (see the definition of the semantics of DL-Lite%.” % in Section 2.1). For
DL-Litel}* KBs, we employ the notion of restricted chase as defined in [6]. For such a
KB (T, A), the chase of A w.r.t. T, denoted chaser(A), is a chase obtained from A by
adding facts implied by inclusions in 7, and introducing fresh labeled nulls whenever
required by an inclusion with 3R in the right-hand side (see [6] for details).

2.3 Knowledge Base Exchange Framework

Assume that X', X5 are signatures with no concepts or roles in common. Then we
say that an inclusion N3 T Ny is an inclusion from Xy to Y5, if N; is a concept or
a role over X7 and N> is a concept or a role over 5. For a DL L (e.g., DL—Lite;"z” %,
we define an L-mapping (or just mapping, when L is clear from the context) as a tuple
M = (X1, X5, T12), where Ti2 is a TBox in £ consisting of inclusions from X to Xo:

(1) Cy C Cy, where C, C are concepts in £ over X7 and X5, respectively, and
(2) Q1 E @2, where Q1 and Q)5 are roles in £ over X' and X5, respectively.

If 712 is an £-TBox, for a DL L (e.g., DL-Litely"), then M is called an L-mapping.
The semantics of a mapping is defined in terms of the notion of satisfaction. More
specifically, given a mapping M = (X1, Xo, T12), an interpretation Z of X; and an
interpretation J of Yy, pair (Z,J) satisfies TBox T12, denoted by (Z,7J) E Tiz,
if for each concept inclusion C7 = C3 € 7Tio, it holds that c,t c ¢y, and for
each role inclusion Q; C Qs € Tia, it holds that Q17 C Q57 . Moreover, given an
interpretation Z of X, SAT(Z) is defined as the set of interpretations J of X5 such



that (Z, J) = 712, and given a set X’ of interpretations of Xy, SAT (X)) is defined as:

SATM(X) = Uzer SATM(T).
Let M = (X4, X5, T12) be a mapping, K1 a KB over X;, and Ky a KB over Y.

— K5 is called a solution for Ky under M if MOD(K5) C SAT((MOD(K1)), and
- Ky is called a wuniversal solution for K; under M if MoD(K2) =
SAT v (MOD(K)).

Universal solutions present several limitations, as argued in [1, 2]. First, a universal
solution (in DL-LiteX," and DL-Liter) does not always exist. Second, if it exists, then
its TBox is trivial (that is, equivalent to the empty TBox). Finally, in the worst case
the smallest universal solution is exponential in the size of the mapping and the source
KB. A notion of solution parametrized w.r.t. a query language was proposed in [1, 2] in
order to overcome these limitations. Such a notion, though weaker, is in line with the
objective of (data and) KB exchange of providing in the target sufficient information to
answer queries that could also be posed over the source.

Let Q be a class of queries, M = (X, X, T12) a mapping, K1 = (71,.41) a KB
over X1, and Cy a KB over X5. Then

— Ko is called a Q-solution for i under M if for every query ¢ € Q over Xy,
cert(q, (T U Tz, A1) C cert(q,Ks), and

— ICq is called a universal Q-solution for KC; under M if for every query ¢ € Q over
Yo, cert(q, (T1 U T12,A1)) = cert(q, K2).

The definitions of solutions are illustrated in the following example.

Example 1. Assume X'y = {Painting(-), PaintedBy(-,-), ArtMovement(-,-)} and
Yo = {ArtPiece(-), ArtAuthor(-,-), HasStyle(-,-), HasGenre(-,-)}. Consider map-
ping M = (X1, Xs, T12), where T;5 is the following TBox:

Painting T ArtPiece PaintedBy T ArtAuthor
Painting C 3HasGenre ArtMovement © HasStyle

Further, assume 7; = { Painting = 3PaintedBy, Painting T JArtMovement} and
A1 = {Painting(blacksquare)}. Then, a universal solution for the KB K; = (77, .41)
under M is the KB Ky = (7z,.A), where T2 = 0 and A, is the following ABox,
where _n01, _n02, and _mO01 are labelled nulls:

ArtPiece(blacksquare) ArtAuthor(blacksquare, n01)
HasGenre(blacksquare, -m01) HasStyle(blacksquare, -n02)
Now, consider KB K, = (7;,.A5) with non-empty TBox, where 7, =

{ArtPiece = JArtAuthor, ArtPiece T JHasStyle, ArtPiece T JHasGenre} and
Al = { ArtPiece(blacksquare)}. Then we have that K} is a solution for K; under M.
However, we also have that X’} is not a universal solution for XC; under M. Notably,
both KB /Cy and KB K/, are universal UCQ-solutions for KB /C; under mapping M. m

In order to understand the capacity of universal solutions, and also of the query-
languages based notions of solutions to transfer implicit knowledge, the notion of rep-
resentability has been introduced in [1,2]. Here we adapt that definition to the case



where the KB is always satisfiable, as in DL—Lite%”s. In the definition below we use

chaseT 5(A) to denote the projection of chases (A) on the signature X.
Let £ be a DL, Q a class of queries, M = (X, X5, T12) an £L-mapping, and 77 an
L-TBox over Y. Then,

— T1 is (Q-)representable under M if there exists an £-TBox T3 over Y5, called
a (Q-)representation of T under M, such that for every ABox A; over X1,
(T2, chase,, 5,(A1)) is a (Q-)universal solution for (77,.41) under M.

— T1 is weakly (Q-)representable under M if there exists a mapping M* =
(X1, X2, T7%) such that Tio C 775, T1 U Ti2 | T1%, and 77 is (Q-)representable
under M*.

Example 2. Let M = (Xy,X5,T12) and T; be as in Example 1. Then we have that
To = {ArtPiece = JArtAuthor, ArtPiece © 3HasStyle, ArtPiece T IHasGenre}
is a UCQ-representation of 7; under M.

On the other hand, if M" = (X1, X5, T{,) with T/, = { PaintedBy C ArtPiece},
then we have that 77 is not UCQ-representable under M’: take ABox A; =
{Painting(blacksquare)}, then chaser, s,(A1) = 0 and for no TBox T3,
(T3, chases, 5,(A1)) is a universal UCQ-solution for (71,.A;) under M’. However,
if we consider 7% = T/, U{Painting T 3ArtAuthor}, we conclude that 77 is weakly
UCQ-representable under M’ since T/ C T, T1 U Ty E Ti% and T; is UCQ-
representable under M* = (X, Yo, 77%5) (in fact, () is a UCQ-representation of 73
under M™). ]

3 Solving UCQ-Representability for DL-Lite"

In this section, we show that the UCQ-representability problem can be solved in poly-
nomial time for the case where TBoxes and mappings are expressed in DL-Litely”".
More specifically, we give a polynomial time algorithm UCQREPP?* that, given a DL-
Litely"-mapping M = (X1, X5, T12) and a DL-LiteX,"-TBox Ti, verifies whether 75
is UCQ-representable under M, and if this is the case computes a UCQ-representation
of 71 under M. Moreover, we also show that this algorithm can be used to solve the
UCQ-representability problem for the case of DL-Lite .. It is important to notice that
the algorithm we present can be used to compute universal UCQ-solutions of polyno-
mial size, which make good use of the source implicit knowledge. Thus, this algorithm
computes solutions with good properties to be used in practice.

A related problem is that of query inseparability [7], which can be formulated as
follows: given TBoxes 7; and 75, and a signature 3., decide whether for each ABox A
over X' and for each query q over X, cert(q, (T1, A)) = cert(q, (T2,.A)). In contrast to
our polynomial result for UCQ-representability, query inseparability has been proved to
be PSPACE-hard for DL-Liteg TBoxes and CQs [7], and an analysis of the proof shows

that the same lower bound holds already for DL-Litely”".

3.1 Checking Whether a Given Target TBox is a UCQ-Representation

We start by considering the decision problem associated with UCQ-representability:
Given a DL-Literz-mapping M = (X4, X5, T12), a DL-Liteg-TBox T; over X, and



a DL-Liter-TBox T3 over X5, check whether 75 is a UCQ-representation of 7; under
M, ie., for each ABox A, over Xy, (T2, chase,, 5,(A1)) is a universal UCQ-solution
for (71, A1) under M. This problem can be solved in two steps:

(C1) Check whether for each ABox Ay over Xy, (72, chaser,, s,(A1)) is a UCQ-
solution for (77,.4;) under M.

(C2) Check whether for each ABox .A; over X and for each UCQ ¢ over X5, we have
that cert(q, (T2, chaser;, ,(A1))) C cert(q, (T1 U Tiz2, A1)).

If both checks succeed, then 73 is a UCQ-representation of 71 under M, otherwise not.
We develop now techniques to perform these two checks in polynomial time.

Checking Condition (C1). For a DL-Litel,* TBox 7 and a concept or role N,
we define the upward closure of N wrt. T as the set Ur(N) = {N’
N'isconceptorroleand 7 = N LT N'}, and the strict upward closure S1(N)
as Ur(N) \ {N}. Then, for a set N of concepts and roles we define Uy (N) =
Unen Ur(N), and its strict version S7(N). Notice that both S7;,(Ur; (IV)) and
Ur, (Spm(IV)) are sets over X, for each concept or role N over .

With these notions in place, we can provide a necessary and sufficient condition for
the satisfaction of condition (C1).

Proposition 1. Let M = (X1, X5, Ti2) be a DL-Litely*-mapping, T a DL-Lite};’-
TBox over X1, and Ty a DL-Litefy’-TBox over X5. Then Ty, Tz, and M satisfy condi-
tion (C1) iff the following conditions are satisfied:

(A) Sm(U7,(B)) C U (Sm(B)), for each basic concept B over Xy ;
B) Sm(Ur (R)) C Up,(Sm(R)), for each basic role R over Xy ;
(C) for each basic concept B and each basic role R over X such that 3R € U, (B)
and Sp (U7, (3R™)) # 0, we have that
if Sm(Up, (R)) # 0, then there exists a role Qg g over X5 such that
(CA) 3Qr,B € Ur,(Sm(B)),
(CB) Sm(Ur (R)) CUR(Qr.B), and
(CC) Sm(Ur,(3R7)) € Ur, (3@, p).
and if Sp(Ur, (R)) = 0, either
(CD) Sp((Ur, (3R7)) € U, (S (B)),
or there exist roles Q}%_B, ey QRB over X such that
(CE) 3Qk p € Uz, (Sm(B)),
(CF) T = 3Qkp)~ EIQ% .- QR )~ EIQR p. and
(C6) Sp(Ur (3R)) € Uz, (3(Qpp) )

It is important to notice that the necessary and sufficient condition in Proposition 1
can be checked in polynomial time, as the implication problem for DL-Litely," can
be solved in polynomial time. In particular, for a basic concept B and a basic role
R over X such that 3R € Ur (B), Sm(U7 (3R7)) # 0, SmM(Ur (R)) = 0, and
Sm(U7 (3R™)) € Uz, (Sm(B)), checking the existence of roles Qf g, ..., Q% p
over Y5 satisfying conditions (CE), (CF), and (CG) can be reduced to checking reach-

ability in a directed graph. Indeed, for each pair of basic concepts Ba, B} over X



such that By € Sx(B) and Sy (U, (3R™)) C Uy, (Bj), we use the following ap-
proach to check for the existence of the roles Q}i Breoes Q%, p over Xy such that

ToE By E3QLp T2 F3IQkp)” E Q% T2 IQhp)~ E B Let
G = (V, E) be the directed graph defined as:

V = {By,B}} U {Q2| Q2 isarolein Xy}
E = {(B2,B3) | Ta |F B2 C By} U {(B2,Q2) | T2 |E B2 C3Q2} U
{(Q2,B3) | T2 F3Qy T By} U {(Q2,Q3) | T2 = 3Q, T 3Q5}

Then we test for the existence of the roles Q}%, B Q’;L g by verifying whether B is
reachable from Bs in G. If for some pair Bz, B the aforementioned two-step test suc-
ceed, then we have that there exist roles Q}%’ Brees Q%’ g that satisfy conditions (CE),
(CF), and (CG). Otherwise, we know that such roles do not exist.

Checking Condition (C2). We rely on the following result:

Proposition 2. Let M = (X1, X5, Ti2) be a DL-Lite}y*-mapping, T a DL-Lite};’-
TBox over X1, and Ty a DL-Litefy’-TBox over X5. Then Ty, Tz, and M satisfy condi-
tion (C2) iff the following conditions are satisfied:

(A) Ur,(Sm(B)) € Sy (U, (B)) for each basic concept B over Xy ;
B) Ur,(Sm(R)) € Sm(Up (R)) for each role R € Xy;
(C) for each basic role QQ over X5 and each basic concept B over Xy such that 3Q €
Uz, (Sm(B)) and U, (3Q ™) # {3Q "}, there exists a role Rg g over X s.t.
(CA) HRQ_B S UTl (B) and
(CB) Q S SM(RQ,B)-

The necessary and sufficient condition in Proposition 2 can be checked in polynomial
time, as the implication problem can be solved in polynomial time for DL-LiteZ;”.

Thus, given that, by Propositions 1 and 2, both conditions (C1) and (C2) can be
tested in polynomial time, we obtain the following result.

Theorem 1. The problem of verifying, given a DL-Lite})"-mapping M =
(X1, X3, Ti2), a DL-Lite})"-TBox Ty over X1, and a DL-Lite},"-TBox T3 over X5,
whether T is a UCQ-representation of Ty under M can be solved in polynomial time.

3.2 The Algorithm for Computing a UCQ-Representation

In what follows, we present the algorithm UCQREP??, which verifies whether a source
TBox 7T is UCQ-representable under a mapping M, and if this is the case returns a
UCQ-representation of 7; under M.

Intuitively, given a source TBox 77 and a mapping M, algorithm UCQREP?% con-
structs the best possible candidate 73 for a UCQ-representation of 7; under M (given
the conditions in Propositions 1 and 2), and then checks whether 75 effectively satisfies
the properties required for a UCQ-representation (note, that 73 is indeed a DL-Litey;"
TBox). To prove the correctness of this algorithm, we need to show that 77 is UCQ-
representable under M if and only if 75 is a UCQ-representation of 7; under M. This



Algorithm: UCQREP” (T, M)

Input: A DL-Lite’y"-mapping M = (X1, X, Ti2) and a DL-Lites;"-TBox 71 over 1.

Output: A DL-Litely’-TBox T3 over X that is a UCQ-representation of 71 under M, if
T1 is UCQ-representable under M. The keyword false otherwise.

1. Let 75 be a TBox over X5 defined as:

T2 = {N2 C M> | N; abasic concept or role over X1,
N2 € Spm(N1), M2 € Spm(Ur, (N1))}

2. Remove from 73 every inclusion No T M> such that (i) No € Spq(N1) for some
N; over X1, and (ii) for every M1 over Xy such that My € Spq(M7), it holds that
Ti &= N1 C M. Moreover, if No = 3Rz and M, = 3RY%, then also remove inclusions
Ry C Ryand R, C Ry from 7s.

3. Remove from 73 every inclusion of the form either 3R, T Bj or R2 C R or R, C
R}, forroles Ro, R and a concept By over Yo, if there exists a concept B; over X1 such
that (i) 3R2 € Sa(B1), and (ii) for every role Ry over X1 such that 3R; € Ur, (B1)
and Rz € Sp(Ra), it holds that 71 = B1 C 3R;.

4. Verify whether 73 is a UCQ-representation of 7; under M. If the test succeeds, return
T2, otherwise return false.

Fig. 1. Algorithm to compute the UCQ-representation of a DL-Litely” TBox 71 under a DL-Litely”
mapping M.

is done in the following theorem, where it is also proved that the algorithm works in
polynomial time. The latter is a consequence of the fact that 75 is of polynomial size
in the sizes of 77 and M, and that, by Theorem 1, it is possible to check in polynomial
time whether 75 is a UCQ-representation of 7; under M.

Theorem 2. Algorithm UCQREP?? is correct and runs in polynomial time.

The following examples illustrate how algorithm UCQREP?** works.

Example 3. Let M = (21,22,712), where 21 = {Al(),Bl(),Cl()}, 22 =
{As("), B2(+)}, and T12 = {A1 C Ay, By C By, C; C By}. Furthermore, assume that
Ti = {B; C A;}. Then, in step 1, the algorithm constructs the TBox 73 = {Bs T As}.
In step 2, it removes the only axiom from 73 as By € Sy(C1) and T; & C1 C A;.
In step 3, it does nothing, and finally, at the last step it checks whether the empty
TBox T3 is a UCQ-representation of 7; under M. Since As € Sp(Up (B1)) and
Az ¢ Ur, (Spm(B1)), the algorithm returns false. ]

Example 4. Let M = (X1, X2, T12), where Xy = {B1(-), Pi(+,-), R1(-,")}, X2 =
{A2("), B2("), R2(+, )}, and Ti2 = {3P] C A, By C By, Ry C Ry}. Furthermore,
assume that 7; = {B; C 3P, By C 3R;,3R; C 3P, }. Then, in step 1, the al-
gorithm constructs the TBox 72 = {Bs T 3Ry, 3IR; T As}. It does not remove
anything in steps 2 and 3. Finally, at the last step it successfully checks that 75 is a
UCQ-representation of 7; under M and returns 7». [ ]



3.3 Solving UCQ-Representability for DL-Lite s

It is not difficult to see that if the input of algorithm UCQREP?% is a DL-Litepps-
mapping M = (X, X5, T12) and a DL-Lite,-s-TBox T; over X7, then the set T
computed by this algorithm is a DL-Litel,*-TBox over X that can be easily trans-
formed into an equivalent DL-Lite,s-TBox. Indeed, 75 might contain inclusions be-
tween basic concepts of the form IRy T JRY, but this occurs only if 75 implies also
the role inclusion Ry C R). Hence, all concept inclusions that would fall outside DL-
Litey, s are implied by the DL-Liteyprs fragment of 75 and can be removed from 75
without affecting its semantics. Thus, we conclude that algorithm UCQREP?® can also
be used to solve in polynomial time the UCQ-representability problem for DL-Lite 5
mappings and TBoxes.

4 Solving Weak UCQ-Representability for DL-Lite?;*

In this section, we show that also the weak UCQ-representability problem can be solved
in polynomial time when TBoxes and mappings are expressed DL-Lite},”. We first need
to introduce some terminology. Given a DL-Liter-TBox 7T over a signature 3/ and a
UCQ g over X, aUCQ g, over X is said to be a perfect reformulation of ¢ w.r.t. T if for
every ABox A over X, it holds that [6]: cert(q, (T, A)) = cert(q,, (0, A)). That is, the
certain answers to the UCQ ¢ over a KB (T, .A) can be computed by posing the UCQ
g- over the ABox A. It is well-known that every UCQ ¢ admits a perfect reformulation
w.r.t. a DL-Liteg -TBox 7T, which can be computed in polynomial time [6].

Interestingly, the fundamental notion of perfect reformulation can be used to
solve the UCQ-representability problem for DL-Litef;,". More precisely, let M =
(X1, X9, T12) be a DL-Liters -mapping and 77 a DL-Liter-TBox over X;. Then define a
mapping COMP(M, T1) = (X1, X2, T7%) that extends M by compiling the knowledge
from 77 into 7;2. Formally, for a basic concept or role N over 3, let bq be the CQ
defined as follows: bg 4 (x) = A(x), bggp(z) = Jy.P(x,y), bgzp- () = Jy.P(y, x),
bgp(z,y) = P(x,y), and bgp- (z,y) = P(y,z). Then, for every concept inclusion
B C C € Ti2 and for every CQ ¢ in the perfect reformulation of bqz w.r.t. 71, include
C, € Cinto 7%, where Cj is the (unique) basic concept such that chq = q. Also, for
every role inclusion R C ) € 712 and for every CQ ¢ in the perfect reformulation of
bgr w.rt. Tp, include R, C @ into 7%, where R, is the basic role such that bg R, =4

It is important to notice that if M = (X, Xy, T12) is a DL-Lite%;"-mapping and
T1 a DL-Lite};”-TBox over Xy, then COMP(M, T1) = (X1, X, T1%5) is a DL-Litely"-
mapping that can be computed in polynomial time in the sizes of M and 7. Therefore,
given that the set of inclusions defining COMP(M, T7) contains the set of inclusions
defining M and 71 U 712 |= 775, we conclude that COMP(M, T;) can be used to check
in polynomial time whether 77 is weakly UCQ-representable under M.

Theorem 3. Let M = (X1, X5, T12) be a DL-Lite}y"-mapping and Ty a DL-Litely*-
TBox over X1. Then Ty is weakly UCQ-representable under M if and only if T is
UCQ-representable under COMP(M, Ty).

From this result and Theorem 2 we obtain a polynomial time algorithm for solving
pos

the weak UCQ-representability problem for DL-Lites,  mappings and TBoxes.



The example below shows a DL-Litel,* TBox T; and a DL-Lite’,” mapping M such
that 77 is not weakly UCQ-representable under M.

Example 5. Let M = (X1, X5, T12), where X1 = {P1(,-),B1()}, 2 = {Aa("),
Bs(-)}, and T12 = {B1 C By, 3P; C As}. Furthermore, assume that 7; = {B; C
3P, }. Then 77 is not weakly UCQ-representable under M. In fact, given that the perfect
reformulation of 3P, w.r.t. TBox 77 is 3P, itself, and likewise for concept B;, we
have that M = ComP(M, 71) and, thus, 7; is not weakly UCQ-representable under
M, as 71 is not UCQ-representable under M. n

Instead, as shown in [1,2], for each DL-Lite,rs TBox 71 and DL-Lite,s mapping
M, T1 is weakly UCQ-representable under M.

5 Conclusions

In this paper, we have extended previous results on representability in the knowledge
exchange framework to DL-Lite}y”, a DL of the DL-Lite family that allows for existen-
tials in the right-hand side of inclusion assertions, both in the source TBox and in the
mapping. We are currently working on extending our results to DL-Liter, which in-
cludes disjointness assertions, and to the other DLs in the extended DL-Lite family [4].
A further interesting problem that we are investigating is that of checking the existence

of universal solutions for DL-Litely”* and other more expressive DLs.
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