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module extraction, forgetting and knowledge exchange. We give a uniform game-theoretic
characterisation of knowledge base conjunctive query inseparability and develop worst-
case optimal decision algorithms for fragments of Horn-ALCHZ, including the description
logics underpinning OWL2QL and OWL2EL. We also determine the data and combined

giﬁﬁ;ffgn logic complexity of deciding query inseparability. While query inseparability for all of these
Knowledge base logics is P-complete for data complexity, the combined complexity ranges from P- to
Conjunctive query EXPTIME- to 2EXPTIME-completeness. We use these results to resolve two major open
Query inseparability problems for OWL2 QL by showing that TBox query inseparability and the membership
Games on graphs problem for universal conjunctive query solutions in knowledge exchange are both

Computational complexity ExpTiME-complete for combined complexity. Finally, we introduce a more flexible notion of

inseparability which compares answers to conjunctive queries in a given signature over a
given set of individuals. In this case, checking query inseparability becomes NP-complete
for data complexity, but the EXpTIME- and 2EXPTIME-completeness combined complexity
results are preserved.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

A description logic (DL) knowledge base (KB) consists of a terminological box (TBox) and an assertion box (ABox). The
TBox represents conceptual knowledge by providing a vocabulary for a domain of interest together with axioms that describe
semantic relationships between the vocabulary items. To illustrate, consider the following toy TBox 7,, which defines a
vocabulary for the automotive industry:

Minivan C Automobile,
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Hybrid C Automobile,
Automobile C IpoweredBy .Engine,
Hybrid = dpoweredBy.ElectricEngine n ApoweredBy .InternalCombustionEngine,
ElectricEngine C Engine,
InternalCombustionEngine C Engine.

The first two axioms say that minivans and hybrids are automobiles, the third one claims that every automobile is powered
by an engine, and the fourth axiom states that every hybrid is powered by an electric engine and also by an internal
combustion engine. Thus, the TBox introduces, among others, the concept names (sets) Minivan, Automobile and Engine,
states that the concept Minivan is subsumed by the concept Automobile and uses the role name (binary relation) poweredBy
to say that automobiles are powered by engines. TBoxes, often called ontologies, are represented in many applications using
the syntax of the Web Ontology Language OWL 2 (www.w3.org/TR/owI2-overview).

The ABox of a knowledge base is a set of facts storing data about the concept and role names introduced in the TBox. As
an example ABox in the automotive domain, we will use the following set of assertions:

Aq = { Hybrid(toyota_highlander), Minivan(toyota_highlander),
Minivan(nissan_note), poweredBy(nissan_note, hr15de), InternalCombustionEngine(hri5de) }.

Typical applications of KBs in modern information systems use the semantics of the concepts and roles in the TBox to enable
the user to query the data in the ABox. This is particularly useful if the data is incomplete or comes from heterogeneous
data sources, which is the case, for example, in linked data applications [1] and large-scale data integration projects [2,3],
or if the data comprises the web content gathered by search engines using semantic markup [4].

As the data may be incomplete, the open world assumption is adopted when querying a KB K: a tuple a of individuals
from K is a (certain) answer to a query q over K if q(a) is true in every model of /. Since general first-order queries
are undecidable under the open-world semantics, the basic and most important querying instrument is conjunctive queries
(CQs), which are ubiquitous in relational database systems and form the core of the Semantic Web query language SPARQL
(www.w3.org/TR/sparql11-query). In our context, a CQ q(x) is a first-order formula 3y ¢ (x, y) such that ¢(x, y) is a con-
junction of atoms of the form A(zq) or P(z1, z2), for a concept name A, a role name P, and variables z1, z, from x, y.' For
example, to find minivans powered by electric engines, one can use the CQ

q(x) =3y (Minivan(x) A poweredBy(x, y) A ElectricEngine(y)),

with toyota_highlander being the only certain answer to q(x) over (7g, Aqg).

The problem of answering CQs over KBs has been the focus of significant research in the DL community: deep complexity
results have been obtained for a broad range of DLs (see below), new DLs have been introduced with tractable (in data
complexity) query answering [5,6], a variety of query answering techniques have been invented [6,7] and implemented in a
number of powerful software systems (see, e.g., [8] and references therein).

Apart from developing query answering techniques, a major research problem is KB engineering and maintenance. In
fact, with typically large data and often complex and tangled ontologies, tool support for transforming and comparing KBs
is becoming indispensable for applications. To begin with, KBs are never static entities. Like most software artefacts, they
are updated to incorporate new information, and distinct versions are introduced for different applications. Thus, developing
support for KB versioning has become an important research problem [9,10]. As dealing with a large and semantically
tangled KB can be costly, one may want to extract from it a smaller module that is indistinguishable from the whole KB
as far as the given application is concerned [11]. Another technique for extracting relevant information is forgetting, where
the task is to replace a given KB with a new one, which uses only those concept and role names that are needed by the
application but still provides the same information about those names as the original KB [12,13]. Finally, the vocabulary of
a given KB may not be convenient for a new application. In this case, similarly to data exchange in databases [14|—where
data structured under a source schema is converted to data under a target schema—one may want to transform a KB in a
source signature to a KB given in a more useful target signature and representing the original KB in an accurate way. This
task is known as knowledge exchange [15,16].

In this article, we investigate a relationship between KBs that is fundamental for all such tasks if querying the data via
CQs is the main application. Let ¥ be a relational signature consisting of a finite set of concept and role names. We say
that KBs K1 and Ky are X-query inseparable and write Cq =5 Ky if any CQ formulated in ¥ has the same answers over K4
and C,. Note that even for ¥ containing all concept and role names in the KBs, X-query inseparability does not necessarily
imply logical equivalence: for example, (4, {A(a)}) is {A, B}-query inseparable from ({B C A}, {A(a)}) but the two KBs are
clearly not logically equivalent. Thus, if KBs are used for purposes other than querying data via CQs, then different notions

1 Since we consider Horn DLs, the results of this article actually apply to unions of CQs (known as UCQs), see Remark 2 below. For simplicity, however,
we consider CQs only.
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of inseparability are required. We now discuss the applications of X-query inseparability for the tasks mentioned above in
more detail.

Versioning. Version control systems for KBs provide a range of operations including, for example, computing the relevant
differences between KBs, merging KBs and recovering KBs. All these operations rely on checking whether two versions, K1
and Ky, of a KB are indistinguishable from the application point of view. If that application is querying the data via CQs
in a given relational signature X, then K7 and Ky should be regarded as indistinguishable just in case they give the same
answers to CQs formulated in X. Thus, the basic task for a query-centric approach to KB versioning is to check whether
Ki=x Ks.

Modularisation. Modularisation and module extraction are major research topics in ontology engineering and maintenance.
In module extraction, the problem is to find a (small) subset of the axioms of a given large KB that is indistinguishable from
the KB with respect to the intended application. If that application is querying a KB K using CQs in a relational signature %,
then the problem is to find a small £-query module of /X, that is, a KB K’ € K with K’ =5 K. Note that one can extract a
minimal X-query module from a KB using a polynomial-time algorithm with the X-query inseparability check as an oracle
(see, e.g., [17]). To illustrate the notion of X-query module, consider the automotive knowledge base g = (74, Aq) defined
above and the relational signature X, = { Automobile, Engine, poweredBy }. Then Kp, = (T, Am) is a Zp-query module of
Ka, Where

Tm = { Minivan C Automobile, Automobile C IpoweredBy.Engine, InternalCombustionEngine = Engine },
Am = { Minivan(toyota_highlander),
Minivan(nissan_note), poweredBy(nissan_note, hr15de), InternalCombustionEngine(hr15de) }.

Knowledge Exchange. In knowledge exchange, we want to transform a KB K; in a relational signature ¥ to a KB K3 in a
new signature X, connected to X via a declarative mapping specification given by a TBox 712. Such mapping specifications
between KBs are also known as ontology alignments or ontology matchings and have been studied extensively [18]. If, as
above, we are interested in querying data via CQs, then the target KB K, should be a sound and complete representation
of K1 with respect to answers to CQs, and so should satisfy the condition K; U 712 =5, K3, in which case it is called
a universal CQ-solution. To illustrate, consider again the knowledge base K; = (74, Aq) and let Tz connect the relational
signature ¥, of ICq to X, = {Car, HybridCar, ElectricMotor, Motor, hasMotor} by means of the following axioms:

Automobile C Car, Hybrid € HybridCar, poweredBy C hasMotor,
Engine T Motor, ElectricEngine C ElectricMotor.

Then K, = (7, Ae) is a universal CQ-solution, where

Te = { ElectricMotor T Motor, Car T 3hasMotor.Motor, HybridCar T Car 11 3hasMotor .ElectricMotor },
Ae = { HybridCar(toyota_highlander), Car(nissan_note), hasMotor(nissan_note, hr15de), Motor(hri5de) }.

Forgetting. A KB K’ is said to result from forgetting a relational signature ¥ in a KB K if K’ =ggic)\x K and sig(K’) €
sig(K) \ X, where sig(K) is the relational signature of C. Thus, the result of forgetting ¥ does not use X and gives the
same answers to CQs without symbols in ¥ as K. The result of forgetting is also called a uniform interpolant for X
with respect to sig(kC) \ X. Forgetting is of interest in a number of scenarios. Typically, when reusing an existing KB in a
new application, only a small number of its symbols is relevant, and so instead of reusing the whole KB, one can take a
potentially smaller KB resulting from forgetting the extraneous symbols. Forgetting can also be used for predicate hiding: if
a KB is to be published, but some part of it has to be concealed from the public, then this part can be removed by forgetting
its symbols [19]. Finally, forgetting can be used for KB summary: the result of forgetting often provides a smaller and more
focused KB that summarises what the original KB says about the retained symbols, potentially facilitating comprehension.
To illustrate, the KB Ky = (77, Ay) results from forgetting X = { Minivan, Hybrid, ElectricEngine, InternalCombustionEngine }
in K4, where

Tr = { Automobile C 3poweredBy .Engine },
Ag = { Automobile(toyota_highlander),
Automobile(nissan_note), poweredBy(nissan_note, hr15de), Engine(hri5de) }.

In this article, we develop worst-case optimal algorithms deciding X-query inseparability of KBs given in various
fragments of the description logic Horn-ALCHZ [20], which include DL—Lite;”O‘re [6,21] and Sﬂ?—[‘f [22] underlying the
OWL 2 profiles OWL2QL and OWL2EL (www.w3.org/TR/owl2-profiles). The algorithms are based on two characterisations
of ¥-query inseparability, one of which is model-theoretic and the other game-theoretic. The former characterises ¥-query
inseparability in terms of partial X-homomorphisms between materialisations, that is, interpretations M of KBs K such
that the certain answers to any CQ q over X coincide with the answers to CQ q over M. Any Horn-ALCHZ KB has a ma-
terialisation. While materialisations can be infinite, we show that one can always compute a finite generating structure from
which a materialisation is obtained by unravelling. We then develop a game-theoretic machinery for checking the existence
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Fig. 1. Summary of the combined complexity results.

of partial ¥-homomorphisms between materialisations by playing two-player games on the corresponding finite generating
structures. Thus, our algorithms consist of two components: computing finite generating structures for the given KBs and
deciding the existence of winning strategies for the games on these structures.

We use the constructed algorithms to obtain optimal upper bounds for the data and combined complexity of de-
ciding X-query inseparability for KBs given in all of the DLs mentioned above. ¥-query inseparability turns out to be
P-complete for data complexity, which matches the complexity of CQ evaluation for all of our DLs lying outside the DL-
Lite family. For combined complexity, the obtained tight complexity results are summarised in Fig. 1. Most interesting
are EXpTIME-completeness of DL-Lite!t, and 2ExpTIME-completeness of Horn-ALCZ, which contrast with NP- and Exp-
TiMmE-completeness of CQ evaluation for these logics. We note in passing that the 2ExpTiME-hardness proof goes through for
the fragment £L£Z of Horn- ALCZ. For DL-Lite without role inclusions, ££ and ELHT, 3 -query inseparability is P-complete,
while CQ evaluation is NP-complete. In general, it is the combined presence of inverse roles and qualified existential restric-
tions (or role inclusions) that makes X-query inseparability hard. The matching lower bounds are established by a (rather
involved) encoding of suitable alternating Turing machines.

We apply our complexity results for X-query inseparability to resolve two important open problems. First, we show
that, in knowledge exchange, the membership problem for universal CQ-solutions for DL-Literre KBs is ExpTIME-complete
for combined complexity, which settles an open question of [23], where only PSPACE-hardness was established. Second, we
show that deciding X-query inseparability of DL-LiteZ;‘re TBoxes (for arbitrary ABoxes) is EXPTIME-complete, which closes the
PSPACE-EXPTIME gap that was left open by Konev et al. [24].

In the definition of X-query inseparability above, we took account of all tuples of individuals in the KBs that could
be certain answers to CQs. In some applications, however, we may be interested only in a specific set of individuals over
which the certain answers should be compared. Let I' be an individual signature consisting of a finite set of individual
names. For KBs K1, K, and a relational signature X, we say that K; and K, are (X, TI')-query inseparable if any CQ
formulated in ¥ has the same certain answers among the individuals in T" over both Xy and KC,, in which case we write
K1 =s.r K,. Clearly, if T' contains all individuals in IC; UKC,, then (X, I')-query inseparability implies X-query inseparability.
(X, T)-query inseparability can be used to refine X-query inseparability as a foundation for versioning, modularisation,
forgetting and knowledge exchange.

For instance, a KB K’ is a (¥, I')-query module of a KB K if K’ € K and K’ =x r K. Consider again the automotive
ontology g = (74, Ag) and the relational signature X, = { Automobile, Engine, poweredBy} Unlike our example illustrating
¥ -query modules, we now restrict the individual signature to 'y, = {toyota_highlander, nissan_note} thereby leaving out
hr15de from the set of individuals considered. Then the KB K}, = (7}, A;,,) is a (£, ['m)-query module of /g, where

Tn/l = { Minivan C Automobile, Automobile C 3poweredBy.Engine },
Al = { Minivan(toyota_highlander), Minivan(nissan_note) }.

Thus, the restriction of the individual signature removes the two assertions with hri5de from A, and an axiom from 7p,.

Similarly, a KB X' results from forgetting (X, T") in a KB K if X' =)\ x, inaonr K, sig(K’) S sig(K) \ T and ind(K') €
ind(K) \ T, where ind(K) is the set of individuals in the ABox of /C. In this case, for I'y = { hr15de}, the KB IC} = (T}, A/f)
results from forgetting (X, I'y) in Kq, where

7}/ = { Automobile C IpoweredBy.Engine },
f = { Automobile(toyota_highlander), Automobile(nissan_note) }.

In knowledge exchange, the refined notion of query inseparability can be used to represent a more flexible knowledge
exchange model, which allows additional individuals in the target KB. These ‘anonymous’ individuals are similar to nulls
in the standard approaches to incomplete databases [25]. Thus, we say that a KB K, with a relational signature ¥, is a
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universal CQ-solution with nulls for a KB Ky and a mapping specification 713 if K1 U712 =sx, ind(ic;) K2 (here, the individuals
in ind(Cy) \ ind(/Cq) play the role of nulls). To illustrate, we consider again the knowledge exchange example given above
with the same X, and 7g. Observe first that /. is also a universal CQ-solution with nulls. On the other hand, there are
universal CQ-solutions with nulls that are not universal CQ-solutions. To illustrate, let m; be a fresh individual name. Then
K, =, A,) is a universal CQ-solution with nulls for /Cq and 7g., where

A’e = { HybridCar(toyota_highlander), Car(toyota_highlander),
hasMotor (toyota_highlander, my), ElectricMotor(my), Motor(my),
Car(nissan_note), hasMotor(nissan_note, hr15de), Motor(hri5de) }.

Intuitively, A}, is a materialisation of all consequences of K, U 7ge in the relational signature ¥, and, among individuals
of KCq, it clearly gives rise to the same answers to all CQs formulated in ¥, (the additional individual, my, is not counted
when comparing the CQ answers). The interested reader is referred to [23] for more explanations on the advantages of this
notion.

We extend our algorithms deciding X-inseparability to algorithms deciding (X, I')-inseparability and investigate the data
and combined complexity of the problem for KBs given in the same fragments of Horn-ALCHZ as before. In contrast to
¥-query inseparability, which is P-complete for data complexity for all of those fragments, deciding (X, I')-query insep-
arability turns out to be NP-complete for data complexity. (In fact, it is NP-hard already for KBs without TBoxes since
(2, I')-query inseparability is then equivalent to the problem of deciding the existence of a homomorphism from one rela-
tional structure to another, which is known to be NP-hard.) For combined complexity, (X, I')-query inseparability is exactly
as hard as X-query inseparability whenever it is already NP-hard.

The remainder of the article is structured as follows. In Section 2, we introduce the syntax and semantics of the DLs con-
sidered in this article. In Section 3, we provide a model-theoretic characterisation of conjunctive query inseparability based
on materialisations and introduce finite generating structures from which materialisations are obtained by unravelling. We
also analyse our algorithms computing generating structures and their relevant properties, depending on the DLs considered.
In Section 4, we develop games on generating structures and the corresponding algorithms for deciding inseparability, using
which we obtain complexity upper bounds. Section 5 is devoted to proving matching lower complexity bounds. In Section 6,
we refine T-inseparability by considering restricted sets of individuals in KBs and, in Section 7, we discuss related work
and how our results can be (or have been) applied to solve open problems in knowledge exchange, TBox inseparability and
for the comparison of OBDA (ontology-based data access) specifications. We conclude with a discussion of future work in
Section 8.

2. Horn-ALCHZT and its fragments

In this article, we investigate - and (X, I')-query inseparability of KBs given in DLs that are Horn fragments® of
ALCHZI. To define these DLs, we fix sequences of individual names a;, concept names Aj;, and role names Pj, for i < w.

A role is either a role name P; or an inverse role P; ; we assume that (P; )~ = P;. ALCZ-concepts are defined by the
grammar
Cuo=A | T | L] -=C]| CnCy | CiuCy | dR.C | VR.C, (ALCT)

where R is a role. ALC-concepts are those ALCZ-concepts that do not contain inverse roles. ALCZ-TBoxes and ALC-TBoxes
are finite sets of concept inclusions of the form

CiECy,

where the C; are ALCZ- or, respectively, ALC-concepts. ALCHZ-TBoxes are finite sets of concept inclusions in ALCZ and
role inclusions of the form

R1E Ry,

where the R; are roles. ALCH-TBoxes are ALCHZ-TBoxes that do not contain occurrences of inverse roles.
The DLs in the ££ and DL-Lite families are sub-Boolean fragments of ALCHZ. £L-concepts are defined by the grammar
C o= A | T | CinCy | 3P;.C. (EL)
In other words, they are ALC-concepts without L, LI, — and VP;.C. Note that ££ does not have inverse roles. £L-TBoxes
are finite sets of concepts inclusions in £L. ECH‘j_r is an extension of ££ with L, role inclusions and domain and range
restrictions. Thus, Sﬁﬂ‘f—concepts are defined similarly to ££-concepts but can also use L, and 6£7—[T—TBoxes consist of a
finite number of Sll?-ldf—concept inclusions, role inclusions (without inverse roles), and range restrictions of the form

TLEVP;.C

2 strictly speaking, DL—LiteZ;,‘,e and DL—Lite,Z';rn are not fragments of ALCHZ because it does not have role disjointness constraints. However, these
constraints play no essential part in our constructions, and the techniques we develop for ALCHZ are also applicable to the logics in the DL-Lite family.
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(domain restrictions are expressible by means of concept inclusions 3P;. T E C). Clearly, ££ and EE’H‘ir are sub-languages
of ALC and ALCH, respectively.
Basic concepts in DL-Lite are defined by the following grammar:

B u=A; | T | L | 3RT, (DL-Lite)

where R is a (possibly inverse) role. Existential quantifiers 3R.T are called unqualified, and we usually write 3R instead of
3AR.T. DL-Litecore-TBoxes are finite sets of concept inclusions of the form

B1C By and BimByC L,
where the B; are basic concepts. DL-Litep,,,-TBoxes consist of a finite number of concept inclusions of the form
Bin---nBrC B.

DL-Litet .- and DL—Litehﬂom—TBoxes contain, in addition, a finite number of role inclusions and role disjointness axioms of the

form R; MR, C L. Note that, unlike ££ and Sﬁ”de, the DL-Lite logics do have inverse roles.
To introduce the Horn fragments of the DLs with the Booleans operators, we require the following (standard) recursive
definition [5,26]. We say that a concept C occurs positively in C itself and, if C occurs positively (negatively) in C’, then

- C occurs positively (respectively, negatively) in C'u D, C'n D, 3R.C’, VR.C’, D C C’, and
- C occurs negatively (respectively, positively) in —=C" and C’ E D.

Now, we call a TBox 7 Horn if no concept of the form Cu D occurs positively in 7, and no concept of the form —C or VR.C
occurs negatively in 7. Clearly, the ££- and DL-Lite-TBoxes are Horn by definition. For any other DL £ (e.g., ALCHT), only
Horn L-TBoxes are allowed in the DL Horn-L.

An ABox, A, is a finite set of assertions of the form Ay(a;) or Py(a;,a;). An L-TBox 7 and an ABox A together form an
L knowledge base (KB) K = (T, A).

A relational signature is any non-empty finite set of concept and role names. An individual signature is a (possibly empty)
finite set of individual names. We usually denote a relational signature by X, an individual signature by I', and sometimes
call the pair (X,T) simply a signature. The relational signature of a KB K = (7, .4), which consists of the concept and
role names occurring in /C, is denoted by sig(X). The individual signature of /C, comprising the individual names in A, is
denoted by ind(K). In this article, we are not interested in KBs with empty ABoxes, and so both sig(C) and ind(K) are
non-empty by definition. By a X-concept, X-role, 3-ABox, etc. we understand any concept, role, ABox, etc. all of whose
concept and role names are taken from X.

Let (X, I") be a signature. In our interpretations, we adopt the standard name assumption in the sense that every individual
name a € I is interpreted by itself. A (2, I')-interpretation is a pair Z = (AZ, .Z), where AZ DT is a non-empty set, the
domain of Z, and -Z is an interpretation function that assigns a subset AZ € AZ to every concept name A and a binary
relation PZ € AZ x AZ to every role name P in such a way that AZ =¢ and PZ =¢, for any A¢ ¥ and P ¢ . (Note that
only the individual names from I" are interpreted in Z and although the list of individual names is countably infinite, AZ
may be finite. Note also that the concept and role names outside X are always interpreted as ¢.) When we use the terms
‘interpretation’, ‘X -interpretation’ or ‘I'-interpretation’ without specifying a full signature, we mean a (X, I')-interpretation
for some suitable (X, T"); the same applies to other notions with the prefix (X,T") to be introduced below.

Roles and complex concepts are interpreted in Z as follows:

PHI={w, )@ v)eP}, T = AT,
1T =g, (-0 = AT\ 7,
Cincf=ctnct (Crucy)f=ctucs,
AR.OF ={u|@,v)eRTandvec’}, (VR.O)F ={u|v et forall (u,v)eR"}.
For an inclusion or assertion « (whose individual names belong to I'), we define the truth-relation Z = « by taking:
IE=CICC iff ¢f s, Zl=Ri1CRy iff R CRE, ZERINR,C L iff RFNRT =0,
T = Ar(a) iff a; e AL, T k= Prlai,aj) iff (a;,a)) € PF.

Given a KB I = (7, A), a I'-interpretation Z is called a model of K if ind(XC) CT" and Z = «, for all « € T U A. In this case
we write Z = K. We write K = «, for an inclusion or assertion « that only uses individual names from ind(K), if Z =« for
all models Z of K. The notation K = C(a), where C is any concept and a € ind(K), should be understood in the same way.
Finally, C is consistent if it has a model.

A conjunctive query (CQ) q(x) is a formula 3y ¢(x, y), where ¢ is a conjunction of atoms of the form Ay(z1) or Py(z1,22)
with z1,z; from x, y. Let K be a KB and q(x) a CQ. We call a tuple a of elements from ind(K) (of the same length as x) a
certain answer to q(x) over K if Z =q(a) for all models Z of X (understood as first-order structures). In this case we write
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K = q(a). For q without free variables, the answer to q is ‘yes’ if XL |=q and ‘no’ otherwise. We slightly abuse notation and
write a C T to say that all elements of the tuple a are in T.

We remind the reader that, for combined complexity, the problem ‘IC = q(a)?’ is NP-complete for the DL-Lite logics [6],
EL and EEHT [27], and ExPTIME-complete for the remaining Horn DLs introduced above [28]. For data complexity (with
fixed 7 and q), this problem is in AC? for the DL-Lite logics [6] and P-complete for the remaining DLs [27,28].

3. ¥-query entailment, materialisation and (X, I')-homomorphism

We now define the central concepts of the article, X-query entailment and X-query inseparability, provide them with a
semantic characterisation based on the notion of materialisation, and develop a theory of finitely generated materialisations.

Definition 1. Let K1 and X be KBs and X a relational signature. We say that K1 X-query entails K, if
K> Eq(a) implies a Cind(K1) and K1 =q(a), forall ¥-CQs q(x) and all tuples a C ind(K>).

Knowledge bases K1 and /C, are X-query inseparable if they X-query entail each other; in this case we write K1 =5 ).

Remark 2. For KBs given in Horn DLs, X-query entailment for CQs implies £-query entailment for UCQs, that is, unions (or
disjunctions) of conjunctive queries. This follows from the fact that, for any KB K in a Horn DL and any UCQ q(x), a tuple
a is a certain answer to q(x) over K iff it is a certain answer to some CQ in q(x) over K. Thus, our results for X-query
entailment and inseparability apply to UCQs as well.

We first quickly consider X-query entailment for the degenerate case when one of the involved KBs is inconsistent so
that in the remainder of the article we can focus on consistent KBs only. Clearly, an inconsistent /C; X-query entails a KB
K, just in case a € ind(Kq) for all a € ind(KCy) with either Ky = A(a) or Ky = (3R)(a), for some A € ¥ or Z-role R. Now,
suppose that K is consistent and K, is inconsistent. Then /1 X-query entails IC, iff X1 = A(a) and K1 = P(a, b), for all
concept and role names A, P € ¥ and all a, b € ind(KCy). Thus, deciding X-query entailment in this case reduces to checking
certain answers for all atomic X-CQs. A simple example showing that a consistent KB K1 can X-query entail an inconsistent
KB K, is given by K1 = (0, {A(a)}) and Ky = {AC L}, {A(a)}) with ¥ = {A}. From now on we assume that all our KBs are
consistent.

Definition 3. Let C be a KB. A (sig(K), ind(KC))-interpretation Z is called a materialisation of K if
KEqa) iff Zkq(a), forall CQsq(x)and all tuples a C ind(K).

We say that K is materialisable if it has a materialisation. (Note that a materialisation of /C is not required to be its model.)

Materialisations can be used to characterise X-query entailment by means of homomorphisms. Let (X, ") be a signature.
For an interpretation Z, the atomic X-types t%(u) and r% (u,v) of u, v e AT are defined by taking:

t%(u) = { =-concept name A |u € A%} and ri(u,v)={Z-role R | (u,v)eRT}.

(It is to be emphasised that a X-role can be an inverse role even when we consider a language without role inverses.) We
say that an element u € AT is S-participating in T if t% (u) #0 or r% (u,v) # @, for some v € AZ. The set of all individual
names that are X-participating in Z is denoted by partg. Let Z; be I'j-interpretations, for i =1, 2, such that I" ﬂpart? CrIy.
A (2, T')-homomorphism h from Z; to Z, is a function h: ATt — AZ2 such that

- h(a)=a, foreveryae'N part?,
- t? u) < tgz (h(u)) and r? (u,v) rgz (h(u), h(v)), for all u, v e AT,

Example 4. For I'; = {a, b, c}, let Z; be a I'i-interpretation with ATt = {a, b, c}, ATt = {a}, BTt = {b} and CT1 = {c}. If
¥ = {A} then partg‘ = {a} as neither b nor c is X-participating in Z;. For I'; = {a,b,d}, let Z, be a I';-interpretation
with A2 = {a,b,d}, AT2 = {a}, BL2 = {d} and C%2 = {b}. In this case, any map h: ATt - AT2 with h(a) =a is a
({A}, {a, b})-homomorphism from Z; to Z,. However, there is no ({A, B}, {a, b})-homomorphism from Z; to Z, because
part/; 5, = {a. b} but £} o (b) Z £2 5 (b).

We remind the reader of the following well-known link between certain answers to CQs and homomorphisms. Consider
a CQ q(x) =3y p(x, y), a I'-interpretation Z, and a tuple a C I’ of the same length as x. Let ¥ be the relational signature
of q, and let I' be the set of individuals in @. We can regard ¢(a,y) as a (X, TI')-interpretation Zy(g,y) whose domain
consists of the individuals in a and variables in y, and Zyq,y) = S(2) iff S(2) is a conjunct of ¢(a, y). In this case, we have
7 |=q(a) iff there is a (X, I')-homomorphism from Zy(qg,y) to Z.
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Fig. 2. Materialisations Z, and Z; from Example 5 (dotted lines indicate a partial homomorphism) and their generating structures, G, and Gy.

Suppose Z; is a materialisation of ;, for i =1, 2. Since a composition of homomorphisms is again a homomorphism,
if there is a (X, ind(XC3))-homomorphism from Z; to Z;, then i X-query entails /C;. The converse, however, does not
necessarily hold, as shown by the following example.

Example 5. Consider the KBs K; = (7;, {A(a)}), for i =1, 2, where
T1={AC3Ss, IS CIT, IT" C3S, SCQ, TECQ, 3Q~ C3R},
T,={AC3P, 3P C3IR™, JRC3IS T M3IQ~, IQE3IQ~, ISCIT™, ITCIAS™ }.

It is not hard to see (and it will be formally established below) that the interpretations Z; and Z, shown in Fig. 2 are mate-
rialisations of K1 and IC;, respectively. Now, for ¥ ={Q, R, S, T}, there is no (X, {a})-homomorphism from Z, to Z;. Indeed,
if we map u to, say, w then only the shaded part of Z, can be mapped (X, {a})-homomorphically to Z;. On the other hand,
I, = q(a) implies 77 = q(a), for any -CQ q(x), because any finite subinterpretation of Z, can be (Z, {a})-homomorphically
mapped to Z;. This example motivates the following definitions.

A subinterpretation of a (X, T')-interpretation Z = (AZ, . Z) is a (T, I')-interpretation 7' = (AI/, ~I/) with AT ¢ AZ,
AT = AT N AT and PT = PT n (AT x AT)), for all concept and role names A and P. Now, given a signature (2, T),
we say that an interpretation Z is finitely (X, I')-homomorphically embeddable into an interpretation Z; if, for every finite
subinterpretation Z/ of Z,, there exists a (X, I')-homomorphism from Z), to Z;.

In the proof of the following criterion of X-query entailment, we regard any finite subinterpretation of Z, as a CQ whose
variables are the elements of AZ2, with ind(}C;) being the answer variables.

Theorem 6. Suppose K; is a KB with a materialisation Z;, for i = 1, 2. Then Ky X-query entails K, iff Z; is finitely (X, ind(K3))-
homomorphically embeddable into Z;.

Proof. (=) Suppose K1 X-query entails ;. Let a = (ay,...,a,) be an enumeration of the individual names in ind(X3)
that are X-participating in Z,. Take any finite subinterpretation Ié of 7, and let uq, ..., up+m be an enumeration of those

elements of AZ2 that are Y -participating in Z, and such that u; = a;, for i <n. Consider a £-CQ

qX1, ..., %) = WXpg1 ... Xnem @ X1, ..., Xnym), where @(x1, ..., Xp4m) = /\ Ax)) A /\ R(xj, xj).
i<n+m i,j<n+m
Aet? (up) Rerg2 (uj,uj)

Since 7, = ¢(uq, ..., Up+m), We have 7, = q(a) and, since Z, is a materialisation, K, = q(a). As K1 Z-query entails Ky,
we have a Cind(K1) and K1 = q(a). Since 77 is a materialisation, Z; = q(a), and so Z; = ¢(@, Vp41, - - -, Vatm), for some
Vid1s---s Vigm € ATt Define a map h: AL s AT by taking h(a;) = a;, for i <n, and h(up4;i) = vyyi, for i <m (the rest
of the domain of 7} can be mapped arbitrarily as they are not X-participating in it). It can be readily seen that h is a
(2, I')-homomorphism from Zﬁ to Z7.

(<) Suppose 7 is finitely (¥,ind(XCz))-homomorphically embeddable into Z;. Consider a X-CQ q(x) = 3y ¢(x, y) and
let Ky = q(a), for some a C ind(K,). Since Z, is a materialisation of X, there is a tuple u = (uq,...,u;) of elements



86 E. Botoeva et al. / Artificial Intelligence 234 (2016) 78-119

in A% such that 7, & @(a,u). Let Z), be the subinterpretation of Z with AL = ind(KC2) U {uq,...,un} and let h be a
(%, ind(K2))-homomorphism from Z/, to Z;. Observe that each individual in @ is X-participating in Z7, and so h(a;) = a;,
for each a; in a. We also have Z; = ¢(a, h(uy), ..., h(uy)), whence a Cind(K1) and K1 E=q(a). O

One problem with applying Theorem 6 is that materialisations are in general infinite for any of the DLs considered in this
article. We address this problem by introducing finite representations of materialisations and showing that Horn- ALCHZ
and all of its fragments defined above do have such finite representations.

Definition 7. Let C be a KB and let § = (AY, .9, ~5) be a finite structure such that

- A9 =ind(K) U Q, for some set Q disgoint from ind(KC),
- (AY,.9) is an interpretation with P Cind(K) x ind(K), for all role names P;,
- (AY,~) is a directed graph (possibly containing loops) with nodes AY and arrows ~ C AY x €, in which
- every w~» w’ is labelled with a set (w, w')9 # ¢ of roles such that (w1, w)9 = (w2, w)9 whenever w; ~ w’, for
i=1,2,
- every w € Q is reachable by a path from ind(X),
where by a path, o, we mean any sequence wy - -- w, with wg € ind(K) and w; ~ w;yq for i <n.

Intuitively, w ~ w’ means that w generates w’ to witness an existential restriction IR.C, and the label of w ~ w’ consists
of the super-roles of R. Hence, the labels on all incoming ~»-arrows of w’ are required to coincide.
The unravelling M of G is a (sig(K), ind(K))-interpretation (AM, M) such that

AM is the set of pathsin G,
AM = {o [tail(o) € AY 1. for each concept name A,
PM=PIU{(o,0w)|tai(o)~ w, P e (tail(o), )}

U{(ow, o) |taille) ~ w, P~ e (tail(o), w)¥ }, for each role name P,

where tail(o) is the last element of a path o. We call G a generating structure for K if its unravelling is a materialisation
of K. We say that a DL £ has finitely generated materialisations if every £-KB has a generating structure.

For instance, the materialisations Z, and Z; from Example 5 are isomorphic to the unravellings of the structures G, and
G1 in Fig. 2, respectively, and so G; is a generating structure for the KB K; from that example, for i =1, 2.

To construct generating structures for KBs, we first transform their TBoxes into normal form [20]. Let £ be any of our
DLs. An £-TBox is said to be in normal form if its inclusions are of the following form:

A1 C Ay, TCA, A1 CVR.Aj, TEVR.A,
AiNMACA, R1 C Ry, dR.CC A, AC3R.C,

where A, A1, Ay are concept names, C is a concept name or T, and R, R1, Ry are roles. To describe the relationship between
a TBox and its transformation into normal form, we introduce the notion of model inseparability. Let (X, T") be a signature.
We say that I-interpretations Z; and Z, coincide on T if ATt = AZ2 and STt = SZ2, for all S € ¥; in this case we write
71 =x 1. KBs K1 and Ky with ind(KC1) =ind(K,) are called X-model inseparable if, for every model Z; of K1, there exists
a model 7, of Ky such that Z, =y Z;, and vice versa. The following was shown in [20,28,22]:

Theorem 8. Let £ be any of our DLs. Given a consistent L-KB K = (T, A), one can construct in polynomial time an L-KB K = (T, A)
in normal form such that IC and K’ are sig(7)-model inseparable.

(Note that the ‘negative’ axioms of the form AC 1, Ajn A, E L and Ry MRy C L can be removed from a TBox if the
knowledge base is known to be consistent.)

We show now how to define the generating structures. Suppose we are given a (consistent) KB I = (7, .A) with a
Horn-ALCHZ TBox 7T in normal form. For a role R, the equivalence class [R] of R with respect to T is defined by taking

[R1={S|TERCSand T =SCR}.

Denote by con(7) the set of

- concepts of the form T, A and 3R.A that occur in 7, as well as
- concepts of the form IR~.C such that 7 contains C C VR.A.
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The T-type of u € AT in T is the set T2 (u) = { C e con(T) | u € C* }. We say that T C con(T) is a T-type if there exists a
model Z of 7 such that T = t%-(u). for some u € AZ. Denote by type(7) the set of all T-types. It is well-known [29] that
type(7) can be computed in exponential time in |7|. We can order 7T -types by the set-theoretic inclusion C. Sometimes
we use T in concepts (say, 3R.7), in which case it should be understood as an abbreviation for [, C.

Now, we define the generating relation ~ on the set comprising ind(XC) and 27, which is the set of all pairs of the form
([R], T), for a role R in 7 and T € type(T). For a € ind(K) and ([R1], T1), ([R2], T2) € 27, we set

a~ ([Ra], T2) iff 73 isa C-maximal 7-type such that £ = (3R,.73)(a) and
K ¥ Ry(a, b), forany b € ind(K) with T, C{C econ(7) | K =C(b)};
([R1], T1) ~ ([R2], T2) iff T isa C-maximal 7-type suchthat 7 =11 C 3Ry.T>.

The generating structure G = (AY, -9, ~>) is defined as follows. Let  C Q7 be the set of all w such that there are a € ind(KC)
and wq, ..., wy € Q7 with a~ w1~ ---~ wy = w; in other words, 2 is the subset of Q7 that is reachable from ind(C)
via ~»-arrows. Thus, A9 =ind(KC) U . (The restriction of ~» to AY will also be denoted by ~-.) Second, the interpretation
function -9 and the labelling of the graph (AY,~) are defined by setting

A9 ={aeind(K)|K =A@} U {(RLD)eR|AcT},
PY={(a.b)|R(@ab)eAand T =RC P},
(w,w/)g:{SlleRgS}, for every w ~» w’ with w = ([R], T)

(here we assume that P~ (b,a) € A if P(a,b) € A). In order to show that the constructed G = (AY,.9,~5) is indeed a
generating structure for /C, we need to establish that its unravelling is a materialisation.

Theorem 9. Let K = (T, .A) be a (consistent) KB with a Horn-ALCHZ TBox in normal form. Let G be the structure defined above.
Then the unravelling M of G is a materialisation of K, and G is a generating structure for .

Proof. We require two lemmas. The proof of the first one is routine and can be found in Appendix A:

Lemma 10. M is a model of KC. Moreover,

- t%(a) ={Cecon(T) | K kE=C()},forallaeind(K);
- r7/\-/l(0) =1, forallo € AM with tail(o) = ([R], T).

The second lemma says that M is a universal model of X in the following sense:
Lemma 11. For every model Z of IC, there exists a (sig(KC), ind(K))-homomorphism from M to Z.

Proof. Let  =sig(K) and I = ind(K). By induction on the length of o € AM, we define a function h: AM — AZ which
satisfies the following properties implying that h is a (X, I')-homomorphism:

h(a) =a, foraeT, (1)
(o) C Th(h(0)), foro € AM, 2)
(o, 0") Cri(h(o).h(o")), foro,o’ € AM. (3)
(Note that (2) refers to the full 7 -types comprising concepts of the form T, A and 3R.B rather than the atomic X-types t

containing only concept names.)

First, for each a € ", we set h(a) = a in accordance with (1). Conditions (2) and (3) for 0,0’ € T follow from Lemma 10,
the fact that Z is a model of K, and the construction of M.

Suppose now that h(c) has already been defined for o - ([S], T) € AM. By the construction of M, it follows
that £ = 3S.1)(a) if 0 =a, or T =t/ € 3S.7 if tail(o) = ([S'], T). Since Z = K, by Lemma 10 and the induction
hypothesis—t(0) € 7% (h(0))—it follows that there exists z € AT such that S € r&(h(0).2) and T € T%(2). We set
h(o - ([S], T)) = z and show that (2) and (3) hold. By Lemma 10, we have t/7‘-’1(0 - ([S], 7)) = T, whence (2). Next, ob-
serve that R ré”t (0,0 - ([S], 7)) follows from 7 = S C R, and since Z is a model of 7, we obtain R € r% (h(0), z), thus
proving (3). O

We are now in a position to complete the proof of Theorem 9. We show that K = q(a) if and only if M = q(a), for any
CQ q(x) =3y p(x, y) and a C ind(K). If K = q(a) then, by Lemma 10, M = q(a). Conversely, suppose M = q(a). Then there
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exist a tuple o = (01, ..., o) of elements in AM such that M = @(a,0). Let Z be any model of /. By Lemma 11, there
exists a (sig(K), ind(K))-homomorphism h from M to Z. But then we have 7 = ¢(a, h(oy), ..., h(0n)), and so Z =q(a). O

Note that the generating structures G = (AY,.9, ~) of KBs K with Horn-ACCHZ, Horn-ALCZ, Horn-ALCH and
Horn-ALC TBoxes can contain exponentially many (in |7) elements in € (remember that AY =ind(K) U 2); cf. Section 5.
Note also that if the TBox in K is in Horn-ALCH (or one of its fragments Horn- ALC, SL’HT or ££) then it contains no
inverse roles, and so the labels (w, w')Y on arrows w~» w’ of the generating structure do not contain inverse roles either.
We call such generating structures forward.

The generating structures of KBs with EEH‘j_r and £L TBoxes T contain polynomially many elements in Q. Indeed, for
every element ([R], T) € 2, we can find a single concept IR.A in 7 such that

T = {Cecon(T)|TEAN [] BEcC)
TERCS
TCVS.Bin T
(This is not the case for Horn- ALC because of axioms of the form A; C VR.A, with A1 # T.) We remark that the generating
structures for £L defined above were initially represented as pairs of functions by Brandt [30] and later called the canonical
models; see, e.g., [31]. We prefer the term ‘generating structure’ to avoid confusion with the possibly infinite canonical
model (materialisation).
Finally, the generating structures for KBs with DL-Lite TBoxes 7 also contain polynomially many elements in Q because
every ([R], T) € Q is determined by the role R:

T = {Cecon(7)|TEIR CC}.

Observe that if 7 does not contain role inclusions (which is the case for DL-Litecy and DL-Litep,, TBoxes) then, for any w
and R, there is at most one w’ such that w ~» w’ and R € (w, w')9. Generating structures with this property will be called
functional. We summarise these observations in the following theorem:

Theorem 12. Horn-ALCHZ and all of its fragments defined above have finitely generated materialisations. Furthermore, there is a
polynomial p such that

(i) a generating structure G for any Horn- ALCHZI KB (T, A) can be constructed in time |.A| - 2PU7 D
(ii) a forward generating structure G for any Horn-ALCH KB (T, A) can be constructed in time |.A| - 2P(7D;
(iii) a forward generating structure G for any SLJH‘j_r KB (T, A) can be constructed in time | A| - p(|T);
(iv) a generating structure G for any DL-Lite%m KB (T, .A) can be constructed in time | A| - p(|T|);
(v) a functional generating structure G for any DL-Liteporm, KB (T, A) can be constructed in time | Al - p(|T).

As a final remark, we note that the generating structures G = (Ag, ~g,~>) defined above can often be simplified. For
example, in the case of DL-Lite KBs, we can impose the following additional restrictions on the generating relation ~:

(lite1) if u~> ([R], T) then [R] is <7 -minimal, where [S] <7 [T]iff T =ESCT;
(litez) if ([R1], T1) ~ ([R2], T2) then [R;]# [R4].

It is easily seen that these simplifications do not affect the proof of Theorem 9 (the branches of the unravelling that are
pruned as a result of these restrictions can be homomorphically mapped to other branches; for a more detailed argument,
see the proof of Theorem 5 in the full version of [24]). The generating structure G; in Fig. 2 as well as the generating
structures in all our examples from Section 4 are constructed with these extra restrictions in mind.

So far we have only considered X-query entailment because X-query inseparability can be reduced to two X-query
entailment checks. The following result shows that, conversely, one can reduce X-query entailment in LOGSPACE to X-query
inseparability, for all DLs considered in this article except DL-Litecore and DL-Litepop.>

Theorem 13. Let £ be any of our DLs that contains £L or has role inclusions. Then X -query entailment of consistent L£-KBs is
LoGSpace-reducible to X -query inseparability of L-KBs.

The proof of Theorem 13 is given in Appendix A and is based on the notions and results introduced in this section: the
materialisations of KBs constructed to prove Theorem 12, the normal form of Theorem 8, and the semantic characterisation
of ¥-query entailment given in Theorem 6. The underlying idea is to construct modifications K} and K, of the given KBs

3 Note that, by Theorems 33 and 32, ©-query entailment and inseparability are P-complete for DL-Litecore and DL-Litepor, in both combined and data
complexity. DL-Litecore and DL-Litepq,, are omitted from Theorem 13 since we have not found a direct LoGSpAcE-reduction of X-query entailment to X-query
inseparability.
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K1 and IC; such that Ky X-query entails K iff Xy and K} U K, are X-query inseparable. Note that modifications of 1y
and K, are, in general, necessary: let Iy = (@, {A(a)}), K2 = {AC B}, {C(a)}) and £ = {A, B}; then K7 X-query entails K,
but K1 does not X-query entail K1 U K, since K1 UKy = B(a).

4. Finite X -homomorphic embeddability by games

In this section, we show that, for a DL £ having finitely generated materialisations, the problem of checking finite
Y -homomorphic embeddability between materialisations of KBs can be reduced to the problem of finding a winning strat-
egy in a game played on the generating structures for these KBs.

We begin by giving a brief abstract description of the games we need. Every game G is played by two players, player 1
and player 2, and defined by a set & of states, a set ¢ of challenges, and two functions x: & — 2% and p: & x ¢ — 26,
where yx (s) is the set of challenges player 2 can choose from in any state s and p(s, ¢) is the set of responses available
to player 1 in order to reply to any challenge ¢ made by player 2 in the state s. The game starts in an initial state sp € &
and is played in rounds. In each round i, i > 0, the current state is s;_1 € &. If x(sj_1) =@, then player 2 loses. Otherwise,
player 2 challenges player 1 by choosing ¢; € x (si—1). If p(si—1,¢i) =@, then player 1 loses. Otherwise, player 1 responds
with s; € p(si_1, ¢;), which becomes the current state for the next round i + 1. A play of length n starting from sg € & is
any sequence s, ..., s, of states obtained as described above. For any ordinal A < w, we say that player 1 has a A-winning
strategy in the game G starting from sg if, for any play sp,...,s, with n < A that is played according to this strategy,
player 1 has a response to any challenge of player 2 in the final state s,. The following proposition can be proved by a
straightforward translation of the games introduced above into reachability games and using the known results [32,33]:

Proposition 14. Given a finite game G = (S, €, x, p) defined above and a state sg € &, it can be checked in time polynomial in the
size of & and & whether player 1 has an w-winning strategy from sg.

We now reformulate the definition of finite X-homomorphic embedding in game-theoretic terms. Let M and M3 be
the materialisations for (consistent) KBs K1 and /X, respectively. The states of the game Gy (M3, M) are of the form
(r + o), where € AM2 and o € AM1, Intuitively, (;r — o) means that ‘w is to be X-homomorphically mapped to
o’. The game is played by player 1 and player 2 starting from some initial state (g + 0g). The aim of player 1 is to
demonstrate that there exists a ¥-homomorphism from (a finite subinterpretation of) M, into My with g mapped to oy,
while player 2 wants to show that there is no such homomorphism. In each round i > 0 of the game, player 2 challenges
player 1 with some m; € AM:2 such that ré/lz(n,',l,m) # (. Player 1, in turn, has to respond with some o; € AM1 such
that the already constructed partial £-homomorphism can be extended with 7; — 0o;:

-oi=m, ifme partng,
M M M M
-ty 2 () Sty '(07) and 1y 2 (wimq, ) Sy (011, 07);

remember that parté\/12 Cind(KCy). It is easy to see that if,

- for any mg € AM2 | there exists o9 € AM1 such that player 1 has an w-winning strategy in the game Gy (M3, M1)
starting from (g — 0yp),

then there exists a £-homomorphism from M5 into M1, and the other way round. That M, is finitely X-homomorphically
embeddable into M is equivalent to the following condition:

- for any o € AM2 and any n < o, there exists og € A1 such that player 1 has an n-winning strategy in the game
Gy (M;, My) starting from (79 — 0p).

This criterion, however, does not immediately yield any algorithm to decide finite ¥-homomorphic embeddability because
both M, and M can be infinite. Our aim now is to show that the existence of n-winning strategies for player 1 in this
simple infinite game Gy (M3, Mj) is equivalent to the existence of winning strategies in a more involved game played on
the finite generating structures for M, and Mj. First, in Section 4.1, we replace M, with its finite generating structure
G, in which player 2 can only make challenges indicated by the generating relation Mf. Replacing M with G is not
so easy because player 1 can respond not only in the ‘forward’ direction (according to «»f), but also in the ‘backward’
direction (because the label of “”E can be included in the inverse of the label of MF). In the latter case, we have to ensure
that all the responses of player 1 stay on the same branch of M7, which obviously complicates the game. In Section 4.2,
we consider the forward strategies that are suitable for DLs without inverse roles. The general strategies are formulated in
Section 4.5. To make the exposition more transparent, we decompose these strategies into backward strategies defined in
Section 4.3, and start-bounded ones analysed in Section 4.4.
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We require the following notation throughout this section. Suppose a DL £ has finitely generated materialisations. Let
be an £-KB and G its generating structure. For a relational signature X, the X-types tg(w) and r%(w, w') of w, w’ € AY
are defined by:

{Z-role R | (w,w) e R9}, ifw,w €ind(K),
tg (w) = { £-concept name A | w € A9 1. r%(w, w)={{Z-roleR|Re(w,w)9}, ifw~w,
7, otherwise,

where (P7)Y is the inverse of PY. We also define i'g (w, w') to contain the inverses of the roles in rg(w, w’). Note that
= (a,b) =r9(b,a), for a, b € ind(K) but, in general, i‘%(w, w’) is not the same as rg(w/, w) as shown by the T—, S™-cycle
in Fig. 2. We also write

w~Ewif w~w and r§(w, w) #9,

that is, if w generates w’ with a non-empty X-label of w ~ w’ in G (~»-arrows with empty X-labels are irrelevant for
¥-homomorphisms).

For the rest of the section, we fix consistent £-KBs X1 and K, and a relational signature X. Let G; = (AY:, .91 ~) be
a generating structure for K; and let M; be its unravelling; gf and /\/llZ denote the restrictions of G; and M; to X. We
first define the game played on the finite generating structure (_}2E and the possibly infinite materialisation Mf

4.1. Infinite game Gx(Ga, M1)
The states of this game are of the form s; = (uj — o), for i >0, u; € A9 and o; € AM1, such that
(s1) 152 (up) S 5" (00).
The game starts in a state sg = (ug > 0g) with
(so) 09 =1g in case ug € partjz\/lz.

In each round i > 0, player 2 challenges player 1 with some u; € A92 such that u;_q «»22 u;. Player 1 has to respond with a
o; € AM1 satisfying (s1) and

M
(s2) 12 (i1, u) S (i1, 00).

This gives the next state s; = (u; — oj). Note that of all the u; only ug may be an ABox individual from ind(XC,); however,
there is no such a restriction on the o;. As the game Gx (G, M) is not played on the individuals of K, we need to make
sure that the ABox part of M is (X, ind(K;))-homomorphically embeddable into the ABox part of M. Thus, we require
an additional condition:

(abox) parté/[2 Cind(Xq) and t/EVlz(a) C tQAl (a) and réwz(a, b) C ré/“ (a,b), for any a,b € parté/lz.
The following theorem gives a game-theoretic flavour to the criterion of Theorem 6.
Theorem 15. (i) M, is finitely X-homomorphically embeddable into M, if and only if (abex) and the following condition hold:

(win) for any ug € A92 and n < w, there exists o9 € A1 such that player 1 has an n-winning strategy in the game Gx(Ga, M)
starting from (ug — 0yp).

(ii) There exists a X-homomorphism from M3 to M if and only if (abox) and the following condition hold:

(w-win) for any ug € A9, there is o9 € A™1 such that player 1 has an w-winning strategy in the game G (G, M) starting from
(UO =d O'o).

Proof. We only prove (i) and leave (ii) to the reader.

(=) Suppose M, is finitely X-homomorphically embeddable into M. Then (abox) holds by the definition of X-homo-
morphism. To show that (win) holds, suppose ug € A9 and n < @ are given. Take a finite subinterpretation Mg, of M,
that contains oug, for some (say, the shortest) word o, and all those elements of M, whose distance from oug does
not exceed n (Myg, also contains all individual names of M;). Let h: Moy — M be a (¥,ind(K;))-homomorphism.
Take og = h(ougp). Clearly, ug and og satisfy (sg) and (s1). We show that player 1 has an n-winning strategy in the game
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() (b) .7
Fig. 3. (a) Example 16: n-winning strategy in Gy (G2, Mj) from (a — a). (b) Example 17: 4-winning strategy in Gx (G2, M) from (ug — 04).

Gx (G2, M1) starting from (ug — 09). Suppose player 2 picks ug «»ZE uq. Then oupuy is an element of My, and player 1
responds with o1 = h(cugu1). Conditions (s1) and (s;) hold because h is a X-homomorphism. In the same way player 1
uses h to respond to all challenges of player 2 in any round k < n of the game Gyx(Ga, M1).

(<) Let Mg, be a finite subinterpretation of M,. We enumerate elements of the domain of My, in such a way that
o appears in the list before o/ whenever ¢’ = ou, for some u. We define, by induction, a (X, ind(K3))-homomorphism
h: Mgy — M; as follows. Let n be the number of elements in the domain of M. Pick the first (in the order described
above) element o that has not been mapped to M yet. There are two possible options.

- Suppose first that there is no og € AMo2 such that o = ogu and tail(og) Mzz u, for some u. Then, by (win), there is
o’ € AM1 such that player 1 has an n-winning strategy in the game Gy (G, M;) starting from (tail(c) — ¢”). We set
h(o) = o’. Note that if 0 =a, for some a € partg/lz, then, by (sg), h(a) =a.

- Otherwise, we consider the longest sequence uq,...,u, k > 1, such that tail(op) «»22 uq «»22 «»22 u, and oy =

ool -+ - Um € AMo2_ for all m < k, with o = oy. By the definition of the order, oy, ..., 0x_1 have already been mapped
by h. By construction and (win), player 1 has an n-winning strategy from (tail(og) — h(ogp)). Therefore, player 1 has a
response o’ to the challenge tail(oy_1) MZE tail(oy). So, we set h(o) =o’.

It is readily seen that, by (abox), (s1) and (s;), the constructed h is a (X, ind(X;))-homomorphism from Mg, to My. O

Example 16. Consider gzz and /\/ll2 shown in Fig. 3a, where ¥ = {Q, R}. An n-winning strategy for player 1 in Gy (G2, M1)
starting from (a — a) is shown by dotted lines with the rounds of the game indicated by the numbers on the dotted lines.
In the state (a — a), player 2 has two possible challenges: a«»zz u and a«»zz u’. In response to the former, player 1 maps
u to a and the successive challenges to the elements of the chain that begins with RQ (indicated by indices 1,2,...). In
response to the latter challenge, player 1 maps u’ and all the successive challenges to the same element a (indices 1/,2’,...).
Note that in all but the starting state, player 2 has only one possible challenge.

Example 17. Consider now 922 and Mf in Fig. 3b, where ¥ ={Q,R, S, T} (see also Example 5). A 4-winning strategy
for player 1 in Gx (G2, My) starting from (ug — o4) is shown in Fig. 3b by dotted lines (again, rounds of the game are
indicated by the numbers). In contrast to Example 16, where player 1 either stays in the ABox or always moves away from
it, the winning strategy for player 1 now is to move in the opposite direction, towards the ABox. (Note that in round 2,
player 2 has two possible challenges, 1 «»;‘ uy and uq «»ZE v.) In fact, for any n > 0, player 1 has an n-winning strategy
starting from any (ug — o) provided that m is even and m > n.

The criterion of Theorem 15 does not seem to be a big improvement on Theorem 6 as we still have to deal with an
infinite materialisation. Note that, for some DLs such as ££, Horn-ALC and DL-Litepy, it is enough to play the same game
as defined above but on the finite generating structures G, and Gi. We denote this naive reformulation of Gx(G,, M1)—in
which o; and M are replaced with w; and G, respectively—by G%.(G2,G1) and invite the reader to prove that, in the
case of, say DL-Litepyy, Theorem 15 will continue to hold if we replace (win) with the following condition, which can be
checked in polynomial time in O(|Gz| x |G1]): for any ug € A92, there exists wg € A9! such that player 1 has an w-winning
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strategy in the game G% (G2, G1) starting from (ug — wq). (We shall obtain this result later as a consequence of a more
general theorem.) Unfortunately, the existence of an w-winning strategy in this naive game does not imply X-homomorphic
embeddability of M into M; for DLs such as DL-Lite}%, or Horn-ALCT.

In the remainder of this section, we show that condition (win) in the infinite game Gy (G2, M7) can be checked by
analysing a much more complex game on the finite generating structures G, and G;. We consider four types of strategies in
Gyx(Gy, M1): forward, backward, start-bounded and general. For each strategy type, 6, we define a game G%(gz, G1) such
that the following conditions are equivalent:

(win-0) for any ug € A92 and n < w, there is g € AM1 such that player 1 has an n-winning 6-strategy in the infinite
game Gy (Ga, Mq) starting from (ug — 09);

(w-win?) for any ug € A9, player 1 has an w-winning strategy in the finite game G(’E (G2, Gy) starting from some state
depending on ug and 6.

We begin by considering ‘forward’” winning strategies (such as in Example 16) that are sufficient for the DLs without
inverse roles.

4.2. Forward strategy and game GJ; (G2, G1)

We say that a A-strategy (A < w) for player 1 in the game Gy (G2, My) is forward if, for any play of length i — 1 < A,
which conforms with this strategy, and any challenge u;_1 «»22 u; by player 2, the response o; of player 1 is such that either
0i_1, 0i €ind(K1) or o; = o;_1w, for some w € AY91. For instance, if the generating structures G;, i = 1, 2, are forward then
every strategy in Gy (G,, My) is forward, and so (win) coincides with (win- f). By Theorem 12 (ii) and (iii), this is the case
for Horn-ALCH, Horn-ALC, ELHY and EL.

The existence of a forward A-winning strategy for player 1 in Gx (G2, M) is equivalent to the existence of a A-winning
strategy in the game Gg(gz, G1) whose states, initial states, challenges of player 2 and responses of player 1 are defined in
the table below:

forward game G£ (G2,G1)

states, i >0 (uj — wj) with u; € A9z,

w; € A9 and

9211 © $91 (s

t5 (ui) Sty (wy)
initial state (ug — wy) such that wg =ug in case ug € partg/l2
challenges, i > 0 Uji_q ~Y U
responses, i > 0 w; such that either w;_1 ~»1 w; or

wi_1, w; €ind(Ky)

and r% (ui—1,uj) T% (Wi—1, wj)

Note again that of all u; only up may belong to ind(K’;).

Example 18. Consider G and G shown in Fig. 4a, where G is a generating structure that can be unravelled into M7
from Example 16. It is not hard to see that, for any ug € A9, there is wg € A9 such that player 1 has an w-winning
strategy in Gg(gz, Gy) starting from (ug — wg). Such a strategy starting from (a — a) is depicted by dotted lines.

The reader may find more elegant proofs of the following lemma. However, the constructions we use will be required
for the proofs of other lemmas, in particular, a more general Lemma 30.

Lemma 19. Conditions (win- f) and (w-win’) are equivalent. More precisely, for any ug € A2 and o9 € AM1, the following are
equivalent:

(a) player 1 has an w-winning forward strategy in the game Gyx (G2, M) starting from (ug — 0y);
(b) for every n < w, player 1 has an n-winning forward strategy in the game Gy (G2, M) starting from (up — 09p);
(¢) player 1 has an w-winning strategy in the game Gg(gz, G1) starting from (ug +— tail(og)).

Proof. (a) = (b) is trivial.

(b) = (c) We construct a (possibly infinite) directed graph € whose nodes are of the form (u — &), where u € A% and § is
a suffix of some element in A1, and whose arrows are labelled with u «»22 u’ so that the following conditions hold:
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Fig. 4. The forward game Gé(gz, G1) from (a+— a) in Example 18: (a) an w-winning strategy for player 1; (b) the infinite graph T for extracting w-winning
strategies.

(1) ¥ contains an initial node (ug + tail(op));
(2) tgz (u) < tgl (tail(8)), for every node (u+ 8) in T;

(3) for any u M? u’, every node (u > §) in T has exactly one (u M? u’)-successor, which can be of the following forms:

(31) W'+ sw) if tail)=w, w~1w and rgz(u,u’) grg1 (w, w');
(32) W +b) if s=aeind(K1), beind(Ky) and r,u’)<ri (a,b).

(The infinite graph ¥ for the winning strategy in Example 18 is depicted in Fig. 4b.)
Such a graph ¥ (if it exists) gives rise to the required w-winning strategy for player 1 in Gé(gz, G1). Indeed, consider
the function s mapping the nodes of ¥ to states in the game Gé(gz, G1) and defined by taking

s(u > 6) = (u > tail(d));

in particular, the initial node ng of ¥ is mapped to the starting state: s(ng) = (ug > tail(og)). Now, when challenged by
player 2 with u «»22 v’ in a state s(n), player 1 picks a unique u «»22 u’-successor n’ of any v in ¥ such that s(t) = s(n), and
responds to the challenge with s(n’). Note that although nodes are not uniquely determined by the states, any choice of
as above results in an w-winning strategy for player 1.

We now show that ¥ exists. Let Sy be the given set of n-winning forward strategies for player 1 in Gx(G,, M) starting
from (ug — 0p). Let wg =tail(op). Define Ty to be the graph with the single initial node (ug +— wy). Clearly it satisfies (1)
and (2) above. If it also satisfies (3), then we are done. Otherwise, we take all the challenges ug «»33 u}, ..., Ug «»22 u’{ by
player 2 and use the pigeonhole principle and the fact that the number of roles in /C; is finite to find w}, s w’{ e A9 and
a subset S1 € Sgp such that, for any challenge ug M;‘ u‘ll, every strategy S € S gives a response (u'i — o{) with tail(ali) = w"l.
If w! €ind(K1) then we add to Tp the node (u} > w'); and if w' ¢ ind(K1) then we add to Tj the node (u} > wow!); we
also add a ug «»33 u’i arc connecting (ug — wg) with the newly introduced node. This gives us the graph ¥;. We proceed in
the same way and construct a sequence of directed graphs Tp € ¥1 C ... until we either reach some T} satisfying (1)-(3)
or obtain an infinite sequence and take ¥ = J;_,, Tk, which obviously satisfies (1)-(3).

(c) = (a) The given w-winning strategy in cg(gz, Gy) starting from (ug +— tail(og)) is mirrored by an obvious w-winning
forward strategy in Gy (Gy, M) starting from (ug — 0p). O

Example 20. Consider again gzz and le in Fig. 4a. Fig. 5 depicts the full graph of the game Gg(gz, G1), in which rectangles
represent the states and circles the challenges of player 2. Note that it contains two dead-ends reachable from (a + a)—the
challenges u/wf u’ in the state (u' — w) and u MZE v in (u+— w) of player 2 to which player 1 has no response (the
dead-ends are indicated by double circles). The w-winning strategy for player 1 in this graph is, therefore, to avoid these

dead-ends; it is indicated by the shaded states.
In view of Theorem 12 (ii) and (iii) and Proposition 14, we then obtain:

Theorem 21. For combined complexity, checking X -query entailment is in P for £L and SEH‘j_r KBs, and in EXPTIME for Horn- ALC
and Horn- ALCH KBs. For data complexity, it is in P for all these DLs.

In comparison to forward strategies, the winning strategies used in Example 17 can be described as ‘backward’.



94 E. Botoeva et al. / Artificial Intelligence 234 (2016) 78-119

Q
!
S
)
!
Q
]
)
S

~

S
§
N
Q
$
<
Q
$
N
S
$

:\

§\

$ O T
<
<

U |<0O—
< =

$
1O 1

1
i@—g\

=\
<\
I
S
I |<O-
$
=
!
=
<

{07
<
;
i 0

{07

<
<

N
<\

<

<
<
$
<
<

Fig. 5. The full graph of the game G{:(gz, G1) in Example 16.

4.3. Backward strategy and game Gl,’Z (G2,G1)

A A-strategy for player 1 in Gx(Gy, My) is backward if, for any play of length i — 1 < A, which conforms with this
strategy, and any challenge u;_q «»f u; by player 2, the response o; of player 1 is the immediate predecessor of o;_1 in M;
in the sense that o;_; = o;w, for some w € AY! (player 1 loses in case oj_1 € ind(K1)). Note that, since M} is tree-shaped,
the response of player 1 to any different challenge u;_4 «»%: u; must be the same o;; cf. Example 17. That is why the states

of the game sz (G2, Gq) are of the form s; = (E;j — w;), where Z; is a non-empty subset of A92 and w; € A9, For each
i > 0, player 2 always challenges player 1 with the set &; = E;~,, where

B~ ={veA9?|u~F v, forsomeuc &},

provided that it is not empty (otherwise, player 2 loses). Player 1 responds with w; € AY9! such that w; ~»; wij_;. More
formally, the states, challenges of player 2 and responses by player 1 are defined as follows:

backward game G2 (G, G1)
states, i >0 (Bi > wy) with 8 € A9, B; £,
wi e A9 and tgz (u) tg] (wy), for
all ue g;

initial state ({uo} = wyg) such that wg = ug in case
Ug € part/,;\/t2

challenges, i > 0 8i = B}, provided that E; # ¢

responses, i > 0 w; such that w;~» wi_q
and rgz (u,v) C igl(wi, wi_1), forall u e E;_4
and v € E;

Note that, by definition, E¢ is a singleton and the sets E;, for i > 0, contain no individuals from ind(XC3).

Example 22. Fig. 6a shows an w-winning strategy for player 1 in sz(gz, Gy) starting from ({ug} — wg), where G; is a
generating structure that can be unravelled into M in Example 17. Fig. 6b presents the corresponding fragment of the
full game graph (shaded nodes form an w-winning strategy and the non-shaded node leads to a dead-end, where player 1
loses).

Lemma 23. Conditions (win-b) and (w-win®) are equivalent, More precisely, for any ug € A92 and wo € A9, the following are
equivalent:

(a) for every n < w, there is o9 € A™M1 with tail(op) = wq such that player 1 has an n-winning backward strategy in the game
Gx(Ga, M) starting from (ug +— 09);
(b) player 1 has an w-winning strategy in the game sz(gz, G1) starting from ({ug} — wo).
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Fig. 6. The backward game sz(gz, G1) from ({up} — wp) in Example 22: (a) an w-winning strategy for player 1; (b) a fragment of the full game graph;
(c) the infinite tree ¥ for extracting w-winning strategies.

Proof. (a) = (b) We begin by constructing a possibly infinite directed tree ¥ with nodes of the form (u +— w,i), where

ue A9, we A9 and 0 <1i < w, whose arrows are labelled with u MZE u’ so that the following conditions hold:

(1) the root of ¥ is of the form (ug — wy, 0);

(2) tgz(u) C tgl (w), for every node (u+> w,i) in T;

(3) for any u Mf u’, every node (u+ w,i) in T has exactly one (u “”E u’)-successor in %, which is of the form

(u'+— w',i+1) and satisfies w’ ~»1; w and rgz (u,u) c i'g‘ w, w);
(4) for any nodes (u+ w,i) and (v’ — w’,i) in T, we have w =w’.

(The infinite tree ¥ for the winning strategy in Example 22 is depicted in Fig. 6c.)

Such a tree ¥ defines an w-winning strategy for player 1 in G”E(gz,gg starting from ({up} — wp). In detail, let
Wg, W1, ... be the longest (and so possibly infinite) sequence of elements of A9 such that, for each w;, there exists u
with (u+— wj, i) a node in ¥. Note that, by (4), every w; (if it exists) is uniquely determined. We set

Si={ulur wii)eT}

and observe that Eg = {ug} and E; = E;”; and E; # #, for all i > 0. Take the maximal m < @ such that wp, exists and
wi # wy, for all i <m (in other words, wy, is the first repeating element in the sequence). Now the strategy of player 1 is
as follows: when challenged by player 2 with some u «»22 u’ in state (E; — w;) with i <m, player 1 responds with w;;q if
i <m and with the uniquely determined wy, for k <m and wy = wp4q, if i =m.

We now show that ¥ exists. Let Sg be the given set of n-winning backward strategies for player 1 in Gy (G,, M)

starting from (ug + 0y), for og € AM1 with tail(op) = wo. Define Ty to be the tree with the single node (ug — wy, 0).
Clearly, it satisfies (1), (2) and (4). If it also satisfies (3), then we are done. Otherwise, we take a challenge ug «»22 uq by
player 2 and use the pigeonhole principle to find w; € A9 and a subset S; € Sy such that, for any challenge ug Mzz u,
every strategy S € Sq gives a response (u’ + o) with tail(c”) = wy. We add to ¥y the nodes (u’ — wq, 1), for any challenge
ug «»E u’. We also add a ug «»22 u’ arc connecting (ug — wo, 0) with the newly introduced nodes. This gives us the tree T;
satisfying (1), (2) and (4). We proceed in this way and construct a sequence of trees Tp € %7 C ... until we either reach
some T satisfying (1)-(4) or obtain an infinite sequence and take T =_J,_,, %k, which obviously satisfies (1)-(4).
(b) = (a) Suppose player 1 has an w-winning strategy S starting from ({ug} — wg) in the game GbE (G2,G1) and let n < w.
Recall that, for each state (E — w), there is (at most) one challenge & = E™. Thus, the first n rounds of a play according
to S starting from ({ug} +— wyp) are given by a sequence (Ep — wyp), (E1 > W1),..., (Ex —> Wy), where Ep = {up} and
either k=n or k <n and E;” =@. Take any o € AM1 with tail(o) = wy and let 69 = 0 Wy_q - - - w. Clearly, player 1 has an
n-winning backward strategy in Gx (G2, M1) starting from (ug +— o0g). O

Although Lemmas 19 and 23 look similar, the game Gl)’: (G2, Gp) turns out to be more complex than Gé(gz, G1) because
the full game graph is exponential in the size of AY2 \ ind(XCy). The following lemma explains this fact using very simple
DL-Lite’t, KBs:

core
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Ny =2 Ny =3

Fig. 7. Mf and M{: for ¢ =c1 Aca Ac3, where ¢ = p1 Vv pa, c2 =—p1 Vv pp and ¢3 = —p;. The T/L symbols on the arrows of M? indicate the truth
value of the respective variable. Only one branch of Mf is shown in full detail, with the index of the missing role C; in the black circle next to the arrow.

Lemma 24. Checking whether player 1 has an w-winning strategy in Gl;: (G2, G1) is coNP-hard.

Proof. The proof is by reduction of the unsatisfiability problem for 3CNFs ¢ = A, c;, where ¢; =lj; Vliz VI3 and each lij
is either one of the propositional variables p1,...py or a negation of such a variable.

Let Nq,..., N be the first k prime numbers (observe that 1 < Ny < k2). We take a role name R, a role name C;, for each
clause ¢; in ¢, and a role name Sj,, for each 1 < j <k and 1 <¢ < N;. Now we define a KB K> = (72, {A(a)}), where T,
contains A E 3R, the following inclusions, for 1 < j <k and 1 <¢ <N},

JR™ 351, EIS;Z E3Sjes1, EIS]?N], E35j1,
and the following inclusions, for 1< j<kand 1 <i<m:

Sj1EC;, ifpjisaliteral of ¢,
SpEC;, if-pjisaliteral of c;.

Intuitively, M is a tree with k branches having a common root arrow R. The jth branch is obtained by unravelling a loop
of Nj arrows Sji, ..., Sjn;: the first arrow, Sjj, corresponds to p; being true (under an assignment) and the second arrow,
Sj2, to pj being false (other arrows do not encode truth values). Therefore, N1 x Ny x --- x Nj layers (the layer i consists
of all arrows from points at distance i from the root) contain representations of all possible assignments to pq,..., px (for
k =2, see Fig. 7 on the left). The last two types of role inclusions make sure that the roles Cq, ..., Cp, which constitute the
signature X, mark those assignments under which ¢ is true.

We now take K1 = (77, {A(a)}), where 77 contains the following inclusions:

AC3T; and 3T, C A, forl<i<m
TiCCy, for 1<i#£i <m.
In M, the path from each point to the root contains arrows that are labelled by all of Cy, ..., Cy but one (for m =3, see

Fig. 7 on the right). Note that the C; arrows point towards the root, in the opposite direction to the C; arrows of Mj. Thus,
there is a finite (X, {a})-homomorphism from M, into M if and only if one of the clauses is false under each of the
assignments (that is, iff ¢ is unsatisfiable).

The generating structure Gp is essentially a set of loops each of which is missing precisely one of the C;. Thus, the
responses of player 1 correspond to the choices of the missing C;. The challenges by player 2, on the other hand, correspond
to the subsets of Cq, ..., Cyp in the layers of M5, the number of which may be exponential in k. So player 2 can go through
a sequence of exponentially many distinct challenges (assignments), to each of which player 1 will have to find a clause
that is false under the assignment. The sequence repeats itself after Ny x --- x Ny steps. O
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Fig. 8. Example 25: (a) an w-winning start-bounded strategy in G5 (G2, M) from (u — 0p); (b) an w-winning strategy in G3,(Gz, G1) from (¥, {uz, ug} —
wo); (c) the respective fragment of the game graph of G3,(G2, G1); (d) the graph ¥ for extracting w-winning strategies in G3;(G2, G1).

A general strategy for player 1 in Gy (G,, M) is a combination of a backward strategy and a number of start-bounded
strategies to be defined next.

4.4. Start-bounded strategy and game G%,(G2, G1)

A strategy for player 1 in the game Gyx(Gy, M) starting from (ug — o0g) is called start-bounded if it never leads
to a state (u; — o;) such that og = ojw, for some w € A9 and i > 0. In other words, player 1 cannot use those el-
ements of M that are located closer to the ABox than op; the ABox individuals in Mj can only be used if og €
ind(/Cq).

Example 25. The strategy starting from (u; — o0g) and shown in Fig. 8a by dotted lines is start-bounded, with the numbers
indicating the rounds of the game: the responses oy, 01,0, of player 1 move away from the ABox, after which player 1
retraces his steps back to og (in order to avoid clutter, we omitted the ABox part from the generating structure G, in the
picture).

The states of G%.(G2, G1) are of the form (©;, E; = w;), i > 0, where ©;, §; C A9, E; #¢ and w; € A9, (Intuitively,

E; is the set of elements of AY2 that are mapped to w;, while ®; identifies illegitimate challenges for player 2, that is, the

«»; -successors that have already been mapped to w;_1.) The initial state is of the form (¥, 89 — wp). In each round i > 0,

player 2 challenges player 1 with some u «»22 v such that u € E;_1 and

if ve®;_; then r% u,v)¢ i‘gl (Wi_2, Wi_1). (no-backward)

(Player 2 loses if there is no challenge satisfying this condition.) Player 1 ‘guesses’ some Z; and w; such that E; contains v,
rgz (u,v) c r%l (wj_1, wj) and responds with a state (®;, E; — w;), where ©; is determined by E;_; and w;: ®; = B;_1 if
w; ¢ ind(KC1) and ©®; = ¢, otherwise. We make challenges u MZZ v, for which

ueBiq., ve®_; and rP(u.v) S (Wisa wiy),

‘illegitimate’ because, by the choice of E;_,, the element w;_5 was supposed to be used as a response; note that the last
two conditions above are the complement of (no-backward). Because of this, player 1 always moves ‘forward’ in G;, but
has to guess appropriate sets E; in advance. The states, initial states, challenges by player 2 and responses of player 1 are
summarised in the table below:
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start-bounded game G5, (G, G1)
states, i >0 (®;, Ej = w;) with ©;, E; C A9z, Ei#0, wie AG
and tgz (u) < tg‘ (wy), for all u € &;

initial state (@, Eg — wg) such that wop =u in case u € EgN partg\/t2
and Eg Nind(Ky) contains at most one element
challenges, i > 0 u «»f v such that u € E;_1 and if v € ®;_1, for

i>1, then rgz w,v¢ i‘% (Wi_2, Wi_1)

responses, i > 0 (®;, Ej = w;) such that v € E; and E; Nind(KCy) =0,
either w;_1~1 wj and ®; = E;_q1 or
wi_1, w;j €ind(C1) and ®; = ¢, and
9 W, v) S g (wisg, wy)

Note that of all E; only Ep may contain (at most one) individual from ind(X3); ®9 =@ and of all ®; only ®; may contain
an individual.

Example 26. Consider 922 and gf in Fig. 8b. In the game G%.(G2, Gy), player 1 will have to guess all the points of G,
that are mapped to the same point of M. We show that player 1 has an w-winning strategy in G,(G2, G1) starting from
(@, {uz, ug} — wy). Player 2 challenges with u; «»22 ug, and player 1 responds with ({uz, ug}, {ug, ug} — wi). Then player 2
picks ug Mg‘ u7 and player 1 responds with ({ug, ug}, {u7} — w»), where the game ends because player 2 has no challenge
available. Observe that this strategy involves only 3 rounds in contrast to the 5 rounds of the corresponding strategy in
G(Ga, My) shown in Fig. 8a. The strategy in G%.(G2,G1) is indicated by the shaded states of the fragment of the game
graph in Fig. 8c. Note the crucial guesses {uy, ug} — wq and {ug, ug} — w1 made by player 1. For example, if player 1
responded with ({uy, ug}, {ug} — wi) (and failed to guess that ug must also be mapped to wq), then after the challenge
Ug «»22 u7 and the only possible response ({ug}, {u7} — w>), player 2 would pick uy «»22 ug to which player 1 would not
have a response; see the non-shaded states in Fig. 8c.

Lemma 27. Conditions (win-s) and (w-win®) are equivalent. More precisely, for any ug € AY2 and o9 € AM1, the following are
equivalent:

(a) player 1 has an w-winning start-bounded strategy in the game Gx (G, M) starting from (ug — 0yp);
(b) for every n < w, player 1 has an n-winning start-bounded strategy in Gx(G», My) starting from (ug — 0yp);
(c) player 1 has an w-winning strategy in the game G3,(G2, G1) starting from (4, Eo > tail(09)), for some Eg > uo.

Proof. (a) = (b) is trivial.

(b) = (c) We define a (possibly infinite) directed graph T whose nodes are of the form (u  §), where u € A% and § is a
suffix of some element in A1, and whose arrows are labelled with u M? u’ so that the following conditions hold:

(1) ¥ contains an initial node (ug +— tail(op));
(2) tgz u) c tgl (tail(8)), for every node (u+~ §) in T;
(3) for any u «»22 u’, every node (u+> §) in T has exactly one (u «»22 u’)-successor in ¥, which can be of the following
forms:
(31) W+ sw), if tail)=w, w~1w and rgz(u, u’) gr%1 (w, w');
(3.2) W+~ b), ifs§=aeind(K7), beind(K;) and rgz (u,u") C rgl (a,b);
(33) W —3), if s=8w, tail@)=w, w~w and r¥2@,u) i W, w).

Observe that these conditions coincide with the conditions given in the proof of Lemma 19 except that now (3.3) provides
a possibility of going backward. The graph ¥ for the winning strategy in Example 25 is depicted in Fig. 8d.

We show that the graph T (if it exists) gives rise to the required w-winning strategy for player 1 in G% (G2, G1). Consider
the function s mapping the nodes in ¥ to states in the game G3,(G>, G1) and defined by taking

(By, B > tail(8)), if 8 =8"w,

s(u>98) = . - _ )
(@, Es +— 8), otherwise (that is, if § = tail(og) or § € ind(K1)),
where Es5 = {u | (u — 8) a node in ‘I}. In particular, the initial node ng in ¥ is mapped to the initial state: s(ng) =
(4, Etail(og) — tail(op)). (Note that only ng may refer to an individual from ind(K3), and so s(ng) is a properly defined
initial state.) In order to define the w-winning strategy of player 1 in G%(G2, G1) from s(ng), we show that, for all n in %,
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if player 2 has a challenge u «»22 v’ in s(n), then thereis v, and a (u «»22 u’)-successor n’ of v, in ¥

such that s(vy) = s(n) and s(n) is a valid response by player 1 to u «»? u’ in s(n).

Indeed, if u '\»22 u’ is a challenge in s(n) then s(n) is of the form (©, E;s — tail(8)), for some § and u € E;5. By definition,

T contains a node t, = (u +— §) and s(ty) = s(n); moreover, v, has a (u «»; u’)-successor n’ in . (Observe that, by the
definition of s, for two distinct nodes n = (v — §) and v, = (u — §), we may have s(n) = s(ty) = (0, Es > tail(§)) and
{u, v} € Es, and so ¥ may contain a node n that has no u «»22 u’ successor for a valid challenge u «»22 u’ in G% (G2, G1)
from s(n). Similarly to the proof of Lemma 19, the choice of a particular v, is not essential.) It remains to show that s(n’)

is a valid response by player 1 to u “”E u’ from s(n). Consider all possible cases:

-Ifvy=@Wr~ w) and ' = ('~ ww’) then s(n) = (@, Ey — w) and s(n') = (Ey, Eww — W'). By item (3.1) of the
definition of ¥, s(n’) is as required.

- Ifty=Wwr 6w) and n' = (U’ — Sww’) then s(n) = (Es, Esw > W) and s(n') = (Esw, Esww’ = W'). By (3.1), s(') is
as required.

-If vy =W~ w) and v = (' — w’) then w, w’ €ind(K1), s(n) = (@, Ew — w) and s(n') = (@, Ey —> w'). By (3.2),
s(n') is as required.

-If vy =@Wr dw'w) and v = (' — §w’) then s(n) = (Egu’, Esww H> W) and u’ € Egys, which is impossible be-
cause, in view of (3.3), we have rgz(u,u/) c Fgl (w’, w) contrary to the fact that u '\»22 u’ is a challenge in s(n);
see (no-backward).

The w-winning strategy of player 1 in G% (G2, G1) from s(ng) is then defined naturally.

Now we show that ¥ exists. The construction is similar to the proof of Lemma 19. Let Sg be the given set of n-winning
start-bounded strategies in Gy (G, G1) starting from (ug — op) and let wg = tail(og). Define Ty to be the graph with the
single initial node (ug > wy). Clearly, it satisfies (1) and (2) above. If it also satisfies (3), then we are done. Otherwise, as in
the proof of Lemma 19, we take all the challenges ug «»33 u}, ..., Up «»5‘ u’{ by player 2 and using the pigeonhole principle
find W}w’{ € A9 and a set S; € Sp such that, for any challenge ug MZZ u"], every strategy S € S gives a response
(ug = ali) with tail(a{') = W’i. If Wa €ind(/C1) then we add the node (ui] > wg) to o, and if Wa ¢ ind(K1) then we add
the node (ug — wow"l) to Tp; we also add an ug “”33 u"l arrow connecting (ug — wg) with the newly introduced node.
This gives us the graph ¥;. To illustrate the construction of ¥ in the case of a backward step (which is impossible in round
1), consider now a challenge u; «»22 uy by player 2 for some u; € {u%, ey u’{} such that the response according to S was

(u1 —~ ogwi) and (u7 — wowy) is a node in ¥1. Then, using the pigeonhole principle, we find either

- wy e AY" and a subset S; € 'S; such that every strategy S € S, gives a response of the form (uy — ogwqw3),
- or a subset S; CS; such that every strategy S € S, gives a response of the form (u; — 0yp).

In the former case we add the node (u; — wowiwy) to ¥ and in the latter case we add (u; — wq) to ¥1. We also add
an uq MZE up arrow connecting (u; — wowq) and the new node to ¥;. This defines T,. We proceed in the same way and
construct a sequence of graphs Tp € ¥ C ... until we either reach some ¥, satisfying (1)-(3) or obtain an infinite sequence
and take ¥ =J;_,, Tk, which obviously satisfies (1)-(3).

(c) = (a) Suppose that player 1 has an w-winning strategy S in G3,(G2, G1) starting from (4, Eq — tail(cg)) with ug € Eq.
We transform the strategy S into an w-winning start-bounded strategy S’ in Gx (G, M) starting from sg = (ug — o0p). We
associate with any (possibly infinite) sequence ug~+3 uy~3 ---~> u;~¥ ... of challenges by player 2 in Gx(Ga, M7)
starting from the state so a sequence s; = (uj +— 01),...,5; = (U; — 0j), ... of responses by player 1 which are start-
bounded (that is, og # ojw, for any w € A9). To this end, we also define a sequence of states sby = (@, Z¢ —
wo), ...,sb; = (0, Ej = wj), ... in G%(G2, G1) such that u; € E; and tail(o;) = w; for all i. To keep track of ‘backward
moves’ we also define a sequence mg,...,m;,... of sequences of states in G%(Gz,G1) such that each m; has length
loi| +1 — |op| and its first state is of the form (¥, E — w). Finally, we require that

if mi=m;- @2 —wh... (@™ E™— w™) then o; :ajw1 cew™, (4)
For i =0, we set sbg = (J, Eg — wg) and g = sbg, which clearly has the required properties. Now assume that sy, ..., s;_1,
sbo,...,sbj_1 and m, ..., wi_1, for i > 0, are defined as above. Consider a challenge u;_1 “”; u; in state s;_1. We distinguish

the following two cases.

- If uj_q «»§ u; is a valid challenge in sb;_; then we define sb; = (®;, E; — w;) as the response of player 1 in sb;_1
according to S. If w; ¢ ind(KC;) then we set 7; = mj_1 - sb; and s; = (u; — oj_1w;). Otherwise, ®; = and we set
i = sb; and s; = (u; —> wj). Obviously, the conditions above hold for the resulting sequences.

- If uj_4 «,)%3 u; is not a valid challenge from sb;_1 then ®;_1 # @, u; € ®;_1 and rgz (uj—1,uj) C Fg‘ (w, wij_q) for the
predecessor w of w;_1 in oj_1. Let m; be the result of removing the final state from m;_1; let sb; be the final element
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of mj; and let s; = (u; — o;), where o; is obtained from o;_1 by removing its final element. Clearly, (4) is satisfied.
We show that s; is a valid response. First, observe that there exists j <i — 2 such that 7; =m; and 71 = w1
for which sbj1 is the response to the challenge uj~> ujy from sbj. By (4), 0j41 = 0j—1 and 041 = ojwj. By
the construction of o0j, 0; = 0j. Second, it remains to observe that ®;.1 = ©®;_1 and ®j;1 = &}, i.e, u; € E; and
tgz (u;) < tgl (wj) = tg/“ (o;) (recall that, by (no-backward), rgz (Uj—1,uj) C ré/“ (0i—1,0)).

By repeating these steps, we obtain an w-winning start-bounded strategy in Gy (G, M) starting from (ug — 0p). O

Similarly to Gé(gz, G1), player 1 has an w-winning strategy in G3;(G2, G1) starting from a state s if and only if player 2
does not have a winning strategy in the reachability game on the full graph of G%.(Gz, G1) starting from s. However, now
the size of the game graph is exponential in the size of G,. More precisely, each ©; and E; is a subset of A9 with at most
one individual name, which results in 0 ((/ind(/C2)| x 2/A9\Ind(K2)1)2 o |A91)) states in G3,(G2, G1). The number of vertices
in the graph for the reachability game is then cubic in the number of states in G3;(G2, G1) because (no-backward) involves
three states. So the existence of the required w-winning strategy for player 1 can be checked in time polynomial in G; but
exponential in G,. Moreover, as we shall see in Section 5, this problem is EXPTiME-hard.

4.5. General strategies and game G% (G2, G1)

A general winning strategy in the game Gyx(G,, M7) can be composed of one backward and a number of start-bounded
strategies.

Example 28. Consider g22 and ./\/ll2 shown in Fig. 9a. Starting from (ui — o03), player 1 can respond to the challenges
uy ~3 Uy ~¥ u3 according to the backward strategy; the challenges uy ~3 ug ~+3 u7 ~3 ug ~3 ug according to the
start-bounded strategy as in Example 25; the challenges us «»22 Ug «»22 us also according to the obvious start-bounded
strategy; finally, the challenge ug M% uqp needs a response according to the backward strategy. We will combine the two

backward strategies into a single one, but keep the start-bounded ones separate.

The states, initial states, challenges and responses in the general game G‘% (G2, G1) are defined in the table below:

general game G3.(G2, G1)
states, i > 0 (Bi = wj, ;) such that 8; € A9, E; #0, w; € A9 W C g,
tgz (u) < tg‘ (wy), for all u € gj,
v; =0 if w; €ind(KCq),
and player 1 has an w-winning strategy in the start-bounded game

G%(G2,G1)
from (4, E; — wj;) with the first challenge u «»ZE v by player 2
satisfying v € E;7 \ ¥;

initial state (Ep — wg, W) such that wg = u in case
uetgnN partng,
Ep Nind(/Cy) contains at most one element
challenges, i > 0 W;_1 provided that W;_1 # ¢
responses, i > 0 (Ej — wj, ¥;) such that w; ~q1 wi_q1, E;j 2 W;_1 with
E; Nind(ICy) =0,
rgz (u,v) < i'gl (wj, wij_q), forall u € Ei_1 and v € &;.

Thus, in every round i > 0 of the game, player 1 chooses a set E; 2 W;_1 and partitions the elements of E;” into those that
will be mapped according to the backward strategy in round i + 1 (the set ;) and those that will be mapped according to
the start-bounded strategy (the set E;~ \ W;). Note the additional condition that player 1 must have an w-winning strategy
in the start-bounded game G3,(G>, G1) from (4, 8; — w;) where the first challenge by player 2 is restricted to &7 \ ¥;.

Example 29. Fig. 9b shows an w-winning strategy for player 1 in G%(gz,gﬂ starting from ({u1}+— ws, {uy}), where glﬁ
looks like Mf but with w; in place of ;. The dashed transitions represent two launches of start-bounded games: one from
the state (@, {uy, ug} —> wq) with the initial challenge u; '\»§ ug, and the other from the state (¢, {us, uyo} — a) with the

initial challenge us ~3 ug.
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Fig. 9. Example 28: (a) an w-winning general strategy in the infinite game Gx (G2, M) from (u; — 03); (b) the respective fragment of the game graph of
G§: (G2, G1) with graphs of the start-bounded games.

Lemma 30. Conditions (win), (win-g) and (w-win®) are equivalent. More precisely, for any ug € A9 and wg € A9, the following
are equivalent:

(a) for every n < w, there is o9 € AM1 such that tail(cg) = wo and player 1 has an n-winning strategy in the game Gx (G2, M)
starting from (ug +— 0y);
(b) player 1 has an w-winning strategy in Gé(gz, G1) starting from (Eg — wo, Wp), for some Eg > ug and .

Proof. (a) = (b) As before, we construct a (possibly infinite) directed graph ¥ whose nodes are of the form (u +— §,1),
where u € A9, § is a suffix of some element in A1 and 0 <i<w ori==x%, and whose arrows are labelled with u «»22 u’
and such that the following conditions hold:

(1) the initial node of ¥ is of the form (up — wo, 0);
(2) tgz (u) < tgl (tail(8)), for any node (u+~ 6,k) in T;
(3) for any u M§ u’, every node (u > §,i) in ¥ has exactly one (u «»3: u’)-successor in T, which can be of the following
forms:
(31) W sw,i), if taild)=w, w~1w and rgz(u,u/) C rgl(w, w’);
(32) W b, %), ifs=acind(Ky), beind(Ki) and r$2(u,u’)<ri (g b);
33) W&, if §=8w, tail(d)=w’, w~1w and rgz(u,u’) c Fg] w, w);
(34) W w,i+1), if s=weA9, w-~;w and rgz(u,u’) gigl(w/, w).
(4) for any nodes (u — w, i) and (u’ — w’, i) in T with w, w’ € A9 and i # %, we have w = w'.

Note that the conditions on ¥ combine the conditions given in the proofs of Lemma 23 (backward strategies, cf. (3.4)
and (4)) and Lemma 27 (start-bounded strategies, cf. (3.1)-(3.3)). The graph ¥ for the w-winning strategy in Example 28 is
depicted in Fig. 10.

We show first that such a graph ¥ exists. Let Sp be the given set of n-winning strategies of player 1 in Gx (G2, Mj)
starting from (ug +— 09). Define Ty to be the graph with the single initial node (ug — wyg, 0). In the sequel, we slightly
abuse notation and use ¢ for the empty word so that a is regarded to be the same as a, an element of ind(K1). We say
that a strategy S € Sy respects ¥ if there exists a sequence 059, 01‘9, ... of elements of AM1 U {g} such that

- each o satisfies 0%

-if W&, isa (u «»? u’)-successor of (u+ 8,i) in T then, according to S, player 1 responds to the challenge
u~3 u’ of player 2 in the state (u+> ¢.°8) with (u' > 008,

L =07 w, for some w € A9, with 0% =09, and



102 E. Botoeva et al. / Artificial Intelligence 234 (2016) 78-119
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Fig. 10. The graph T for extracting w-winning strategies in cé(gz, G1) from Example 28.

where of = ¢&. (Intuitively, 015 is the 01'{1 without the last element, and so the sequence oagwo, alswL ozswz, ..., with

wi = tail(ai‘fl), are the responses to the challenges of the strategy.) Clearly, all strategies in Sp respect ¥p. Suppose we
have already constructed T, and Sy such that every S € Sy respects Ty. If ¥ satisfies (3), then we are done. Otherwise,
Tk contains a node (u +— §,1) without a (u ME u’)-successor, for some u «»2): u’. (We take such a node to be closest to the
initial node.) Using the pigeonhole principle, we can find §’, i’ and a subset Sy, € Sy such that one of the following four
options holds for all strategies S € Siy1 simultaneously: the response of player 1 according to S to the challenge (u ME u’)

in state (u+— 01.55) is of the form

(u’r—>0,-58’) with 8 =6w’ and i’ =i, (r1)
W'+ §') with 0 =¢, 8,8 €ind(K1) and i =+, (r.2)
(u’r—>a,-$8’) with §=8w and i’ =i, (r.3)
W' — ai‘s) with § € A9, § =tai|(ol-$) and i' =i+1; (r4)

see also items (3.1)-(3.4) above. In each of the four cases, we define Ty, by extending ¥, with (u' +— &,i') as a
(u «,»53 u’)-successor of (u+> §8,i). Observe also that all S € Sy, clearly respect Ty,q. We proceed in the same way and
construct sequences Top C¥1 C... and Sg 2 S1 2 Sy, ... until we either reach some ¥, satisfying (1)-(4) or obtain infinite
sequences and take T = J,_,, n, which obviously satisfies (1)-(4).

Now we show that ¥ defines an w-winning strategy for player 1 in G§:(g2, Gy) starting from some (Eg — wo, Vo). Let
W, W1, ... be the longest (and possibly infinite) sequence of elements of A9 such that, for each w;, there exists u with
(u+— wj, i) a node in ¥. Note that, by (4), every w; (if it exists) is uniquely determined. For each i > 0 with w; defined,
set

Si={ul@r w;,i)inT} and \Ifiz{u/|u«»22u/, (u> wj, i) and (' wigq,i+1)arein T}

and observe that ug € Eg, E; # 0 and W; C E;", W; C Ej4q, for all i > 0 such that the sets are defined. Note also that if the
sequence wg, Wi, ... is finite then the last ¥ is empty. Similarly to the proof of Lemma 23, take the maximal m < @ such
that wy, exists and w; # wp, for all i <m.

To show that each (E8; — wj, ¥;), for 0 <i <m, is a valid state in the game G§ (G2, G1), we have to define an w-winning
strategy for the start-bounded game G3,(G2, G1) from (4, E; — w;) with the first-round challenges u «»33 v such that v ¢ ;.
Fix i and define a graph ¥; containing the nodes (u +— §), for (u+> §,1) in T, and all the nodes (u + §) such that (u — 8§, *)
is reachable from some (u’ + &', i) in ¥ by a path not containing any (u” +— §”,i+ 1). The arrows and their labels in ¥; are
induced in the obvious way by the arrows of ¥. Observe that ¥; satisfies (1) and (2) of Lemma 27 and satisfies (3) except,
perhaps, in nodes (u +— w;) with u «»5‘ v and v € W;. It can now be shown in the same way as in Lemma 27 that player 1
has an w-winning strategy in the start-bounded game G%.(G2, G1) from (4, E; — w;) provided that the challenge u «»33 v
in the first round satisfies v ¢ ;.

Now, by (3.4), the states (E; — w;, ¥;), i <m, clearly define an w-winning strategy for player 1 in the game G%(gz, g1)
starting from (Zo — wg, Wo): if player 2 challenges (with W¥;) in some state (E; — wj, ¥;), then player 1 responds with
(Bit1 — Wiy1, ¥igq) if i <m, and by the uniquely determined (Ey — wy, W) with wy = wy4q if i =m.

(b) = (a) Suppose player 1 has an w-winning strategy S starting from ag = (Eg — wyg, ¥p) in G‘)g: (G2, G1) with ug € Eg
and let n < w. Consider any play in G‘;g: (G2, G1) starting from ag and conforming with S. One can represent the play as a
sequence

0

0 .2 .0 p))
(ag, ug~3 vg, ..., Up

» .0 1,21 1 1
o Vi) (a1, Ug oy Vg W 0 V)

where each a; is a response of player 1 (a state of the game G‘%(gz, G1)) to the (uniquely determined) challenge in aj_q,

and ul) ~F vg,.,.,u;;i ~F v;'q are the challenges of player 2 in the start-bounded game G$,(G2,G1) from a; (in which
case player 1 has an w-winning strategy). Similarly to the backward game, the sequence ap, aj,... does not depend on
the challenges of player 2 but only on ap and S. So we fix the sequence ag, a1, ..., a;, where either k=n or k <n is

the maximal number of states reached in any play starting from ag according to S. This sequence induces a sequence
Wwo, W1, ..., wi of elements of A9 given by the states a; = (E; — w;, W;). We take any element o € AM1 with tail(o) = wy
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and let 09 = o wg_1...wp. In addition to the w-winning strategy S, we also fix the w-winning strategies for player 1 in
the start-bounded games for G‘é(gz, G1) from a; with the appropriate challenge in the first round.

Now, for any sequence ug ~+3 Uy ~+3 -+ ~+> Up_1 ~3 Uy, m <n, of challenges by player 2 in the game Gx (G2, M)
starting from sg = (up — 0p), we construct a sequence of responses s; = (U — 01), ..., $m = (Um > o) of player 1. In
order to do this, we define inductively a sequence ry, ..., Ty (of non-empty sequences) such that the following hold for

each i <m:

- m; begins with one of the states ag,...,ay, and all other elements in m; are states (®, E — w) of the respective
start-bounded game; ;
-ifmi=n;- (@, 8 > wl)... (0% B > w') then oj =ojw! .- wh.

For i =0, we set mg = ap = (Eg — wy, ¥p), which clearly has the required properties. Now suppose that sgp,...,s;_1 and
T, ..., i1 have already been defined, for 1 <i < m. Consider a challenge u;_1 “”E u; in the state s;_1. Two cases are
possible.

- If m;_q consists of a single state (E — w, V) then it coincides with some a;_1, for j <k. Recall that u;_; € E and
tail(oj_1) = w. We have the following two options.

- If u; € ¥ then we set 7; = a; and obtain o; from oj_; by removing its final element, w.

- Otherwise, u; € 8~ \ ¥ and we launch the start-bounded game G3.(G2,G1) from (4, E — w) and set m; = mj_1 -
(®, 8+~ w) and o; = g;_1w/, where (®’, 8’ — w') is the response of player 1 to uj_q M? u; according to the
w-winning strategy in the start-bounded game.

- Otherwise, the final element of 7;_1 is a state of the start-bounded game, and we follow the construction from the

proof of (¢) = (a) in Lemma 27.

This completes the proof of the lemma. O

Similarly to the start-bounded game, the size of the game graph for G§ (G2, G1) is exponential in the size of G, as it

contains O (([ind(/C2)| x 2/492\Id(K2)1y2 | A91|) states. Note, however, that when constructing the graph, we have to check
that for each of its states player 1 has an w-winning strategy in the corresponding start-bounded game. As observed in
Section 4.4, this can also be done in time exponential in NG \ ind(X2) and polynomial in both ind(XC;) and A9 In view of
Theorem 12 (i) and (iv) and Proposition 14, we then obtain:

Theorem 31. For combined complexity, X -query entailment is in 2EXPTIME for Horn-ALCHZ and Horn- ALCZ KBs, and in EXPTIME
for DL—Lite%m and DL-Lite]{., KBs. For data complexity, these problems are all in P.

For DL-Litecore and DL-Litey, KBs, the general game G‘%(gz, G1) can be significantly simplified. Note first that the start-

bounded game G%;(G2,G1) in this case can be reduced to the forward game Gé(gz,gﬂ. Indeed, by (lite;) and the fact
that (u, v)9 is always a singleton set in the generating structures for DL-Litepo, player 2 cannot challenge player 1 in any
round i > 0 of G§,(G2, G1) with u “”E v such that rgz (u,v) C ig‘ (Wj_3, Wi_1). Thus, (no-backward) holds for any set ®;,
and so we obtain: for any ug € A% and wq € A9, player 1 has an w-winning strategy in G3,(G2, G1) with an initial state
(@, Eg — wp) and ug € &y if and only if player 1 has an w-winning strategy in cg(gz, G1) with the initial state (ug — wo).

Second, since having a start-bounded w-winning strategy with an initial state (¢, E — w) is equivalent to having forward
w-winning strategies for all initial states (u — w) with u € , for any general w-winning strategy player 1 can choose Z;
as small as possible: E; = {ug} in the initial state and E; = ¥;_1, for i > 0. Also observe that in the general game, if E;_{
contains at most one element, then player 1 has to choose for W; a set containing at most one element (if player 1 chooses
a set with at least two elements, then he will not have a response to the challenge W¥; since the generating structures for
DL-Litepom KBs are functional). It follows by induction that if player 1 has an w-winning strategy in the general game then
player 1 has an w-winning strategy in which all states are of the form (E; — wj, ¥;), where E; is a singleton set, ¥; has at
most one element, and E; = ¥;_1. The number of states in this game is polynomial, and so the existence of an w-winning
strategy can be checked in P. Note also that this strategy corresponds to the winning strategy in the naive game G%.(G2, G1)
sketched in Section 4.1.

Theorem 32. X -query entailment for DL-Litecor, and DL-Litepo, KBs is in P for both combined and data complexity.
5. Lower bounds
In this section, we show that the upper complexity bounds obtained in Section 4 are optimal. Throughout the section

we assume that the materialisations of the KBs we deal with are the unravellings of the generating structures for those KBs
constructed as described in Section 3.
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Fig. 11. Encoding the initial configuration by a block.

As we have seen in the previous section, the problems of X-query entailment and inseparability for all of our DLs are in
P for data complexity. The next theorem establishes a matching lower bound:

Theorem 33. For data complexity, X-query entailment and inseparability are P-hard for DL-Lite o and £ L KBs.

Proof. The proof is by reduction of the P-complete entailment problem for acyclic Horn ternary clauses: given a conjunction
¢ of clauses of the form p; and p; A py — pj, with i,i’ < j, decide whether p;, is true in every model of ¢. Consider a
DL-Litecore TBox 7 containing the following concept inclusions:

VE3S, 3IST C IR, and IR, CV, fork=1,2,
and let an ABox A consist of F(p,) and

S(pi, i), R1(pi, pi), Ra(pi, pi), for each clause p; in ¢,
S(pj,©), Ri(c,p), Ra(c,piv), for each clause ¢ = p; A py — pjin @.

Set ¥ ={F,S,R1,R2}, K1=(,.A) and Ky = (T, AU{V(pn)}). Obviously, K, X-query entails /C;. On the other hand, the
materialisation of /C; is (finitely) X-homomorphically embeddable in the materialisation of K1 iff ¢ derives p,. Indeed, the
materialisation M5 of K is infinite, while the materialisation M of K is finite. So, the only way to embed finite prefixes
of M, of arbitrary depth into M is by mapping subtrees of unbounded depth into the loops in M for unary clauses p;
in @, which is only possible if there is a tree of clauses of the form p; A py — p; with root p, and leaves among the clauses
pi of ¢ (that is, if there is a derivation of p, from ).

For £L£, we take 7 ={V C 3S5.(3R1.V M3R,.V) }. The remainder of the proof is the same as above. O

For combined complexity, ExPTIME-hardness of X-query inseparability for Horn-ALC can be proved by reduction of the
subsumption problem: we have 7 = A C B if and only if (7, {A(a)}) and (7 U{A C B}, {A(a)}) are {B}-query inseparable.
We now establish the remaining lower bounds for the combined complexity.

Theorem 34. For combined complexity, the problems of X-query entailment and inseparability are EXPTIME-hard for DL-Litegre KBs.

Proof. The proof is by encoding alternating Turing machines (ATMs) with polynomial tape and using the fact that APSPACE =
ExXPTIME; see, e.g. [34].

Let M = (A, Q,qo,q1,8) be an ATM with a tape alphabet A, a set of states Q partitioned into existential Q3 and
universal Qv states, an initial state qp € Q3, an accepting state q; € Q, and a transition function

§:(Q\{q1}) x Ax{1,2} > Q x A x{-1,0,+1},

which, for a state q and symbol a, gives two instructions, §(q,a, 1) and §(q, a, 2). We assume that existential and universal
states strictly alternate: any transition from an existential state leads to a universal state, and vice versa. We extend § with
the instructions §(q1,a, j) = (q1,a,0), for a € A and j =1, 2, which go into an infinite loop if M reaches the accepting state
g1. Thus, assuming that M terminates on every input, it accepts an input w if and only if the modified ATM M’ has a run
on w all branches of which are infinite.

Given M’ and an input w, our aim is to construct TBoxes 771 and 7; and a signature X such that M’ has a run with
only infinite branches if and only if the materialisation M> of (73, .A) is finitely X-homomorphically embeddable into the
materialisation M of (77, .A), where A is an ABox with a single assertion A(c). Let f be a polynomial such that, on any
input of length m, M’ uses at most n = f(m) cells, which are numbered from 1 to n, and throughout any computation the
head remains to the right of cell 0, which contains a special marker b € A.

The construction proceeds in four steps. In the definition of the TBoxes 7; and 7>, we use concept inclusions of the form
BC 3R.(Cqm---mCy) as an abbreviation for

BC3Rg, RoER and 3R; ECj, forl1<i <k,

where Ry is a fresh role name. If C; is a complex concept then IR, E C; is also treated as an abbreviation for the respective
concept and role inclusions.

Step 1. First we encode configurations and transitions of M’ using 77. We represent a configuration (that is, the content
of every cell on the tape, the state and the position of the head) by a sequence of n + 2 domain elements in M1, which
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Fig. 12. The structure of ¥£-homomorphisms from M; to M;: note that A, X1, X € £ but X3 ¢ .

will be called a block. The first element in each block is used to distinguish the type of the block, whereas the remaining
elements are assigned indexes from 0 to n: if the element with index i belongs to Cg4, for some a € A, then the ith cell of
the tape is assumed to contain a in the configuration defined by the block as shown in Fig. 11 (the first element of the
block has index —1). The first block represents the initial configuration, that is, symbols aq, ..., a, written in the n cells of
the tape (the input w padded with ) and the initial state g, which is achieved by the following inclusion in 77:

AZ3P.(C,M3P.(Cqy MAP.(Cay MAP(...3P.(Cq, MZJ" 1) ... ). (Ti-1)

Step 2. The current state q e Q, the position k of the head and the content a € A of the active cell scanned by the head are
recorded in the concept Z k that contains the last element of the block. At the end of the block we branch out one block
for each of the two mstructlons and propagate via the Z 1.i 0k and the ZZ’ o the current state, head position and symbol in
the active cell: forge Q,ae A and 1 <k <n, we add to T the 1nc1u510ns

| | J,
qak— 1231) XJHank) (Th-2)
j=

where X; and X, are two fresh concept names (which specify the type of the block).
The acceptance condition for M’ is enforced by means of 75. For the initial block representing the initial configuration
we take

[ : -
AC3p.3p...-3P. ‘|_| IP.X;. (T3-1)
ntimes J=1:2

The two concept names, X; and Xy, are used to distinguish between the two blocks for universal successor states and
one more concept name, X3, marks both blocks for existential state successors. These blocks are arranged into an infinite
tree-like structure: the initial block is the root from which an X;- and an X3-blocks branch out (recall that successors of
the initial state qo are universal). Each of them is followed by an Xs-block, which branches out an X;- and an X»-block,
and so on. This is achieved by adding to 7> the following inclusions:

X3C£3P.3P.(Gn3P.(---3P.(Gn [ ] 3P.X))). (72-2)
n times =12

XjE3P.3P.(GNAP.(---3P.(G 1 3P.X3))), for j=1,2, (72-3)
n times

where G is a fresh concept name (which marks every cell of the tape). If ¥ = {A, X1, X», P} then there is a unique
¥ -homomorphism from the initial block in M, to the block of the initial configuration in M. Next, signature concepts X
and X, ensure that the Xi- and X;-blocks are X-homomorphically mapped (in a unique way) into the respective blocks
in M, which reflects the acceptance condition of universal states. The following X3-block, however, contains no signature
marker (X7 or X») and can be mapped to either of the blocks in M1, which reflects the choice in existential states; see
Fig. 12, where possible ¥-homomorphisms are shown by thick dashed arrows.

Step 3. Recall that the Z] i ak’ for —1 <i <n, specify the position k of the head on the tape. Let the active cell in the previous
configuration be k. Then unt11 the cell k — 2 is reached in the current configuration, the following inclusions in 7; propagate
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Fig. 13. Executing the instructions of M’.

its current state (q € Q ), the symbol in the active cell (a € A), the head position (1 <k <n) and the block type (j =1, 2)
along the domain elements constituting the block: for —1 <i <n withi#k—1,

"
zé’;,k C |_| 3P.(Cp M Zé,;,k) (71-3)
beA

(for each b € A, these concept inclusions also generate a branch in M to represent the same cell but with a different
symbol, b, tentatively assigned to the cell—Step 4 will ensure that the correct branch and symbol are selected to match the
cell contents in the preceding configuration). We point out that, since the size of the tape is polynomial in the length of the
input, we can use the subscripts of the Z;:;’k to specify the head position, k, and the cell number, i. When the cell k — 2 is
reached, the contents of the active cell, the information from the subscripts of the Zz{:f,.k is used to perform the instruction
according to §:

[13P.(Com3P.(Fy mZJh ). if5(q,a, j)=(q,d, 1),
beA ok
Zé”;f C []3P.(ConaP.(Fy Zywi))s ifs(q,a, j)=(q'.,d,0), (T7-4)
o beA
[[13P.(Con3P.(Fyn [ ] 3P.(Cy zg;f;f}(+l))), if8(q,a, j) = (q,d, +1).
beA b'eA

Specifically, the symbol in the active cell, k, is changed according to the instruction and the cell is marked by concept F.
Then the current state, symbol in the active cell of the successive configuration and the new head position are recorded in
the subscripts of the concepts Zg:;,k; note that the block type marker, j =1, 2, is replaced by 0. These three situations are
depicted in Fig. 13, where the hatched nodes denote domain elements two cells before the active cell of the configuration
(where inclusion (77-4) becomes ‘active) and the filled black and grey nodes denote domain elements for the active cell.
(Note that the element corresponding to the cell k — 1 has only one P-successor, which encodes the new symbol, @, in
that cell; see explanations below.) Then the new state and the symbol in the active cell of the successive configurations are
propagated further along the tape using (77-3) with j=0and i >k — 1.

Step 4. The inclusions (77-3)-(77-4) generate a separate P-successor for each b € A, thus not preserving the contents of the
tape between transitions. We now add a number of inclusions to both TBoxes so that wrong branches would be ignored by
any finite X-homomorphism, h, from M to M1, where

> = {A,P,X1,X2) U {DglaeA}. (5)

Suppose h(dy) =d; and dy belongs to G in M5 (and therefore, it represents a cell in a non-initial configuration). We add
the following two inclusions to 7:

cc 6. (73-4)
beA
G,C3P~.3P...-3P~.3P " .Dy, forb e A. (T-1)
—
n times

Then, for each symbol b € A, the element d, generates a block of n 4+ 2-many P~ -connected elements that ends in the
concept Dj; we call it a Dp-block of d;. Recall from Step 3 that, for a € A, if d; € F,{Vl] then it represents a cell whose
content is changed to a (in which case di has no ‘siblings’, that is, the P-predecessor of d; has a single P-successor, dy).
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Fig. 14. Ensuring succession of M’ configurations.

However, if d € CL{M ! then the content of the cell represented by d; must be copied from the previous configuration). This
is achieved by adding (7-1) and the following inclusions to 77:

FaEDan [ ]| Go. (T1-5)
beA

CaEDan [] G (7i-6)
beA\{a}

So, if di € F;,Ml then d; has a Dy-block for any b € A and, by the choice of X, each of the Djy-blocks of d; in M can

be mapped by h to the respective Dj-block of di in Mj. On the other hand, if d; € Cg\/l‘ then d; has a Dp-block only for
b € A with b #a. So, all Dy-blocks of dy with b = a can still be mapped by h to the respective Dy-blocks of di in M. The
remaining Dg-block of d, could be mapped in the reverse order along the ‘main’ branch in M but only if the cell contains a
in the preceding configuration (that is, the element that is n + 2 steps closer to the root of M belongs to Dg); see Fig. 14.

One can show now that 77 and 73 are as required: M’ has a run with only infinite branches if and only if the materi-
alisation M3 of (73,.A) is finitely ©-homomorphically embeddable into the materialisation M of (77, .4). It remains to
use Theorem 6 and the fact that APSPACE = EXPTIME. It follows, by Theorem 13, that deciding X-query inseparability is also
ExPTiME-hard. O

Theorem 35. For combined complexity, the problems of X-query entailment and inseparability are 2EXPTIME-hard for Horn-ALCT
KBs.

Proof. The proof is by encoding alternating Turing machines (ATMs) with exponential tape and using the fact that
AEXPSPACE = 2EXPTIME.

As in the proof of Theorem 34, let M = (A, Q, qo, 41, 8) be an ATM and let M’ be the ATM obtained from M by extending
it with two instructions that go into an infinite loop if M reaches the accepting state. Given M’ and an input w, our aim is
to construct two TBoxes, 77 and 7, and a signature ¥ such that M’ has a run with only infinite branches if and only if the
materialisation My of (7;,.A) is finitely £-homomorphically embeddable into the materialisation M of (77,.4), where
A ={A(c)}. Let f be a polynomial such that, on any input of length m, M uses at most 2" — 2 tape cells, with n = f(m),
which are numbered from 1 to 2" — 2, and throughout any computation the head remains to the right of cell 0, which
contains a special marker b € A. The construction proceeds in five steps (steps 1-4 are similar to steps 1-4 in the proof
of Theorem 34).

Step 0. We use tuples of 2n concept names to represent distances of up to 2" between the cells on the tape in consecutive
configurations. We refer to a tuple Y,_1,Yn_1,..., Yo, Yo of concept names as Y and assume that the TBox contains the
following concept inclusions to encode an n-bit R-counteronY:

YerYeqm---NYoTVR.(YxM Y 1M---MYg), forn >k >0,
Y;nY,CVRY;, forn>i>k,
YinY, CVR.Y;, forn>i>k.

(Note that we will need P-counters as well as P~-counters.) We use the expression end? on the left-hand side of concept
inclusions to say that the Y-value is 2" — 1 (which is a shortcut for Y,_1 m--- 1 Yp); we also use not-end” on the left-hand
side of concept inclusions for the complementary statement (which is a shortcut for n concept inclusions with not-end”
replaced by each of Youot,...,Yo) Finally, we use reset’ on the right-hand side of concept inclusions for the reset command
(which is equivalent to Y,_1 m---1Yg). Note that the counter stops at 2" — 1: the R-successors of a domain element in
end” do not have to encode any value.
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Fig. 15. Encoding the initial configuration by a block.

Step 1. First we encode configurations and transitions of M’ using 7;. We represent a configuration by a block, which is a
sequence of 2" + 1 domain elements connected by a role P. As in Theorem 34, the first element distinguishes the blocks for
the two alternative instructions; using a P-counter on a tuple T, we assign indices from 0 to 2" — 1 to all other elements
in each block. The element with index 0 is needed for padding. Each of the remaining 2" — 1 elements belongs to a concept
Cq, for some a € A: if the element with index i + 1 is in Cg, then the cell i is assumed to contain a in the configuration
represented by the block (in particular, the element with index 1 contains b for cell 0) as shown in Fig. 15.

The first block represents the initial configuration: the input w =ay...ay is followed by 2" — m — 2 blank symbols —
and the head is positioned over cell 1, which is indicated by the 0 value of the P-counter on a tuple H. This is achieved by
the following concept inclusions in the TBox 77

AT 3P.(reset’ M3P.(C, N3P.(Cq, Mreset’ M3AP.(Cq, MIP.(...3P.(Cqyp M I)...)))), (7{-1)
not-end’ M1 C3P.(INC_), (T7-2)
end' NICZ), . (77-3)

where [ is a fresh concept name that is used only for padding of the input with —; cf. (77-1).

Step 2. Similarly to the proof of Theorem 34, the current state g € Q and the content a € A of the active cell scanned by
the head is recorded in the subscripts of concepts Zga that contain the last element of the block; note, however, that the
position of the head must now be specified using the P-counter on H. At the end of the block, when the T-value reaches
2" — 1, we branch out one block for each of the two transitions, reset the P-counter on T, and propagate, via Z(}a and 72

qa’
the current state and symbol in the active cell: for g € Q and a € A, we add to 7] the concept inclusion
end'nzg, © []3P.(X;n3P.(reset’ M zg,'a)), (77-4)
j=1,2

where X7 and X, are two fresh concept names that distinguish the type of the block; cf. (77-2).

As in the proof of Theorem 34, the acceptance condition for M’ is enforced by means of 7., which uses four types of
blocks. In this proof, however, we need to use P-counters to reach the end of the block. The P-counter on a tuple T creates
the initial block for the initial configuration:

AC EIP.(resetT M Bo), (7—2/'1)
not-end” 1 Bo C 3P.By, (7—2/'2)

where By is a fresh concept, an indicator of the initial block. We use X1- and X;-blocks for universal states (these blocks are
indicated by concepts By and B;, respectively) and Xs-blocks for existential states (indicated by concept Bs3). The tree-like
structure of the blocks is achieved by adding to 7; the following inclusions:

end’ M B, E [ | 3P.(X; 1 3P.(reset’ 1 B))), fork=0,3, (75-3)
j=1,2

end’ 1 B; C 3P.(X3 1 3P.(reset! M B3)), forj=1,2, (T;-4)

not-end” M B; C 3P.(G M B}), for j=1,2and 3, (75-5)

where G is a fresh concept name; cf. (72-2) and (72-3); see also Fig. 12. (Note that (7;-3) with k =0 is required as a
replacement of part of (73-1).)

Step 3. Recall that the P-counter on H measures the distance from the head: if the active cell in the current configuration
has index k, then its H-value is 0 and the H-value of the cell with index k — 2 in a successor configuration is 2" — 1 (note
that since the head never visits cells with indexes 0 and 1, the P-counter on T is ahead of the P-counter on H at least by
2, whence k —2 > 0). So, until the H-counter reaches 2" — 1, the following concept inclusions in 7 propagate the state and
symbol in the active cell along the elements constituting the blocks: for g€ Q,a€ A and j=0,1,2,

not-end” Mnot-end” M zJ, © []3P.(Co1 Z}y): (77-5)
beA

cf. (71-3); note that not-end” means that this concept inclusion is not ‘applicable’ to the last and the first elements of each
block (with indexes 2" — 1 and —1, respectively). When the distance from the last head position is 2" — 2, the contents of
the cell and the current state are changed according to §: forqe Q,ac€ A and j=1,2,
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Fig. 16. Encoding the transitions of M’ in M.

index 0 1 ) 1 *

reset? end®

M, — D))

Fig. 17. A Dp-block is generated using a P~ -counter on a tuple E.

[]3P.(Cyrreset’ mz0, naP.Fy), ifs(q,a, j)=(q.,a,—1),
beA
. H 0 . N (! A
end” 1 zJ, C b€|_|A 3P.(Cy N AP.(Fy Mreset” NZ0,)), ifs(q,a, j)=(q,d,0), (77-6)
[ EIP.(Cb n3P.(Fy [ ] 3P.(Cy nreset’ M Zg,b,))), ifs(q,a, j)=(q,d,+1)
beA b'eA

(the symbol in the active cell is changed according to the instruction, and the current state and symbol in the active cell
of a successive configuration are then recorded in the subscripts of the Zga). These three situations are depicted in Fig. 16,
where hatched nodes denote domain elements with H-values of 2" —1 and grey and black nodes with H-values of 0. (Again,
the element corresponding to the cell k — 1 has only one P-successor, which encodes the updated symbol, @', in that cell.)
Then, the current state and the symbol in the active cell are propagated along the tape using (7;-5) with j=0.

Step 4. The concept inclusions (7/-5)-(7;-6) generate a separate P-successor for each b € A. As in the proof of Theorem 34,
the correct one is chosen by a finite X-homomorphism, h, from M; to M; for ¥ defined by (5). We add (72-4) from the
proof of Theorem 34 along with the following replacement of (7-1) to 73

Gp T 3P~ .(Sp Mreseth), (7-1)
not-endf M S, ©3P~.S, (T"-2)
endf M S, =3P~ .Dy, (T7-3)

where we use a P~ -counter on a tuple E (unlike P-counters in all other cases) and a concept S, to propagate b along the
whole block, which will be called a Dp-block; see Fig. 17. Like in the proof of Theorem 34, the length of any Dj-block,
2" + 1, matches the length of blocks representing configurations and the last element of a Dy-block belongs to concept Dj.
We also add (77-5)-(71-6) from the proof of Theorem 34 and (7'-1)-(7’-3) to 7/, which generate D,-blocks for all b #a
from every domain element in C; and Djp-blocks for all b € A from domain elements in F,. The rest of the argument is as
in the proof of Theorem 34; see Fig. 14.

One can show that M’ has a run with only infinite branches if and only if (77,.4) X-query entails (7;,.4). By Theo-
rem 13, X-query inseparability is also 2EXpTiME-hard. O

6. Query inseparability for restricted sets of individuals

In the definition of X-query entailment and inseparability discussed so far we considered all tuples of individuals in
the KBs that are certain answers to CQs. In this section, we refine this notion by allowing the user to define the set of
individuals he is interested in. This leads to the following generalisation of Definition 1.
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Definition 36. Let /C; and Ky be KBs, T a relational signature and I' an individual signature. We say that K (X, I')-query
entails KCy if

K2 =q(a) implies a Cind(K1) and K1 E=q(a), forall £-CQs q(x) and all tuples @ inind(/C3) N T.

KBs K1 and K, are (X, I')-query inseparable if they (X, I')-query entail each other, in which case we write 1 =x r Ks.

By definition, K1 X-query entails Cy if and only if K7 (2, T")-query entails Ky for all individual signatures T". Also,
if ' 2ind(K,) then K1 X-query entails Ky in case K1 (¥, I')-query entails 2. As only the intersection ind(K3) N T is
relevant for (X, I')-query entailment, in what follows without loss of generality we assume that I' C ind(K7).

One can analyse (X, I')-query entailment between KBs, one of which is inconsistent, in a way similar to X-query entail-
ment. So, in the sequel we only focus on consistent KBs without mentioning this explicitly. The main difference between
Y -query entailment and (X, I')-query entailment can already be seen on KBs with empty TBoxes and empty individual sig-
nature I". Note that for KBs with empty TBoxes, X-query entailment is trivial as K1 = (4, A1) Z-query entails Ky = (4, Ay)
if and only if, for all a, b € ind(XC3) with A(a) € A3, A€ X, or P(a,b) € Ay, P € X, it follows that A(a) € Ay or P(a,b) € Ay,
respectively. Note also that (X, #)-query entailment between any KBs Xy and K3 means that all Boolean X-CQs entailed by
K, are entailed by K7 as well.

Theorem 37. Checking (X, #)-query entailment and (X, #)-inseparability of KBs with empty TBoxes are both NP-hard for data com-
plexity.

Proof. Let KC; = (@, A;), for i =1, 2. Clearly, K1 (2, #)-query entails Ky if and only if there exists a (X, #)-homomorphism
from (the interpretation corresponding to) .4, to A;. The latter problem is the standard homomorphism problem for rela-
tional structures which is known to be NP-hard [35]. To show NP-hardness of (X, #)-query inseparability, observe that there
is a (¥, #)-homomorphism from A, to A; if and only if (4, A1 W Ay) and (@, A1) are (X, @)-query inseparable, where
Aq W A, is the disjoint union of A; and Ay. O

We now show that checking the existence of a homomorphism between ABoxes is the only additional source of complex-
ity for (X, I'")-query entailment compared to X-query entailment. In particular, for data complexity, checking (X, I')-query
entailment is in NP for all of our DLs; for combined complexity, it is either NP-complete or harder than NP, in which case
it is of the same complexity as X-query entailment. We begin by generalising the semantic characterisation of X-query
entailment via finite ¥-homomorphic embeddability of materialisations:

Theorem 38. Suppose /C; is a KB with a materialisation Z;, for i = 1,2, X is a relational signature, and T’ C ind(K2). Then K4
(2, I')-query entails Ky if and only if 7, is finitely (X, I')-homomorphically embeddable into Z;.

Proof. A straightforward extension of the proof of Theorem 6. O

Now we generalise the game-theoretic characterisation provided by Theorem 15. Let M; and M; be materialisations
obtained by unravelling finite generating structures G; and G, for KBs /1 and Ky, respectively, and let Mg‘d be the subin-
terpretation of M3, with domain ind(Cy).

Theorem 39. Let I" C ind(KC;). Then M, is finitely (X, I')-homomorphically embeddable into M if and only if the following condi-
tions are satisfied:

(winy;) forany u € NG \ ind(K2) and n < w, there exists o € AM1 such that player 1 has an n-winning strategy in the game
Gx (G2, My) starting from (u +— o);

(h4+winj,q) for any n < w, there is a (X, I')-homomorphism hy, : /\/liznd — M such that, for every a € ind(Ky), player 1 has an
n-winning strategy in the game Gy (G,, M) starting from (a — hy(a)).

Proof. A straightforward modification of the proof of Theorem 15. O

Condition (winy) is the restriction of (win) in Theorem 15 to u € A% \ ind(XC3), and so can be reduced, by Lemma 30,
to conditions for games on the finite generating structures G; and G,. We now show that (h4+win;,q) can also be reduced to
certain conditions on G; and G,. In contrast to the case where one could not restrict the set of individuals and individuals
were mapped to themselves (cf. (abox)), we now require a (X, I")-homomorphism h from Miz"d to an extension of G,
which is obtained by a partial unravelling of G; defined as follows.

Consider G = (AY,.9,~) and let X € AY, where either X C ind(K) or X = {w} for some w € A9 \ ind(K). We asso-
ciate with X a finite prefix-closed set ITx of paths 7w of the form wg---wy, such that wg € X and w; ~ wjyq, fori <n
(cf. Definition 7). The structure GX = (A9",.9% ~X) is defined by first taking A9" = AY U TIy,
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Fig. 18. (a) Generating structure G, (b) its unravelling M, (c) the unravelling M@ of the extended generating structure G'9, and (d) the extended
generating structure G@ (ITyq is shaded).

7 ~Xw if weAYUIy, tail(m)~w but ww ¢y,

T~XTw if 7,7mwelly,

A9" = A9y {7 e Ix | tail() € A9}, for each concept name A, P9* = P9, for each role name P, and (r,7")9" =
(tail(77), tail(7r"))¥, for each arrow 7w ~X 7. Then we remove all ‘disconnected’ elements from GX to make sure that each
A" \ ind(XC) is reachable from ind(X) via a path of ~» arrows. (Note that GX depends on ITx, which will always be clear
from the context.)

Observe that the unravelling MX of GX is isomorphic to the unravelling M of G. We denote the natural isomorphism
from MX onto M by g. Note that if X Cind(/C) then, on g~1(ITx), the function g coincides with tail; otherwise, if X = {wg}
then g(§ - wg) = g(8)wy, for § - wg € AMX, and g(6-m-tw)=g(@-m)w, fors-m € AM* and w,tw e Ily.

Example 40. Consider the generating structure G depicted in Fig. 18a. The extended generating structure G, with Mg =
{a,aw,aww1}, is shown in Fig. 18d. Observe that the shaded part, ITiq, of G coincides with the shaded part of the
unravelling M of G and that the unravelling M!® of G'@ is isomorphic to M so that, on the shaded area, the natural
isomorphism g coincides with tail: for example, g(a-aw -aww1) =awwq =tail(a-aw -awwi), as shown by the dotted line
in Fig. 18.

Next, consider the generating structure G; depicted in Fig. 19a. The extended generating structure in) , with Ty =
{w, ww’}, is shown in Fig. 19d. Note that w’ does not belong to Q%W} because it would not be connected to any other
domain element. Observe again that the unravelling Mg""} of Q{W} is isomorphic to the unravelling M; of Gy: the natural
isomorphism g is such that g(c- w;-w) =cw;w and g(c-w;-w-ww’) = g(c-w; - w)w/, for i =1, 2. Note also that both
unravellings contain two isomorphic copies of Il from Q{W’ (shaded in Fig. 19d): for example, the elements cwi7 and
cwar in My are copies of w € Ijy.

It will be convenient to consider h-images of maximal X-connected components of /\/liznd separately. A subset Ag of

the domain A™ of an interpretation M is called Z-connected if, for any u, u’ € Ag, there are uy, ..., u, such that ug =u,
up =u’ and, for each i < n, there exists a ¥-role R with (u;j, ujy1) € RM,

Theorem 41. Condition (h+wining) holds if and only if, for every maximal $-connected component Ay of MM, there are X € AY1,
a structure g{‘ andamap h: Ag — A9 such that either X Cind(K1) or X = {wg} for wo € A91 \ ind(K1), and h(Ag) = T,

r My M; gf M Gt
(h') h(a) =a, foranya € Ao NT Nparty, %, and t5 % (a) Sty (h(a)) and 1y, *(a, b) Cry' (h(a), h(b)), forany a,b € Ao,
(h+winy) foreach 7w e Iy, there exists a state a; = (2, +— 7, W) such that E; 2 h~1(x), player 1 has an w-winning strategy
in G§ (G, glx)from ar, and if X = {wq} then the a; are co-ordinated in the following sense:

a is a valid response to the challenge Wy, in the state ay, in ng (G2, g{‘), forany m, tw e Iy. (6)

Proof. (=) Let Ap be a maximal X-connected component of /\/liznd. For any n < w, take a (X, I')-homomorphism h, from
Miz"d to My such that, for every a € ind(X;), player 1 has an n-winning strategy in the game Gy (G», My) starting from
(a+— hp(a)). Two cases are possible now.

- If hp(Ag) Nind(KC1) # @ for infinitely many n < w then, since h,(Ag) is X-connected, the number of distinct sets
hn(Ag) with hy(Ag) Nind(Kq1) # @ is finite. Thus, by the pigeonhole principle, there is an infinite set H of natural
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Fig. 19. (a) Generating structure Gy, (b) its unravelling M, (c) the unravelling ./\/l(lw) of the extended generating structure g§W’, and (d) the extended
generating structure gﬁw’ (Mywy is shaded).

numbers n with h,(Ag) Nind(K1) # @ such that the restrictions of all h, to Ag coincide. Let h be the restriction of
some hy, for n € H, to Ag. We set X =h(Ap) Nind(K1) and ITx = h(Ag). Using the map h, one can now construct the
required starting states and w-winning strategies in G%(Qz, g{‘) in exactly the same way as in the proof of (a) = (b)
in Lemma 30.

- Otherwise, h,(Ag) Nind(C1) = @ for infinitely many n < w and, as Ag is X-connected, by the pigeonhole principle
there exists wg € A9t \ ind(KC1) such that, for infinitely many n < w, h;(Ag) is a tree with root " wg € AM1, We set
X ={wp} and can define, again by the pigeonhole principle, ITx in such a way that there is an infinite set H of natural
numbers n such that h,(Ag) = {o"nw | w € Ilx }. Then, for every a € Ay, there is h(a) € I1x such that h,(a) = c"h(a), for
all n € H. Using the map h, one can now construct the required starting states satisfying (6), and w-winning strategies
in G‘é(gz, Q]X) in exactly the same way as in the proof of (a) = (b) in Lemma 30.

(<) Let Ap be a maximal X-connected component of Miznd. Set I =T N Ag. It is sufficient to show that (h+winj,q)
holds for Ap in place of ind(K3), i.e., for any n < w, there exists a (X, I'')-homomorphism h, from M, to M;j such that
player 1 has an n-winning strategy in the game Gx (G2, M) starting from (a — hy,(a)) for all a € Ag, where M, is the
interpretation M relativised to the domain Ag. Let X € A9, h: Ag — Aglx, and n < w be given, where X and h satisfy
the conditions of the theorem.

- If X Cind(K1) then we set hy(a) = h(a) for all a € Ag. It is readily checked that h, is a (¥, I”)-homomorphism from
M, to Mj. For each a € Ag, by Lemma 30, player 1 has an n-winning strategy in the game Gz(gz,/\/lf) from
some (a +— 8) with tail(§) = h(a). Then the natural isomorphism g from M{‘ onto M, translates this strategy into an
n-winning strategy in the game Gx(G,, My) from (a+— h(a)).

- Otherwise, X = {wg} for wg € A9 \ ind(KC1). Since Ey, 2 h=1(wyg), by Lemma 30, for each a € h~!(wyg), player 1 has
an n-winning strategy in Gy (G, ./\/lf) from some (a — &) with tail(§) = 0 wg € A™1. Then the natural isomorphism g
from Mf onto M translates each such strategy into an n-winning strategy in Gy (Ga, M1) from (a — o wy).

We set h,(a) = o, for each a e h~1(;r) and 7 € M. Then h, is a (=, I'’)-homomorphism from M, to Mq. We show
by induction that, for all = € Iy,

player 1 has an n-winning strategy in Gy (G2, Mj) from (a — hy(a)), for eacha h1 (). (7)

For m = w, this holds by the definition of o. Now assume that (7) has been proved for = and let 7w € I1x. By the
induction hypothesis and the proof of Lemma 30, it suffices to show that a, is a response of player 1 to the challenge
W, in the state ayy, of ng(gz, gf), which is guaranteed by (6).

This completes the proof of the theorem. O

Condition (6) is necessary for co-ordinating the starting states of the games when X = {wg}, for wg € A9 \ ind(X1). On
the other hand, if ' 2 ind(K’;) then all X-participating individuals in ind(/C;) must be mapped to themselves, and so condi-
tion (6) is not applicable in this case. The following example shows that without (6) we cannot guarantee that (h+winjng)
holds, and so M3 may not be finitely (X, I')-homomorphically embeddable into M.

Example 42. Consider KBs K> and K7 and a relational signature X such that ind(KCy) = {a, b}, ind(K1) = {c} and their
generating structures G5 and (g}W’)E are as in Fig. 20a, with ITjy) = {w, ww'} (see also Figs. 19a and d for G; and G{"!, re-
spectively). Let T" = ¢ and suppose that h(a) = w and h(b) = ww’ (see the dashed lines in Fig. 20a). Player 1 has w-winning
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Fig. 20. Co-ordination of starting states: (a) generating structure 92Z and extended generating structure (glx)f with TIx = {w, ww’}; (b) the relevant
fragment of the game graph.

strategies in G‘% (G2, Q1X) from the states a, = ({a} = w, {v1}) and ap = ({b} = ww’, {u1}): see the dotted lines in Fig. 20a
and the game graph in Fig. 20b. However, the two starting states, a; and ap, do not satisfy the co-ordination condition (6). In
fact, the map they induce is not a (X, I')-homomorphism from M, to My because it sends a to cwow and b to cwyww/,
which are not connected by the role T in Mj. Moreover, it is not hard to see that there is no (¥, I')-homomorphism
from M to M;. Indeed, our co-ordination condition means that we have to choose appropriate starting states for each
of the elements in ITx. So, we can pick ap for ww’, from which, as we noted above, player 1 has an w-winning strategy.
We cannot, however, choose a, for w because V¥, = {u1}, and so, by (6), E,, must contain u; (along with a) but the
‘uncoordinated’ starting state a, does not include uj. Thus, we have to take a), = ({u1,a} — w, {uz, v1}) for w, from which
player 1 has no w-winning strategy: see the graph in Fig. 20b, where all the paths from a;; lead to dead-ends.

Finally, we obtain the following tight complexity results for KB (X, I')-query entailment and inseparability.

Theorem 43. For combined complexity, both KB (X, I')-query entailment and inseparability are 2EXPTIME-complete for Horn-ALCHT
and Horn- ALCT; EXPTIME-complete for Horn-ALCH, Horn- ALC, DL—LiteZ'ém and DL-Lite!! ,; and NP-complete for ELHY, EL,
DL-Litepor, and DL-Litecore. For data complexity, these problems are NP-complete.

Proof. Note first that the size of X and ITx is bounded by the size of ind(K,), so the size of g{< is polynomial in the size
of G1 and ind(Ky). Note also that if G; is a forward generating structure then so is Qf(; if G; is a functional generating
structure then so is glx ; and if Gy satisfies (lite;) and (lite;) then so does g{‘ .

We start with an NP algorithm for data complexity. Let G; be a generating structure for a KB KCj, i =1, 2. For each
maximal X-connected component Ag of Miz"d, the algorithm performs two NP steps: (i) it guesses sets X, ITx and a map
h from Ag onto I1x, computes glx, and checks whether (h') is satisfied; then (ii) it guesses sets E, and W, satisfying (6)
if X Zind(K1), for each 7 € Iy, and finally checks whether (h+win*) holds. It is not hard to see both (i) and (ii) can be
done in polynomial time in the size of ind(xC1) and ind(K;).

It is easy to see that for Sﬂﬂ‘f and DL-Litep,r, KBs, the algorithm above provides an NP upper bound for the combined
complexity as well. For the more expressive DLs, the upper bounds for combined complexity stay the same as before because
there is at most an exponential number of distinct sets ITx, maps h and states a;. The EXPTIME- and 2EXPTIME-hardness
results also carry over from X-query inseparability and X-query entailment, and NP-hardness follows from Theorem 37. O

7. Related work and applications

In this section, we discuss the relationship between (X, I')-query inseparability and knowledge exchange, TBox insep-
arability, and query-based comparison of OBDA specifications. X-query inseparability of KBs has not been investigated
systematically before. Note, however, that the polynomial upper bound for ££ was established as a preliminary step to
study X-query inseparability of TBoxes [31], and that this notion was also used to study forgetting in DL—Lite{,\gol [36].

7.1. Knowledge exchange

For the motivation of studying knowledge exchange between KBs and illustrating examples, we refer the reader to
Section 1. Here we establish a tight link between deciding X-query inseparability and deciding the membership problem for
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universal CQ-solutions. We also consider the connection between (X, I')-query inseparability and the membership problem
for universal CQ-solutions with nulls.

Assume (without loss of generality) that Ky and /C; are KBs given in disjoint relational signatures 1 and ;. Suppose
also that 772 consists of inclusions of the form S1 C S, such that the S; are concept or role names in ;. Then the problem
of deciding whether K U 712 =5, K3 is called the membership problem for universal CQ-solutions. For any of our DLs £
with role inclusions, the problem whether K1 U 712 =5, K is a Xp-query inseparability problem in £, and so the upper
complexity bounds for X-query inseparability can be applied directly to obtain upper bounds for the membership problem
for universal CQ-solutions. The following result establishes the converse:

Theorem 44. X -query entailment for any of our DLs L is LOGSPACE-reducible to the membership problem for universal CQ-solutions
in L.

The proof uses the construction from the proof of Theorem 13 and is given in Appendix A. As a consequence of Theo-
rems 44, 31 and 35 we obtain the following:

Theorem 45. For combined complexity, the membership problem for universal CQ-solutions is 2ExpTIME-complete for Horn-ALCHT
and Horn- ALCZ; ExpTIME-complete for Horn- ALCH, Horn-ALC, DL-Lite%m and DL-Litez;‘re; and P-complete for £ E?—[‘ir and EL.
For data complexity, all these problems are P-complete.

Note that the combined complexity of the membership problem for universal CQ-solutions remains open for DL-Litecore
and DL-Litepoy.

In the case of DL—Litez;fre, we also obtain an ExPTIME algorithm for checking the existence and computing universal
CQ-solutions. Indeed, given a KB K1, a target signature ¥, and a mapping 712, we first compute the ¥,-ABox over ind(K1)
that is implied by 1 and 772, and then check whether at least one KB K, in X, with this ABox is a universal CQ-solution
(there are at most O(2!*2l) such KBs). This gives an ExPTIME upper bound for the non-emptiness problem for universal
CQ-solutions in DL-LiteZ;‘re [23].

A more flexible knowledge exchange model allows the target KB to use additional individuals (i.e., not only the individ-
uals in K1), which however cannot be returned as certain answers [23]. These ‘anonymous’ individuals are similar to nulls
in the standard approaches to incomplete databases, and intuitively represent objects the existence of which is implied by
K1U7T12. The reader can find an illustrating example in Section 1. Formally, we say that a KB X', with a relational signature
%, is a universal CQ-solution with nulls for a KB K and a mapping specification 71y if K1 U Ti2 =5, ind(ic;) K2 (which is
equivalent to the definition given in [23]). Thus we obtain the following result:

Theorem 46. For combined complexity, the membership problem for universal CQ-solutions with nulls is 2ExpTIME-complete for
Horn- ALCHZ and Horn- ALCZ; EXpTiME-complete for Horn-ALCH, Horn-ALC, DL—Lite%m and DL-Literre; and NP-complete for
& E?—tdj and & L. For data complexity, all these problems are NP-complete.

Proof. The upper bounds follow from Theorem 43. The EXPTIME and 2ExPTIME lower bounds follow from Theorem 45, and
the NP lower bound can be obtained from the proof of Theorem 37 by a straightforward modification. O

Again, the combined complexity of the membership problem for universal CQ-solutions with nulls remains open for
DL-Litecore and DL-Litepgr,.

7.2. TBox inseparability and OBDA specifications

We remind the reader that, for a relational signature X, TBoxes 77 and 7, are called X-query inseparable if, for all
>-ABoxes A, the KBs (71,.4) and (73,.A) are X-query inseparable. TBox X-query inseparability has been extensively
studied; see, e.g., [17,31,24,10]. TBox and KB inseparabilities have different applications. The former supports ontology en-
gineering when data is not known or changes frequently: one can equivalently replace one TBox with another only if they
return the same answers to queries for every X-ABox. In contrast, KB inseparability is useful in applications where data is
stable—such as knowledge exchange or variants of module extraction and forgetting with fixed data—in order to use the KB
in a new application or as a compilation step to make CQ answering more efficient.

For many DLs, TBox X-query inseparability is harder than KB query inseparability. For DL-Litepo,, the space of relevant
¥ -ABox counterexamples is of exponential size and, in fact, X-query inseparability of TBoxes is NP-hard [17], while Z-query
inseparability of KBs is in P. Similarly, we have seen that ¥-query inseparability of ££ KBs is in P, while Z-query insep-
arability of ££ TBoxes is ExpTiME-complete [31]. The complexity of TBox X-query inseparability for Horn-DLs extending
Horn-ALC is not known.

The complexity of X -query inseparability of DL—LiteZ'U‘re TBoxes was known to sit between PSPACE and EXPTIME [24]. Using
the fact that witness X-ABoxes for X-query inseparability of DL-LiteZ;[re TBoxes can always be chosen among the singleton
Y. -ABoxes [24, Theorem 8], one can easily modify the proof of Theorem 34 to improve the PSpPACE lower bound:
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Theorem 47. TBox X -query inseparability of DL—LiteZ;‘re TBoxes is EXPTIME-complete.

For work on other notions of TBox inseparability and the corresponding notions of modules and forgetting, we refer the
reader to [37,12,38-43].

In ontology-based data access (OBDA), a TBox 7 provides a vocabulary for user queries, which is connected by a
declarative mapping M to a data source schema S (see, e.g., [2,44]). The pair S = (T, M) is called an OBDA specifi-
cation (sometimes, it also includes integrity constraints of the data source). For example, M can consist of implications
vxy (<p(x, y) — w(x)), where @ (%, y) is a conjunction of atoms over S and v (x) is a conjunction of atoms over the signa-
ture of 7 (in which case M is called a GAV mapping). For a data instance D over S and a CQ q(x), the certain answers to
q(x) over D under the OBDA specification S are defined in the obvious way. In [45], the following generalisation of TBox
Y -query entailment is introduced to support the static analysis of OBDA specifications. Say that an OBDA specification Sy
query entails an OBDA specification S if, for every CQ q(x) and every data instance D over S, the certain answers to q(x)
over D under S, are contained in the certain answers to q(x) over D under Sj. It was shown [45] that the complexity of
query entailment between OBDA specifications is closely linked to the complexity of X-query entailment. In fact, for GLAV,
GAV, and linear mappings M, and DL—LiteZ;fre TBoxes 7T, the tight complexity results obtained in this article for X-query
entailment are used to obtain the same complexity for deciding query entailment between OBDA specifications.

8. Future work

In this article, we have been concerned with algorithms deciding whether two KBs are (X, I')-query inseparable. Depend-
ing on the applications of (X, I')-query inseparability, other reasoning problems may also become important. We discuss
them below for the four applications described in Section 1.

For KB versioning, it is often not sufficient to learn that two KBs give different answers to some CQs in the signature
(Z,T). In addition, a description of the relevant differences between the KBs should be given. Our algorithms compute
a CQ witnessing (X, I')-query separability, if one exists, which can be presented to the user. However, this CQ can be
unnecessarily large, and it might not be a comprehensive representation of the differences between the two KBs. It would
thus be of interest to develop additional algorithms that search for small witness CQs of (X, I')-query separability, provide
a comprehensive list of such witnesses, and link them to assertions in the KBs that explain them. Similar problems have
been addressed in TBox versioning [10].

In knowledge exchange, we often do not have a candidate KB for the role of universal CQ-solution, but are rather interested
in deciding whether a universal CQ-solution exists and computing it. We have seen above that our decision algorithms give
a solution to this problem in the case of DL—LiteZ;‘re, but seem to require significant extensions for more expressive DLs; see
also [23].

In forgetting, the situation is similar to knowledge exchange: we are usually interested in deciding whether a uniform
interpolant exists and computing it. For TBoxes, these problems have been investigated within one approach to uniform
interpolants with respect to subsumptions [41,46]. However, little is known about uniform interpolants for KBs with respect
to answering CQs. Again, for DL—Literre one can adapt our algorithm to compute uniform interpolants, but in general the
ideas presented in this article will have to be significantly extended and/or modified.

Our algorithms can be directly used to decide whether a subset of a KB is its (X, I')-query module. One of the most
important problems in modularisation is the extraction of a minimal (with respect to set inclusion) module from a given
KB. It is straightforward to design a polynomial-time algorithm extracting a (X, I')-query module that calls an inseparability
checker as an oracle: exhaustively remove assertions « from a given KB /C such that K\ {«} and K are (X, I')-query insep-
arable. Without any additional optimisations, however, only the algorithms based on forward strategies for X-inseparability
in DLs without inverse roles can have acceptable performance. Interestingly, one can apply the same algorithms to com-
pute approximations of minimal X-query modules for DLs with inverse roles: one can extract a X-query module of a given
KB K by exhaustively removing from /C those inclusions and assertions « for which player 1 has a winning strategy in
the game Gg(gz,gl) on generating structures G, and G; for K and K\ {«}, respectively. The resulting KB is a module
that approximates a minimal one. Efficiency of a similar approach to module extraction from TBoxes was shown in experi-
ments [24].

As far as (X, I')-query inseparability itself is concerned, it would be of interest to consider more expressive Horn-DLs
than Horn- ALCHZ, for example, those with (qualified) number restrictions, transitive roles, or nominals. We conjecture
that extensions of our game-theoretic approach can be applied to most (if not all) of those Horn-DLs. Finally, nothing
is known about the complexity (and algorithms) for query inseparability for non-Horn DLs. Observe that in this case
inseparability for CQs does not coincide anymore with inseparability for UCQs. For example, for ¥ = {A, B, E}, the KBs
Ki=({TCEAuB},{E(@)}) and K3 = (4, {E(a)}) are X-inseparable for CQs but not X-inseparable for UCQs. It seems appro-
priate to start an investigation of inseparability (for CQs and UCQs) with weak non-Horn DLs such as the DL underpinning
Schema.org [47,48] or other fragments of DL-Litey,, and then move to more expressive DLs such as ALC. We conjecture
that the game-theoretic approach can be applied to those DLs as well.
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Appendix A. Proofs

Lemma 10. Let I = (T, A) be a consistent KB with a Horn-ALCHZ TBox in normal form and M the unravelling of G. Then M is a
model of KC. Moreover,

- ‘r7/\—/l(a) ={Cecon(T) |KC(@)}, forallaeind(K),
- 4(0) =1, forall o € AM with tail(0) = ([S]. T).

Proof. First, we show that a € CM iff K = C(a), for all a €ind(K), and o € CM iff C e T, for all o € AM with tail(o) =
([S], T). We consider the following two cases for C:

1: C=A. For a €ind(K), we clearly have a € AM iffae AY iff K &= A(a). Similarly, for any o € AM with tail(o) = ([S], T),
we have o € AM iff ([S],7) e AY iff AcT.
2:C=3R.B. Let a e (AR.B)M. If there is b € ind(XC) with (a,b) € R™ and b € BM then, by the construction of M and G,

there is some P with P(a,b) € A and 7 = P C R, whence K = R(a, b). On the other hand, by item 1, X &= B(b),

whence K = (3R.B)(a). If there is no b € ind(K) with (a,b) € RM and K = B(b), then a ~ ([R], T), for some

T-type T such that K = (3R.7)(a) and B € T, whence K = (3R.B)(a).

Conversely, let K = (3R.B)(a). If there is b € ind(XC) with P(a,b) € A, T =P C R and K | B(b) then, by
construction, (a, b) € R™ and, by item 1, b € BM, whence a € (3R.B)™M. Otherwise, let T be a maximal T -type
such that K = (3R.7)(a) and B € . Then a~ ([R], T) and, by the construction of G and M, (a,a- ([R], T)) € RM
and, by item 1, a- ([R], T) € BM, whence a € (3R.B)M.

Now, suppose o € (3R.B)M. Then there is ¢’ such that (o,0’) € R™M and ¢’ € BM. By construction, the
following three options are possible.

-Ifo'=0-(S'],t)then TETC3S.7, T=S CR and Be 1/, whence 7 =71 C 3R.B, and so, as T is a
T-type, IR.BeT.

- If o =0’-([S], T) with tail(c’) = ([S’], /) then T =1/ C£3S.7, 7T =SC R~ and B € 7'. It follows that we have
TEt 3R .7 and B € 7. Since T is maximal, it must contain 3R.B (for otherwise T/ M 3R™.(t M VR.—B)
would be consistent).

- Ifo =0’ ([S],T) with 6’ =a €ind(K) then K = (35.7)(a), 7 =S C R~ and, by item 1, K |= B(a). Thus, we
have K = (3R~ .t)(a) and K &= B(a). Again, since T is maximal it must contain 3R.B.

Conversely, let 3R.B € 7. Then, by construction, ([S], T) ~ ([R], T’), for some T -type T’ with B € t’. It follows
then that (0,0 - ([R], 7)) € R and, by item 1, (o - ([R], T’)) € BM, whence o € (3R.B)M.

Next, we show that M is a model of (7, .A). Clearly, M is a model of A. That M = (C; E C3), for each C{EC, € T,
follows immediately from the two properties of 17/‘—", the fact that 7-types are closed under the concept inclusions in 7T,
and that C £ VR.A is equivalent to 3R~.C C A.

Consider now R{ E R, € T. Let (0,0') € R{V‘. If o =ae€ind(K) and o0 =b €ind(K) then K = Rq(a, b). Since R{ C R,
is in 7, we obtain K = Ry(a, b), whence (0,0”) € Ré‘/l. If 0’ =0 -([R], T), for some R and t, then, by the construction
of R{V’, TERCR:.Thus 7T =RE Ry, and so (0,0') € Ré‘/‘. The case of 0 =o' - ([R], T) is the mirror image. O

Theorem 13. Let £ be any of our DLs that contains £L or has role inclusions. Then X-query entailment for consistent L£-KBs is
LoGSpacEe-reducible to X -query inseparability for L£-KBs.

Proof. Let KC; = (7, A;j), i =1, 2, be consistent £-KBs and X a relational signature. We want to decide whether 7 -query
entails /' assuming that we know how to decide X-query inseparability. Without loss of generality, we may assume
that £ = sig(Kq) = sig(K1) N sig(K,). To show this, we note first that we can add trivial concept inclusions A T A and
AP. T C 3P.T to KBs to ensure that ¥ C sig(K1) = sig(fC1) N sig(K2). For symbols S € sig(XCq) N sig(K2) that are not in X
we introduce a fresh S* and replace S by S* in K. Denote the resulting KB by X5. Then K1 X-query entails £y iff Kq
X*-query entails IC5 for X* =sig(kC1), as required.

Case 1: £ has role inclusions.

Case 1.1: Assume that the trivial interpretation Ty with |AZ/| =1 and $Z¥ = ¢4, for any symbol S, is a model of the Ti for
i=1,2 (we show how the KBs 1 and K, can be modified to ensure that this assumption holds in Case 1.2). Let IC} be a

copy of K; in which all symbols S are replaced by fresh symbols S;, and let K be the extension of IC;: with §; C S, for all
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S € X. The purpose of this construction is to avoid the interaction between the symbols used in /C; and the symbols used
in /Cy (as shown in Section 3 after the formulation of the theorem). We show that

K1 E-query entails K iff K3 and K} U K} are S-query inseparable.

The interesting direction is to show that if X; X-query entails K; then K; X-query entails K} U K. Suppose that Ky
X-query entails K. Then Ky X-query entails both £} and /C,. We use the following construction to ‘merge’ materialisations
of the ICI’ Let M be a materialisation of Ky and, for i =1, 2, let U; be a materialisation of IC; obtained by unravelling a
generating structure for /C}. By Lemma 10, I4; is a model of C/. It should be clear that we can also assume that

AU N AY2 = ind (K1) Nind(Ky). (A1)

Denote by ¢/ the union of /i and U, defined by setting AY = AUt U A2 and SY = st U S¥2 for all concept and role
names S. We show that

(i) U is a model of K} U K}, and
(ii) U is finitely (2, ind(K1) Uind(K3))-homomorphically embeddable into M.

It will then follow, by Theorem 6, that Ky X-query entails K} U K. Indeed, let M’ be a materialisation of X’} U kC}. Since,
by (i), ¢ is a model of K7 U K, by Lemma 11, there is a homomorphism from (any finite subinterpretation of) M’ to i,
and so, by (ii), from any finite subinterpretation of M’ to M;.

Now, for item (i), recall that, for both i =1, 2, the trivial interpretation is a model of the TBox of K}_;, which does not
contain any negative occurrences of the symbols of X}, and Zf; is a model of K}; therefore, ¢/ is a model of K. For (ii),
consider a finite subinterpretation Uy of I/ and, for i = 1,2, let Up; be the respective finite subinterpretation of ;. Since
K1 X-query entails both K} and K, by Theorem 6, we have (X, ind(K}))-homomorphisms h; from Ug; to My, fori=1,2.
Define h by taking h(u) = hq(u), for all u € AY01, and h(u) = hy(u), for all u € AUz \ A1, Since (A1) and hq(a) = hy(a),
forall ae partzg1 n partzgz, the function h is a (X, ind(X1) Uind(XC3))-homomorphism from Uy to M, as required.

Case 1.2: Suppose that the trivial interpretation is not a model of 7;, for some i € {1,2}. We construct K} = (7;", A}),
i=1,2, such that the trivial interpretation is a model of 7", for i =1, 2, and Ky Z-query entails K; iff IC Z-query entails
KCy (this will reduce Case 1.2 to Case 1.1). The construction is by careful relativisation. We assume that the TBoxes 7; are
in normal form (see Theorem 8). If the 7; do not contain inclusions of the form T C A then the trivial interpretation is
a model of the TBoxes and we are done. Otherwise, for i = 1,2, let D! be fresh concept names: D' will replace T in the
inclusion T C A in 7;, which will ensure that the trivial interpretation is a model of the resulting TBox. In addition, we have
to ensure that D! contains all domain elements of the materialisation. To deal with the individual names in the ABox .A;,
we take A = A; U AID i, where

AP = {Di(a) |a eind(Ky) }. (A2)

The TBoxes 7;” are obtained from 7; by replacing any inclusion T E A with D'C A and any inclusion A C 3R.C with

- AC3Rand 3R C Di, if the 7; are members of the DL-Lite family (C = T in this case), and
- AC 3JR.(D'nC), otherwise.

The remaining inclusions are not modified and the modification of inclusions of the form A C 3R.C ensures that D' holds
in all generated domain elements of the materialisations constructed to prove Theorem 12. Note that if 7; is an £-TBox,
then 7" is an £-TBox as well, for any of our DLs. We show that the K} = (7;", A}), for i =1, 2, are as required. First, by
construction, the trivial interpretation Zy is a model of 7;”. Second, let M; be the unravelling of a generating structure for
KCi. By Theorem 9, M; is a materialisation of K;. Observe that the interpretation If; obtained from M; by interpreting D!
as the domain of M; is a materialisation of C/". Thus, by Theorem 6, K X-query entails K, iff K{ Z-query entails K7, as
required.

Case 2: £ contains ££ and has no role inclusions (that is, £ € {££, ALC, ALCT}). We construct K} = (7{, A} and K} =
(75, A,) such that

K1 Z-query entails K iff K; and K} U K are Z-query inseparable. (A.3)

First, we make sure that Xy is role-compatible with /C;, that is, for all a, b € ind(K>), if R(a, b) ¢ Ay, then R(a,b) ¢ A;.
Remove from .A; all assertions R(a, b), for a, b € ind(K3), that are not in A3, and denote the resulting ABox by A . Define
A7 by adding a disjoint copy of A; to A (in which the copy of an individual a is denoted by a*) and also adding the
assertions R(a, b*) and R(a*, b) for every R(a,b) € A;.

Then K] = (71, .A]) X-query entails /C; iff /Oy X-query entails K. This follows directly from the fact that Horn- ALCZ
is unravelling-tolerant [49], which implies that in the unravellings M and M7 of the generating structures for £’y and K7,
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we have that the subtrees 7, 77, and I, of M;, M7 and MJ rooted at a, a and a*, respectively, are isomorphic for any
a €ind(kKq).

Second, assume that K; is role-compatible with }C;. We employ relativisation again. Let D! be fresh concept names, for
i=1,2. In this case, apart from ensuring that D! contains all domain elements of the materialisation of XC; we have to
ensure that merging the materialisations of K; and XC; does not lead to additional domain elements. Let A; =A; UA?i, for

i=1,2, where Alp" is defined by (A.2). Assume the TBoxes 7; are in normal form and define 7; by replacing

- any inclusion T C A with D' C A;

- any inclusion A; C A, with A{ 1 D' C Ay;

- any inclusion A A, T A with A;mA,nDIC A;

- any inclusion 3R.C C A with 3R.(CM D) n DI C A;

- any inclusion AC 3R.C with An DiC EIR.(Di ncC);

- any inclusion A; T VR.A; with A D! CVR.(=Di L Aj).

Note that 7 is not necessarily in normal form, but it is an £-TBox, which can then be transformed to normal form by
Theorem 8.

We show (A.3). The interesting direction is ‘if Xy X-query entails K then IC; X-query entails K} U K. Suppose Ky
X-query entails /C;. Then Ky X-query entails both K} and K, (as Ky X-query entails both Ky and K3). Let M be a
materialisation of /C; and, for i =1, 2, let I{; be a materialisation of K} obtained by unravelling a generating structure for
ICi. We proceed as in Case 1.1: we construct I/ by merging U/ and U/, and show that conditions (i) and (ii) hold. It will then
follow that /C; X-query entails £} U ).

For item (i), observe that (a) since Ky is role-compatible with Ky, if an assertion A(a), for a € ind(K>), can be derived
in K} UK, by the 7, axioms of the form 3R.(D> N C) N D?C A or A; 1 D? C VR.(=D? U A), then the same assertion
can be already derived in Ky by the axioms 3R.C C A and A1 C VR.A; (b) for i =1, 2, the trivial interpretation Zy is a
model of 7;; and (c) every inclusion of 7; is relativised to D': it is ‘applicable’ only to elements in D; and ‘generates’ only
elements in D; again. In particular, the 7, axioms of the form 3R.(D? 1 C) N D? E A or A; 1 D? E VYR.(=D? U A) are not
‘applicable’ to a € ind(fC1) \ ind(XC3). Thus, U/ is a model of K} U KC,. The argument for item (ii) is analogous to Case 1.1,
which completes the proof. O

Theorem 44. X -query entailment for any of our DLs L is LoGSPACE-reducible to the membership problem for universal CQ-solutions
in L.

Proof. We use the proof of Theorem 13. Suppose £ KBs K1, K3, and a signature X are given. We want to reduce the
problem to decide whether 1 X-query entails /C; to the membership problem for universal CQ-solutions in £. As argued
in the proof of Theorem 13, we may assume that X = sig(XC1) = sig(K1) Nsig(Ks).

For the reduction to the membership problem for universal CQ-solutions in £, we do not have to consider the case that
L does not have role inclusions since they can always be used in the mapping 77,. Thus, we follow the proof of Case 1 in
the in the proof of Theorem 13 and first assume that the trivial interpretation Zy is a model of 7;, for i =1, 2. Recall the
definition of ICf: ICf is obtained from /C; by replacing every symbol S in K; with a fresh symbol S;. Then it is shown in
the proof of Theorem 13 (Case 1.1) that ; Z-query entails &y iff ) UK, U712 and Kq are Z-query inseparable, where
Ti2 ={S;iC S| S € X}. But the latter problem is a membership problem for universal CQ-solutions since we assume that
2 =sig(KCy).

We complete the proof by considering the case when Zy is not a model of 7; for some i € {1,2}. We reduce this case
to the previous one by constructing KBs K} = (7;", A{) such that Zy is a model of 7" and Ky Z-query entails K iff
X-query entails /C). But KBs KC!" with these properties have been constructed in the proof of Theorem 13 (Case 1.2) already
(observe that no role inclusions are introduced in the construction of 7, and so K is an £-KB if K; is an £-KB for any of
our DLs £). O
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