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theoretic criteria in terms of (finite partial) homomorphisms and products and prove
that this problem is undecidable for conjunctive queries (CQs), but 2ExpTIME-complete

I[()Zglﬁim logic for unions of CQs (UCQs). The same results hold if (U)CQs are replaced by rooted (U)CQs,
Knowledge base where every variable is connected to an answer variable. We also show that inseparability
Conjunctive query by CQs is still undecidable if one KB is given in the lightweight DL ££ and if no restrictions
Query inseparability are imposed on the signature of the CQs. We also consider the problem whether two ALC
Computational complexity TBoxes give the same answers to any query over any ABox in a given signature and show

Tree automaton that, for CQs, this problem is undecidable, too. We then develop model-theoretic criteria for

Horn ALC TBoxes and show using tree automata that, in contrast, inseparability becomes
decidable and 2ExPTIME-complete, even EXpTIME-complete when restricted to (unions of)
rooted CQs.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, data access using description logic (DL) TBoxes has become one of the most important applications of
DLs (see, e.g., [1-3] and references therein), where the underlying idea is to use a TBox to specify semantics and background
knowledge for the data (stored in an ABox) and thereby derive more complete answers to queries. A major research effort
has led to the development of efficient querying algorithms and tools for a number of DLs ranging from DL-Lite [4-6] via
more expressive Horn DLs such as Horn ALC [7,8] to DLs with full Boolean constructors including ALC and extensions such
as SHZQ [9,10].

While query answering with DLs is now well-developed, this is much less the case for reasoning services that sup-
port ontology engineering when ontologies are used to query data. Important ontology engineering tasks include ontology
versioning [11-15], ontology modularisation [16-20], ontology revision and update [21-24], and forgetting in ontolo-
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gies [25-31]. A fundamental reasoning problem in all these tasks is to compare two ontologies. For example, in ontology
versioning, the user is interested in comparing two versions of an ontology and understanding the relevant difference be-
tween them. In ontology modularisation, the relevant consequences of the full ontology should be preserved when it is
replaced by a module. In ontology revision and update, one typically minimises the relevant difference between the up-
dated or revised ontology and the original ontology while taking into account new knowledge. In ontology forgetting, one
constructs a new ontology, which is indistinguishable from the original ontology with respect to a signature of interest.
The relevant consequences that should be considered when comparing two ontologies depend on the application. In the
context of querying data via ontologies, it is natural to consider the answers the ontologies give to queries. Then, in ontol-
ogy versioning, the relevant difference between two versions of an ontology is based on the queries that receive distinct
answers with respect to the ontology versions. In ontology modularisation, it is the answers to queries that should be pre-
served when a module is extracted from an ontology. In ontology update or revision, the difference between the answers
to queries over the updated or revised ontology and the original one should be minimised when constructing update or
revision operators. Similarly, in forgetting, it is the answers to queries which should be preserved under appropriate forget-
ting operators. Thus, in the context of query answering, the fundamental relationship between ontologies is not whether
they are logically equivalent (have the same models), but whether they give the same answers to any relevant query. To
illustrate, consider the following simple TBox

T = {Book C Jauthor.—Book}

saying that every book has an author who is not a book. Clearly, 7 is not logically equivalent to the TBox

T’ = {Book C Jauthor. T},

which only states that every book has an author. However, if one takes as the query language the popular classes of
conjunctive queries (CQs) or unions of CQs (UCQs), then no matter what the data is, every query will have the same
answers independently of whether one uses 7 or 7. Intuitively, the reason is that the ‘positive’ information given by 7
coincides with the ‘positive’ information given by 7. If the main purpose of the ontology is answering UCQs, it is thus
more important to know that 7 can be safely replaced by 7’ without affecting the answers to UCQs than to establish that
T and 7" are not logically equivalent.

In most ontology engineering applications for ontology-based data access, the relevant class Q of queries can be further
restricted to those given in a finite signature of relevant concept and role names. For example, to establish that a subset
M of an ontology O is a module of O, one should not require that M and O give the same answers to all queries in Q,
but only to those that are in the signature of M. Similarly, in the versioning context, often only the answers to queries
in Q given in a small signature containing a fraction of the concept and role names of the ontology are relevant for the
application, and so for the difference that should be presented to a user.

The resulting entailment problem can be formalised in two ways. Recall that, in DL, a knowledge base (KB) K = (T, .A)
consists of a TBox 7 and an ABox .A. Now, given a class Q of queries, KBs K1 and K5, and a signature ¥ of relevant concept
and role names, we say that K1 X-Q entails K, if the answers to any X-query in Q over K, are contained in the answers
to the same query over K. Further, 1 and K, are X-Q inseparable if they ¥-Q entail each other. Since a KB includes an
ABox, this notion of entailment is appropriate if the data is known while the ontology engineering task is completed and
does not change frequently. This is the case for many real-world ontologies, which not only provide a conceptual model
of the domain of interest, but also introduce the individuals relevant for the domain and their properties. In addition to
versioning, modularisation, revision, update, and forgetting, applications of X-KB entailment and X-KB inseparability also
include knowledge exchange [32-34], where a user wants to transform a KB /C; given in a signature ¥; to a KB K, in a
new signature ¥, connected to X, using a mapping M, also known as an ontology alignment or ontology matching [35].
The condition that the target KB C; is a sound and complete representation of X1 under M with respect to the answers
to a class Q of relevant queries can then be formulated as the condition that Xy U M and K, are ¥,-Q inseparable [34].
The following simple example illustrates the notion of KB inseparability.

Example 1. Suppose we are given the KBs Xy = (71, .A4) and K3 = (73, A), where
T1 = {Lecturer C Vteaches.(Undergraduate L Graduate)}, T, =9,
A = {Lecturer(a), teaches(a, b)}.

Then K1 and KC, are X-CQ inseparable, for any signature X. However, they are not X-UCQ inseparable for the signature X
containing the concept names Undergraduate and Graduate. To see this, consider the X-UCQ

q(x) = Undergraduate(x) Vv Graduate(x).

Clearly, b is an answer to g(x) over K1, but not over ;.
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Table 1

KB query inseparability.
Queries ALC and ALC ALC and EL
CQ and rCQ undecidable undecidable
UCQ and ruCqQ 2EXPTIME-complete in 2EXPTIME

Table 2
TBox query inseparability.
Queries ALC and ALC ALC and EL Horn ALC and Horn ALC

CQs undecidable undecidable 2ExpPTIME-complete
rCQs undecidable undecidable ExPTIME-complete

KB entailment and inseparability are appropriate if the data is known and does not change frequently. If, however, the
data is not known or tends to change, it is not KBs that should be compared, but TBoxes. Given a pair ® = (X1, ¥,) that
specifies a relevant signature X, for ABoxes and a relevant signature X, for queries, we say that a TBox 7; ©-O entails a
TBox 7> if, for every X1-ABox A, the KB (77, .A) X2-Q entails (73, .4). TBoxes 71 and 7, are ©-Q inseparable if they ©-Q
entail each other.

Example 2. Consider again the TBoxes 77 and 7, from Example 1. Clearly, 71 and 7 are not (Xg, X1)-UCQ inseparable for
Yo = {Lecturer, teaches} and X = {Undergraduate, Graduate} as we have seen a Xy-ABox A for which (71, .A) and (73, A)
are not ¥1-UCQ inseparable. Notice, however, that 77 and 7, are both (Zg, X()-UCQ and (X1, ¥1)-UCQ inseparable. On the
other hand, it is not difficult to see that 77 and 7, are (X, £1)-CQ inseparable. The situation changes drastically if the
ABox can contain additional role names, for instance hasFriend. Indeed, suppose ¥, = ¥¢ U X1 U {hasFriend}. Then 77 and
T, are (X3, ¥3)-CQ separable by the ABox A’ shown in the picture below and the CQ

q (x) =3y3z (teaches(x, y) A Undergraduate(y) A hasFriend(y, z) A Graduate(z))

since a is returned as an answer to q'(x) over (71, .4’) but not over (73, A’). (This example is a variant of the well-known
[36, Example 4.2.5].)

Lecturer teaches hasFriend

a c d
teaches hasFriend
A h . @\\‘& Graduate ql ( )C) : X y z
“y, St Undergraduate Graduate
> W

Undergraduate

In this paper, we investigate entailment and inseparability for KBs and TBoxes and for queries that are CQs or UCQs. In
practice, the majority of queries are rooted in the sense that every variable is connected to an answer variable. We therefore
also consider the classes of rooted CQs (rCQs) and UCQs (rUCQs). So far, query entailment and inseparability have been
studied for Horn DL KBs [37], ££ TBoxes [38,15], DL-Lite TBoxes [39], and also for OBDA specifications, that is, DL-Lite
TBoxes with mappings [40]; for a recent survey see [41]. No results are yet available for non-Horn DLs (neither in the
KB nor in the TBox case) and for expressive Horn DLs in the TBox case. In particular, query entailment in non-Horn DLs
has had the reputation of being a technically challenging problem. Here, we make first steps towards understanding query
entailment and inseparability in these cases. To begin with, we give model-theoretic characterisations of these notions for
ALC and Horn ALC in terms of (finite partial) homomorphisms and products of interpretations. The obtained character-
isations together with various types of automata are then used to investigate the computational complexity of deciding
query entailment and inseparability. Our main results on KB and TBox inseparabilities are summarised in Tables 1 and 2,
respectively:

Three of these results came as a real surprise to us. First, it turned out that CQ and rCQ inseparability between ALC KBs
is undecidable, even if one of the KBs is formulated in the lightweight DL ££ and without any signature restriction. This
should be contrasted with the decidability of subsumption-based entailment between .ALC TBoxes [42] (and even theories
in guarded fragments of FO [43]) and of CQ entailment between Horn ALC KBs [37]. The second surprising result is that
inseparability between ALC KBs becomes decidable when CQs are replaced with UCQs or rUCQs. In fact, we show that
inseparability is 2EXPTiME-complete for both UCQs and rUCQs. An even more fine-grained picture is obtained by considering
entailment instead of inseparability. It turns out that (r)CQ entailment of Horn ALC KBs by ALC KBs coincides with (r)uCQ
entailment of Horn ALC KBs by ALC KBs and is 2ExPTIME-complete, but that in contrast (r)CQ entailment of ALC KBs by
Horn ALC KBs is undecidable.

For ALC TBoxes, CQ and rCQ entailment as well as CQ and rCQ inseparability are undecidable as well. We obtain
decidability for Horn ALC TBoxes (where CQ and UCQ entailments coincide) using the fact that non-entailment is always
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witnessed by tree-shaped ABoxes. As another surprise, CQ inseparability of Horn. ALC TBoxes is 2EXPTIME-complete while
rCQ-entailment is only ExpTIME-complete. This applies to CQ entailment and rCQ entailment as well. This result should be
contrasted with the £L case, where both problems are ExpTIME-complete [38]. Table 2 does not contain any results in the
UCQ case, as the decidability of UCQ entailment and inseparability between .ALC TBoxes remains open.

We now discuss the structure and contributions of this paper in more detail. Section 2 defines the DLs we are inter-
ested in, which range from ££ to HornALC and ALC. It also introduces query answering for DL KBs and provides basic
completeness results and homomorphism characterisations for query answering. Section 3 defines query entailment and
inseparability between DL KBs. It provides illustrating examples and characterises UCQ entailment in terms of finite par-
tial homomorphisms between models of KBs. To characterise CQ entailment, products of KB models are also required. The
difference between the characterisations will play a crucial role in our algorithmic analysis of entailment. In some impor-
tant cases later on in the paper, finite partial homomorphisms are replaced by full homomorphisms using, for example,
automata-theoretic techniques and, in particular, Rabin’s result that any tree automaton that accepts some tree accepts al-
ready a regular tree. This move from finite partial homomorphisms to full homomorphisms is non-trivial and crucial for our
decision procedures.

In Section 4, we prove the undecidability of (r)CQ entailment of an ALC KB by an ££ KB using a reduction of an un-
decidable tiling problem. The direction is important, as we prove later that (r)CQ entailment of an ££ KB by an ALC KB is
decidable (in 2ExPTIME). We also prove undecidability of CQ inseparability between ££ and ALC KBs. The model-theoretic
characterisation of (r)CQ entailment via products and finite homomorphisms is crucial for these proofs. We then use a ‘hid-
ing technique’ replacing concept names by complex concepts to extend the undecidability results to the full signature. Thus,
for example, even without any restriction on the signature it is undecidable whether two ALC KBs are (r)CQ inseparable.

In Section 5, we first show that, in the (r)UCQ case, partial homomorphisms can be replaced by full homomorphisms in
the model-theoretic characterisation of rUCQ entailment between ALC KBs if one considers regular tree-shaped models of
the KBs. This result is then used to encode the UCQ entailment problem into an emptiness problem for two-way alternating
parity automata on infinite trees (2APTAs). Using results from automata theory we then obtain a 2EXPTIME upper bound for
(r)UCQ entailment between ALC KBs and a characterisation of (r)UCQ entailment with full homomorphisms that does not
require the restriction to regular tree-shaped models. We prove that the 2EXPTIME upper bound is tight by a reduction of
the word problem for alternating Turing machines. Finally, we show using the hiding technique that the 2EXPTIME lower
bounds still hold without restrictions on the signature.

In Section 6, we introduce query entailment and inseparability between TBoxes and prove that the undecidability results
for (r)CQ entailment and (r)CQ inseparability can be lifted from KBs to TBoxes. In this case, however, undecidability without
any restrictions regarding the signatures remains open. In Section 7, we develop model-theoretic criteria for (r)CQ entail-
ment of Horn ALC TBoxes by ALC TBoxes. The crucial observation is that it suffices to consider tree-shaped ABoxes when
searching for counterexamples to (r)CQ entailment between TBoxes. This allows us to use, in Section 8, automata on trees
to decide (r)CQ entailment.

In Section 8, we first prove an ExpTIME upper bound for rCQ entailment of Horn ALC TBoxes by .ALC TBoxes via an
encoding into emptiness problems for a mix of two-way alternating Biichi automata and non-deterministic top-down tree
automata on finite trees (that represent tree-shaped ABoxes). As satisfiability of Horn ALC TBoxes is EXPTIME-hard already,
this bound is tight. We then consider arbitrary (not necessarily rooted) CQs and extend the previous encoding into emptiness
problems for tree automata to this case, thereby obtaining a 2ExpTIME upper bound. Here, it is non-trivial to show that this
bound is tight. We use a reduction of alternating Turing machines to prove the corresponding 2ExPTIME lower bound (also
for CQ inseparability).

We conclude in Section 9 by discussing open problems. A small number of proofs that follow ideas presented in the
main paper are deferred to the appendix. An extended abstract with initial results that led to this paper was presented at
IJCAI 2016 [44].

2. Preliminaries

In DL, knowledge is represented by means of concepts and roles that are defined inductively starting from a count-
ably infinite set N¢c of concept names and a countably-infinite set Ng of role names, and using a set of concept and role
constructors [45]. Different sets of concept and role constructors give rise to different DLs.

We begin by introducing the description logic . ALC. The concept constructors available in . ALC are shown in Table 3,
where R is a role name and C, D are concepts. A concept built using these constructors is called an ALC-concept. ALC
does not have any role constructors. An ALC TBox is a finite set of ALC concept inclusions (CIs) of the form C = D and ALC
concept equivalences (CEs) C = D. (A CE C = D will be regarded as an abbreviation for the two CIs CC D and D C C.) The
size |'T| of a TBox 7 is the number of occurrences of symbols in 7.

The semantics of TBoxes is given by interpretations Z = (AL, .Z), where the domain AT is a non-empty set and the
interpretation function -T maps each concept name A € Ng to a subset AZ of AZ, and each role name R € Ng to a binary
relation RZ on AZ. The extension of -Z to arbitrary concepts is defined inductively as shown in the third column of Table 3.
We say that an interpretation Z satisfies a CI C C D if CT € DZ, and that Z is a model of a TBox 7 if Z satisfies all the Cls
in 7. A TBox is consistent (or satisfiable) if it has a model. A concept C is satisfiable with respect to 7 if there exists a model
T of T such that CZ = @. A concept C is subsumed by a concept D with respect to T (7 = C C D, in symbols) if every model
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Table 3
Syntax and semantics of ALC.
Name Syntax Semantics
top concept T AT
bottom concept 1 ]
negation -C AT\ (T
conjunction cnbD cTnp?
disjunction cubD cTubp?
existential restriction 3R.C {de AT |3eeCT (d,e) € RT)
universal restriction VR.C {de AT |Vee AT ((d,e) e RT - eeCT)}

T of T satisfies the CI C = D. For TBoxes 77 and 7,, we write 71 = 7> and say that 77 entails T, if 71 =« for all a € 7.
TBoxes 71 and 7 are logically equivalent if they have the same models. This is the case if and only if 77 entails 73, and vice
versa.

We next define two syntactic fragments of ALC for which query answering (see below) is tractable in data complexity.
The fragment of ALC obtained by disallowing the constructors L, —, U and V is known as £L. Thus, ££ concepts are
constructed using T, M and 3 only [46]. A more expressive fragment with tractable query answering is Horn.ALC. Following
[47,48], we say, inductively, that a concept C occurs positively in C itself and, if C occurs positively (negatively) in C’, then

- C occurs positively (respectively, negatively) in C’'u D, C'n D, 3R.C’, VR.C’, D C C’, and
- C occurs negatively (respectively, positively) in —=C" and C’ C D.

Now, we call an ALC TBox 7 Horn if no concept of the form C L D occurs positively in 7, and no concept of the form —C
or VR.C occurs negatively in 7. In the DL Horn ALC, only Horn TBoxes are allowed.

In DL, data is represented in the form of ABoxes. To introduce ABoxes, we fix a countably-infinite set N, of individual
names, which correspond to individual constants in first-order logic. An assertion is an expression of the form A(a) or
R(a, b), where A is a concept name, R a role name, and a, b individual names. An ABox A is a finite set of assertions. We
call the pair K =(7,.A) of a TBox 7 in a DL £ and an ABox .A an £ knowledge base (KB, for short). By ind(A) and ind(K),
we denote the set of individual names in A and /C, respectively.

To interpret ABoxes A, we consider interpretations Z that map all individual names a € ind(A) to elements aZ € AZ in
such a way that aZ = b7 if a # b (thus, we adopt the unique name assumption). It is to be noted that we do not assume all
the individual names from N, to be interpreted in Z. Sometimes, we make the standard name assumption, that is, set a =a,
for all the relevant a. Both assumptions are without loss of generality as it is well known, and easy to check, that in ALC
the certain answers to (unions of) conjunctive queries, as defined below, do not depend on the unique name assumption.
We say that Z satisfies assertions A(a) and R(a, b) if aZ € AT and, respectively, (aZ, bZ) € RZ. It is a model of an ABox A if
it satisfies all the assertions in A, and it is a model of a KB K = (T, A) if it is a model of both 7 and .A. We say that
is consistent (or satisfiable) if it has a model. We apply the TBox terminology introduced above to KBs as well. For example,
KBs K1 and K, are logically equivalent if they have the same models (or, equivalently, entail each other).

We next introduce query answering over KBs, starting with conjunctive queries [49-51]. An atom takes the form A(x) or
R(x,y), where x, y are from a set of individual variables Ny, A is a concept name, and R a role name. A conjunctive query (or
CQ) is an expression of the form q(x) =3y ¢(x, y), where x and y are disjoint sequences of variables and ¢ is a conjunction
of atoms that only contain variables from xU y—we (ab)use set-theoretic notation for sequences where convenient. We often
write A(x) € q and R(x, y) € q to indicate that A(x) and R(x, y) are conjuncts of ¢. We call a CQ q(x) =3y ¢(x, y) rooted
(or an rCQ) if every y € y is connected to some x € x by a path in the undirected graph whose nodes are the variables in
q and edges are the pairs {u, v} with R(u, v) € q, for some R. A union of CQs (UCQ) is a disjunction q(x) =\/;q;(x) of CQs
q;(x) with the same answer variables x; it is rooted (rUCQ) if all the q; are rooted. If the sequence x is empty, q(x) is called
a Boolean CQ or UCQ. Observe that no Boolean query is rooted.

Example 3. The CQ q(x1,x2) =3y13y2(R(x1, ¥1) A S(x2, ¥2)) is an rCQ but q(x1) = Ix3y13y2(R(X1, y1) A S(X2, ¥2)) is not
an rCQ.

Given a UCQ q(x) = \/; q;(x) with x=xq,...,x, and a KB K, a sequence a =ay, ..., q; of individual names from K is
called a certain answer to q(x) over K if, for every model Z of K, there exist a CQ q; in q and a map (homomorphism) h of its
variables to AT such that h(xj) = a]Z, for 1 < j <k, A(z) € q; implies h(z) € AZ, and R(z,Z') € q; implies (h(2), h(')) € RZ.
If this is the case, we write K = q(a). For a Boolean UCQ q, we say that the certain answer to q over K is ‘yes’ if K |=¢q and
‘no’ otherwise. CQ or UCQ answering means to decide—given a CQ or UCQ q(x), a KB K and a tuple a from ind(C)—whether
K = q(a).

Example 4. To see that a is a certain answer to the CQ q'(x) over the KB K = (77, A’) from Example 2, we observe that, by
the axiom of 77, we have c € UndergraduateI or ¢ € Graduate” in any model Z of K. In the former case, the map h; with
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hi1(x) =a, h1(y) =c and h{(z) =d is a homomorphism from q’ to Z, while in the latter one, hy with hy(x) =a, ha(y) =b
and hy(z) = c is such a homomorphism.

A signature, %, is a finite set of concept and role names. The signature sig(C) of a concept C is the set of concept and
role names that occur in C, and likewise for TBoxes 7, CIs C C D, assertions R(a, b) and A(a), ABoxes A, KBs K, UCQs q.
Note that individual names are not in any signature and, in particular, not in the signature of an assertion, ABox or KB.
We are often interested in concepts, TBoxes, KBs, and ABoxes formulated using a specific signature X, in which case we
use the terms X-concept, X-TBox, X-KB, etc. When dealing with X-KBs, it mostly suffices to consider X-interpretations Z
where XZ = for all concept and role names X ¢ £. A £-model of a KB is a T-interpretation that is a model of the KB.
The S-reduct 7 of an interpretation Z is obtained from Z by setting AY = AZ, A7 = AZ for all concept names A € X,
RJ =RZ for all role names R € =, and A7 = R7 = for all remaining concept names A and role names R.

To compute the certain answers to queries over a KB /C, it is convenient to work with a ‘small’ subset M of sig(KC)-models
of IC that is complete for K in the sense that, for any UCQ q(x) and any a C ind(K), we have K = q(a) iff Z = q(a) for all
7T € M. We shall frequently use the following characterisation of complete sets of models based on (partial) homomorphisms.

Suppose Z and .7 are interpretations and ¥ a signature. A function h: AZ — A7 is called a S-homomorphism if u € AZ
implies h(u) € A7 and (u, v) € RT implies (h(u),h(v)) € RY, for all u,v € AL, £-concept names A, and T-role names R.
If ¥ is the set of all concept and role names, then h is called simply a homomorphism. We say that h preserves a set N of
individual names if h(aZ) = a7, for all a € N that are defined in Z. It is known from database theory that homomorphisms
characterise CQ-containment [52]. To characterise completeness for KBs, we require finite partial homomorphisms. An in-
terpretation Z is a subinterpretation of an interpretation 7 (induced by a set A) if A= AT c A7, AT = AT N AT for all
concept names A, R = R7 N (AZ x AZ) for all role names R, and the interpretation aZ of an individual name a is defined
exactly if a7 € AZ, in which case aZ =a? . For a natural number n, we say that an interpretation Z is nX-homomorphically
embeddable into an interpretation 7 if, for any subinterpretation Z’ of Z with [AT'| <n, there is a ¥-homomorphism from
7' to J.If T is the set of all concept and role names, then we omit ¥ and speak about n-homomorphic embeddability. If we
require all X-homomorphisms to preserve a set N of individual names, then we speak about n3-homomorphic embeddability
preserving N.

Example 5. Let 7 and J be interpretations whose domain is the set N of natural numbers and, for any n,m € N, we have
(m,m)ye RT if m=n+1, and 1,m) e RY if n=m+ 1. Then, for all n > 0, Z is n-homomorphically embeddable into .7, but
7 is not homomorphically embeddable into 7. Now, let aZ =0, a7 =m, and N = {a}. Then Z is (m + 1)-homomorphically
embeddable into 7 preserving N, but Z is not (m + 2)-homomorphically embeddable into 7 preserving N.

Proposition 6. A set M of sig(K)-models of an ALC KB K is complete for K iff, for any model J of K and any n > 0O, thereis Z € M
such that Z is n-homomorphically embeddable into T preserving ind(KC).

Proof. Let ¥ =sig(K) and let M be a class of X-models of K. Suppose first that M is not complete for . Then there
exist a UCQ q(x) and a tuple a from ind(C) such that K (= q(a) but Z = q(a) for all Z € M. Let J be a model of K
such that 7 = q(a) and let n be the number of variables in q(x). For every Z € M, there exists a subinterpretation Z’ of
Z with |AI'| <n and 7' = q(a). No such 7’ is homomorphically embeddable into 7 preserving a, and so no Z € M is
n-homomorphically embeddable into 7 preserving ind(K).

Conversely, suppose there exists a model 7 of K and n > 0 such that no Z € M is n-homomorphically embeddable into
J preserving ind(K). Let ind(K) = {aq, ..., ai}. For every finite X-interpretation Z with domain {uy, ..., un} such that m > k
and a; = u; (1 <i <k), we define the canonical CQ qz by taking

Az o) =3 (A ARA A RGLX)):

ujcAT Acx (uj,uj)eRL,Rex

Then there exists a homomorphism from Z to J preserving ind(K) iff J = qz(aq,...,ar). Now pick for any Z e M a
subinterpretation Z' of Z with AT > ind(K) and |AT \ ind(K)| <n such that Z’ is not homomorphically embeddable into
J preserving ind(C). Let q(xq, ..., X¢) be the disjunction of all canonical CQs qz/(xq, ..., X;) determined by these Z’. Then
J ¥Eqai,...,a), and so K }=q(aq,...,ax), but Z =qaq,...,q;), forall Ze M. O

Observe that, in the characterisation of Proposition 6, one cannot replace n-homomorphic embeddability by homomor-
phic embeddability as shown by the following example.

Example 7. Let £ = ({T £ 3R.T},{A(a)}). Then the class M of all interpretations that consist of a finite R-chain starting
with A(a) and followed by an R-cycle (of arbitrary length) is complete for K. However, there is no homomorphism from
any member of M into the model of /C that consists of an infinite R-chain starting from A(a).
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We call an interpretation Z a ditree interpretation if the directed graph Gz defined by taking

Gz=(%{d,e|d.ee | J R

ReNg

is a directed tree and RZ N ST = ¢, for any distinct role names R and S. Z has outdegree n if Gz has outdegree n. A model
T of K= (T, A) is forest-shaped if T is the disjoint union of ditree interpretations Z, with root a, for a € ind(A), extended
with all R(a, b) € A. In this case, the outdegree of Z is the maximum outdegree of the interpretations Z;, for a € ind(A).
Denote by Ml,’g the class of all forest-shaped sig(K)-models of K of outdegree < |7 |. The following completeness result is
well known [53] (the first part is shown in the proof of Proposition 9):

Proposition 8. Ml,’c" is complete for any ALC KB K. If KC is a Horn ALC KB, then there is a single member Zx: of M ;’C" that is complete
for K.

The model Zx mentioned in Proposition 8 is constructed using the standard chase procedure and called the canonical
model of K. Proposition 8 can be strengthened further. Call a subinterpretation Z of a ditree interpretation 7 a rooted
subinterpretation of 7 if there exists u € A7 such that the domain AZ of T is the set of all u' € A7 for which there is a
path ug,...,uy € AT with up=u, up =u" and (u;, uj4q) € R:iZ (i <n), for some role name R;. Call a ditree interpretation
7T regular if it has, up to isomorphism, only finitely many rooted subinterpretations. A forest-shaped model Z of a KB /C
is regular if the ditree interpretations Z;, a € ind(K), are regular. Denote by M;ég the class of all regular forest-shaped
sig(K)-models of K = (T, .A) of outdegree bounded by |7].

Proposition 9. M\ is complete for any ALC KB K.

Proof. Suppose K is an ALC KB and K = q(a), for some UCQ q(x). As shown in [53], there exists a consistent KB K’ =
(T, A') with 7" 2T, A 2 A, and ind(A") =ind(A) such that Z }~ q(a), for every model Z of K’ (called a spoiler for q
and K in [53] and constructed by carefully analysing all possible homomorphism from q to models of C and ‘spoiling’ all
of them by suitable KB extensions). We construct a regular model 7’ of K’ as follows. Let Z' be a model of X’. We may
assume that 7" does not use the constructor Vr.C. Denote by cl(7”) the set of subconcepts of concepts in 7" closed under
single negation. For d € AZ', the T'-type of d in Z', denoted t%—/,(d), is defined as t%—/,(d) ={Cecl(T") |decT}). A subset
t Ccl(77) is a T'-type if t = tZ,(d), for some model Z of 77 and d € AZ. We denote the set of all 7’-types by type(7”). Let
t,t' etype(7T’). For 3R.C € t, we say that t’ is an IR.C-witness for t if C € t' and the concept [Ten3r.d 1¢) is satisfiable
with respect to 7’. Denote by succag.c(t) the set of all IR.C-witnesses for t. Now choose, for any 7’-type t and 3R.C such
that succag.c(t) # @, a single type sag.c(t) € succag.c(t). We construct the model 7’ of K’ as follows. The domain AT s
the set of words

aRqtq--- Rpty,

where a € ind(K’) and, for tg = t%-’,(a) and i <n, ti;1 = S3g;,,.c(t;) for some IR;;1.C € t;. Set aRqt1---Rpty € AT ifn=0
and A € t%-/,(a) or n>0 and A € ty. Finally, set (aRity---Ryty, bS1t]---Smty) € R7 iff n=m=0 and R(a,b) € A or
O<m=n+1, Sy =R and aRqty---t, =bSit|---t,_;. One can easily show that 7’ is a regular model of X'. Hence
J' W q(a). The outdegree of J’ is bounded by |77| but possibly not by |77, and so it remains to modify 7 in such a
way that its outdegree is bounded by |77|. To this end, we remove from 7’ all R-successors (together with the subtrees
they root) aRqtq --- RytyRt of all aRq1t1--- Rpty € A7 such that t # s3gr.c(ty) for any 3R.C € cl(7). By the construction, the
resulting interpretation 7 is still regular, it is a model of C (since 77 2 T), its outdegree is bounded by |77, and J } q(a)

since J' = q(a). O

Example 10. Consider the KB K = (7,.A) with 7 ={AuBC 3R.(Au B)} and A = {A(a)}. The following class of regular
models Z is complete for K. The domain of Z is the natural numbers with aZ =0 € AZ, (i, j) e RT if j=1i+ 1, for all
natural numbers i and j, and there are k,n,m > 0 such that AZ and BZ are mutually disjoint, cover the initial segment
{1,...,k} and, on the remainder {k+ 1,...}, they are interpreted by alternating between n consecutive nodes in AZ and m
consecutive nodes in BZ. Then Z is regular since the number of non-isomorphic rooted subinterpretations of Z with root
r >k is <n+m (the number of non-isomorphic rooted subinterpretations of Z with root r <k is clearly bounded by k + 1).

In the undecidability proofs of Section 4, we do not use the full expressive power of ALC but work with a small
fragment denoted £ LU ps. An € LU s TBox T consists of Cls of the form

- ACC,
- ACCuD,

i
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where A is a concept name and C,D are £L-concepts. Given an ELUs KB K = (T, A), we construct by induction a
(possibly infinite) labelled forest © with a labelling function ¢. For each a € ind(A), a is the root of a tree in O with
A € {(a) iff A(a) € A. Suppose now that o is a node in O and A € £(0). If AC C is an axiom of 7 and C ¢ ¢(0), then we
add C to £(o). If AC Cu D is an axiom of 7 and neither C € £(o) nor D € £(o), then we add to £(o) either C or D (but
not both); in this case, we call o an or-node. If C D € £(o), then we add both C and D to ¢(o) provided that they are not
there yet. Finally, if 3R.C € £(0) and the constructed part of the tree does not contain a node of the form o - wag ¢, then
we add o - w3g.c as an R-successor of ¢ and set £(o - wag.c) = {C}. Now we define a minimal model Z = (AL, Z) of K by
taking AZ to be the set of nodes in O, aZ =a for a € ind(A), RT to be the R-relation in ©O together with (a, b) such that
R(a,b)e A and AT ={ o e AT|Act(o) }, for every concept name A. It follows from the construction that Z is a model
of K.

Lemma 11. For any £ LU s KB K, the set M ¢ of its minimal models is complete for IC.

Proof. By Proposition 6, it suffices to show that, for every model 7 of K, there is a minimal model Z that is homomor-
phically embeddable into 7 preserving ind(K). Suppose a model J of K is given. We can now inductively construct a set
A, a labelling function ¢ defining a minimal model Z, and a homomorphism h from Z to 7 such that h(c) € C7, for each
Ce (o) and o € A. The model 7 is used as a guide. For instance, let & € A such that h(o) is set. Suppose that A € £(0),
AC CuD is an axiom in 7, and C ¢ £(0), D ¢ £(o). Since 7 is a model of /C, it must be the case that h)7 ec7 or
h(o)7 e DI . In the former case, we add C to £(c), in the latter case, we add D to £(c). Suppose further that o - wag ¢ is
in A and h(o - wag.c) is not set. Since 7 is a model of K and by inductive assumption h(c') € (3R.C)Y, there exists d € A7
such that (h(o),d) € RY and d € C7. So we set h(o - wag.c) =d.

Now we take the minimal model Z = (A, -Z), where - is defined according to the labelling function ¢. By the construc-
tion of A and the fact that Z is minimal, we obtain that h is indeed a homomorphism from Z to J. O

3. Model-theoretic criteria for query entailment and inseparability between knowledge bases

In this section, we first define the central notions of query entailment and inseparability between KBs for CQs and UCQs
as well as their restrictions to rooted queries. Then we give model-theoretic characterisations of these notions based on
products of interpretations and (partial) homomorphisms.

Definition 12. Let ; and Ky be consistent KBs, ¥ a signature, and Q one of CQ, rCQ, UCQ or rUCQ. We say that K
¥-Q-entails ICy if Ky = q(a) implies a C ind(XCq) and K1 &= q(a), for all X-Q q(x) and all tuples a in ind(ICy). We say that
K1 and K, are X-Q inseparable if they X-Q entail each other. If X is the set of all concept and role names, we say ‘full
signature Q-entails’ or ‘full signature Q-inseparable’.

As larger classes of queries separate more KBs, X-UCQ inseparability implies all other inseparabilities and X-CQ insep-
arability implies X-rCQ inseparability. The following example shows that, in general, no other implications between the
different notions of inseparability hold for ALC.

Example 13. Suppose 7o =%, 75 ={E C AuB} and Xo ={A, B, E}. Let Ag = {E(a)}, Ko = (To, Ao), and Kf, = (7, Ao). Then
Ko and K are Xg-CQ inseparable (and so also Xo-rCQ inseparable) but not -rUCQ inseparable (and so also not Xg-UCQ
inseparable). The former claim can be proved using the model-theoretic criterion given in Theorem 17 below, and the latter
one follows from K k= q(a) and Ko § q(a), for q(x) = A(x) v B(x).

Now, let 1 ={E,B}, 71 =%, and 7{ = {E C 3R.B}. Let A ={E(a)}, K1 = (71, A1), and K} = (77, Ay). Then K; and
K} are X1-rUCQ inseparable (and so also ¥1-rCQ inseparable) but not X;-CQ inseparable. The former claim can be proved
using the model-theoretic criterion of Theorem 17 and the latter one follows from the observation that X’} = 3xB(x) but
K1 b= 3xB(x).

The situation changes for Horn ALC KBs. The following can be easily proved by observing (using Proposition 8) that the
certain answers to a UCQ over a Horn ALC KB K coincide with the certain answers to its disjuncts over K:

Proposition 14. Let K1 be an ALC KB and Ky a Horn ALC KB. Then K1 $-UCQ entails K, iff K1 X-CQ entails ICy. The same holds
for rUCQ and rCQ.

Now we give model-theoretic criteria of X-query entailment between KBs. As usual in model theory [54, page 405], we
define the product [[Z of a family Z = {Z; | i € I} of interpretations by taking

AT =51 JaTi | Viel f()e aT),

iel
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AT — (f | viel f(i) e AT},
RIZ = ((f, @) |Viel(f(), g(i) € RH),
allZ = f,, where f,(i) =dZi forallieI.

Proposition 15 ([54]). For any CQ q(x) and any tuple a of individual names, [ [ Z = q(a) iff Z = q(a) forall T € T.

Example 16. The KB K = (77, A’) from Example 2 has two minimal models: Z; that agrees with A’ on a, b, d and has
¢ € Undergraduate™, and T, that also agrees with A’ on a, b, d but has ¢ € Graduate™® (cf. Example 4). By Lemma 11, the
set Z = {Z1,7,} is complete for KC. The picture below' shows the ‘interesting’ part of []Z. Clearly, [[Z = q'(a), where ¢q’ is
the CQ from Example 2. It follows that K = q'(a).

Undergraduate

Lecturer teaches Graduate hasFriend Lecturer teaches hasFriend
a > > a > C >
. Graduate . Graduate
I 1: - g I 2: % g
%y w\@ %y w\@
< \&s < \Ngys
b b
Undergraduate Undergraduate
Lecturer

a

teaches teaches teaches teaches

I1z: Undergraduate f > f. (c,b) (b,c) Undergraduate
hasFriend
l hasFriend hasFriend hasFriend
Graduate [y d,c) (¢,d) Graduate

We characterise X-query entailment in terms of products and nX-homomorphic embeddability. To also capture rooted
queries, we first introduce the corresponding refinement of X-homomorphic and, respectively, n<-homomorphic embed-
dability. A S-path p from u to v in an interpretation Z is a sequence uo, ..., u; € AZ such that ug =u, u, = v, and there
are Ro,...,Rp—1 € X with (u;,uj41) € R,.I, for 0 <i <n. For a KB K = (T, A) and model Z of K, we say that u € AT is
>-connected to A in Z if there exist a € ind(K) and a =-path from aZ to u in Z. The subinterpretation Z¢" of Z induced by
the set of all u € AZ that are E-connected to A in Z is called the E-component of 7 with respect to K. Let Z; be a model
of K1 and Z; a model of KC. We say that Z, is con-X-homomorphically embeddable into 7; if the X-component Z5°" of T,
with respect to /C; is ¥-homomorphically embeddable into Z7; and we say that 7, is con-nX-homomorphically embeddable
into Z; if the X-component Z5°" of 7, with respect to K is nX-homomorphically embeddable into Z;.

Theorem 17. Let KCq and K be ALC KBs, ¥ a signature, and let M; = {Z; | j € I;} be complete for IC;, i =1, 2.

(1) K1 2-UCQ entails Ky iff, for any n > 0 and Z; € My, there exists Z, € M, that is nX-homomorphically embeddable into Z;
preserving ind(Ky).

(2) K1 Z-rUcCQ entails IC; iff, for any n > 0 and Z1 € My, there exists Z, € My that is con-nX-homomorphically embeddable into Z;
preserving ind(Ky).

(3) K1 Z-CQ entails Iy iff [ [ M is nX-homomorphically embeddable into [ [M; preserving ind(Kz) for any n > 0.

(4) Ky Z-rCQ entails Ky iff [ [M2 is con-nX-homomorphically embeddable into [[M; preserving ind(KCz) for any n > 0.

Proof. (1) Suppose K; = q(a) but K1 [~ q(a), for a X-UCQ q and a in ind(XCq). Let n be the number of variables in q.
Take Z7 € My such that Z; [~ q(a). Then no 7, € M, is nX-homomorphically embeddable into Z; preserving ind(K;) since
this would imply Z, (- q(a). Conversely, suppose Z; € M; is such that, for some n > 0, no Z, € M, is nX-homomorphically
embeddable into Z; preserving ind(K3). Fix such an n > 0 and take for every 7, € M a subinterpretation Z} of Z, with
domain of size <n such that 7/ is not X-homomorphically embeddable into Z; preserving ind(K3). Recall from the proof
of Proposition 6 that we can regard the -reduct of any such 7} as a ¥-CQ (with the answer variables corresponding to
the ABox individuals). The disjunction of all these CQs (up to isomorphisms) is entailed by /C; but not by /C;. The proof of
(2) is similar.

(3) Suppose K, = q(a) but K4 [~ q(a), for a £-CQ q and a in ind(KC1). By Proposition 15, [[M, = q(a) but [[M; &
q(a). Let n be the number of variables in q. Then [[M, is not nX-homomorphically embeddable into [[M; preserving

1 As usual in model theory, we write (b, c) for f with f: 1+ b and f: 2+ c, and similarly for (c, b), (c,d) and (d, c).
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ind(K2) since this would imply [[M; = q(a). Conversely, suppose that, for some n > 0, [[M. is not nX-homomorphically
embeddable into [ [M; preserving ind(K;). Let Z be the subinterpretation of [[M> with domain of size <n which cannot be
¥-homomorphically embedded in [[M; preserving ind(K3) N {a |all™ ¢ AT} We can regard the -reduct of Z as a £-CQ
which is entailed by Ky but not by Xy (by Proposition 15). The proof of (4) is similar. O

Example 7 can be used to show that, in Theorem 17, nX-homomorphic embeddability cannot be replaced by
Y-homomorphic embeddability. In Section 5, however, we show that in some cases we can find characterisations with
full ¥-homomorphisms and use them to present decision procedures for entailment.

If both M; are finite and contain only finite interpretations, then Theorem 17 provides a decision procedure for KB en-
tailment. This applies, for example, to KBs with acyclic classical TBoxes [45], and to KBs for which the chase terminates [55].

4. Undecidability of (r)CQ-entailment and inseparability for .ALC KBs

The aim of this section is to show that CQ and rCQ-entailment and inseparability for .ALC KBs are undecidable. We begin
by proving that it is undecidable whether an ££ KB X-CQ entails an ALC KB. A straightforward modification of the KBs
constructed in that proof is then used to prove that $-CQ inseparability between ££ and ALC KBs is undecidable as well.
It is to be noted that, as shown in Section 5, both £-UCQ and X-rUCQ entailments between ALC KBs are decidable, which
means, by Proposition 14, that checking whether an ALC KB X-(r)CQ entails an ££ KB is decidable. We then consider
rooted CQs and prove that X-rCQ entailment and inseparability between ££ and ALC KBs are still undecidable. (In fact,
the undecidability proof for rCQs implies the undecidability results for CQs, but is somewhat trickier.) The signature X used
in these undecidability proofs is a proper subset of the signatures of the KBs involved. In the final part of this section,
we prove that one can modify the KBs in such a way that all the results stated above hold for full signature CQ and rCQ
entailment and inseparability.

4.1. Undecidability of CQ-entailment and inseparability with respect to a signature %

Our undecidability proofs are by reduction of the undecidable rectangle tiling problem: given a finite set T of tile types T
with four colours up(T), down(T), left(T) and right(T), a tile type I € ¥, and two colours W (for wall) and C (for ceiling),
decide whether there exist N, M € N such that the N x M grid can be tiled using ¥ in such a way that left(T) = right(T’) if
(i, j) is covered by a tile of type T and (i + 1, j) is covered by a tile of type T’, and 1 <i <N, 1< j < M; up(T) = down(T")
if (i, j) is covered by a tile of type T and (i, j+ 1) is covered by a tile of type T’, and 1 <i <N, 1 <j < M; (1, 1) is covered
by a tile of type I; every (N, i), for i < M, is covered by a tile of type T with right(T) = W; and every (i, M), for i <N, is
covered by a tile of type T with up(T) = C. (The reader can easily show that this problem is undecidable by reduction of
the halting problem for Turing machines; cf. [56].) If an instance T of the rectangle tiling problem has a positive solution,
we say that T admits tiling.

Given such an instance ¥, we construct an ££ TBox Tle an ALC TBox TCzQ an ABox Acq, and a signature Xcq such

that, for the KBs ICéQ = ('7'ClQ, Acq) and /Céqz (7'C2Q, Acq). the following conditions are equivalent:

- IC&Q ¥co-CQ entails IC%Q;
- the instance ¥ does not admit tiling.

The ABox Acq does not depend on ¥ and is defined by setting Acq = {A(a)}. The TBox 7’C2Q uses a role name R to encode a
grid by putting one row of the grid after the other starting with the lower left corner of the grid. It also uses the following
concept names:

- Tfrst for each tile type T € %, to encode the first row of a tiling;

- Ty, for T € T and k=0, 1, 2, to encode intermediate rows, with three copies of each T € ¥ needed to ensure the vertical
matching conditions between rows;

- T,’:alt, for Te¥ and k=0, 1, 2, to encode the last row;

fk, for Te¥and k=0,1, 2.

Of all these concept names, only the Tk are in the signature Xcq of the entailment problem we construct. Thus, the Tfirst,
T}:‘alt, and Ty are auxiliary concept names used to generate tilings, while the T, make the tilings ‘visible’ to relevant CQs.

The TBox 7'C2Q uses the concept names Start and End as markers for the start and end of a tiling. Both concept names

are in Xcq. To mark the end of rows, 7'C2Q employs the concept names Row; and ROWZ"", for k=0, 1,2, where the Rowl’:“lt

indicate the last row. Similarly to the encoding of tile types above, the concept names Row; and Rowl’j“’f are auxiliary concept

names used to construct tilings. Three copies are needed to ensure the vertical matching condition. In addition, we use a
concept name Row € ¥¢q that marks the end of rows and is visible to separating CQs.
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The role name R generating the grid is in Xcq. An additional concept name A and role name P link the individual a in
Acq to the first row of the tiling. The encoding does not depend on whether A, P are in Xcq, but it will be useful later,
when we consider full signature CQ-entailment, to include them in Xcq.

Before writing up the axioms of TCZQ we explain how they generate all possible tilings. We ensure that if a point x in
a model Z of IC%Q is in Tk and right(T) = left(S), then x has an R-successor in §k. Thus, branches of Z define (possibly
infinite) horizontal rows of tilings with ¥. If a branch contains a point y € Tk with right(T) = W, then this y can be the
last point in the row, which is indicated by an R-successor z € Row of y. In turn, z has R-successors in all ?(k+1)mod3
that can be possible beginnings of the next row of tiles. To coordinate the up and down colours between the rows—which
will be done by the CQs separating IC%Q and K%Q—we make every x e/fk, starting from the second row, an instance of all
§(;<,1)mod3 with down(T) = up(S). The row started by z € Row can be the last one in the tiling, in which case we require
that each of its tiles T has up(T) = C. After the point in Row indicating the end of the final row, we add an R-successor in
End for the end of tiling. The beginning of the first row is indicated by a P-successor in Start of the ABox element a, after
which we add an R-successor in It for the given initial tile type I.

The TBox 7’C2Q contains the following Cls, for k=0, 1, 2:

A C 3P.(Start n AR 1Ly, (1)
TAst C 3R St if right(T) = left(S) and T, S € T, (2)
T/t © 3R (Start M Rowy),  if right(T) =W and T € T, (3)
st Ty, forT e, (4)
Rowy E3R.Ty, forTeg, (5)
T« ©3R.S;, ifright(T)=left(S)and T,S e ¥, (6)
Ty E 3R.ROW(k11ymod3, ifright(T)=W and T € %, (7)
T E EIR.ROW’(‘,fJ’f])mOﬂ, ifrigh(TY=W and T € %, (8)
Rowy, = Row, 9)
TkC Ty, forTex, (10)
Tk C Stk_1ymod3, ifdown(T)=up(S)and T,S €, (11)
Row,C3REndu [ 3RTM (12)
up(T)=C, TeX
T C 3RS, if right(T) = left(S), up(S) = Cand T, S € T, (13)
TP C 3R.(Rown 3R.End),  if right(T) =W and T € %, (14)
Row{™!* C Row, (15)
T CS4 1)moda3, ifdown(T)=up(S)andT,S €. (16)

The KB TCzQ is an £LU s KB, with (12) being the only CIs with L. Throughout the proof, we work with the set M K2, of

minimal models of IC%Q and use the notation introduced in the construction of minimal models. In figures, v indicates an
or-node. We now comment on the role of the CIs in ’TCZQ

- The CIs (1)-(3) produce all possible first rows whose ends are indicated by points in Start and Rowq; see Fig. 1(a), where
71 denotes trees described below. The CI (4) ensures that the tiling of the first row is visible in X¢q using the concept
names To. Note that Row is visible in Xcq due to (9).

- The CIs (5)-(8) produce all possible intermediate rows starting with points in Row, and ending by points in

ROW k4 1) mod3 OF Row?,?jfl)mod 5: see Fig. 1(b), where 7y is the tree with root in Rowy and 7/ the tree with root in

Row,’j“’t as described below. The CIs (9)—(11) ensure that the tilings of the intermediate rows as well as Row are visible
in Xcq. Note that, for each intermediate row, there exists k such that the current row is encoded using Tk and the
matching previous row using ?(k_1)1n0d3.

- The CIs (12)-(14) produce all possible final rows starting with points in Row,’za". The role of the disjunction is explained
below; see Fig. 1(c). Finally, the axioms (15)-(16) make Row and the matching previous row visible in Xcq. Note that
the last row itself is not visible in Xcq.

The existence of a tiling of some N x M grid for the given instance ¥ can be checked by Boolean CQs gq,,, for n > 1, that
require an R-path from Start to End going through Ty- or Row-points:
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A Tk T}

Rowy,

halt

T 1y mod3
(k1) mod 3 (k+1)mod 3

(b) ()

_woEnd
Rows T,
_ R
a D [0
: / ) ,/i Row
lo SERTTIIES e - o
TN Start T112 T{vz T11M1
- TN1 TIM-2
I. .. Ty ... M2 ..

Fig. 2. The structure of the models Z; and Z; of K3, and homomorphisms h;: g, — Z; and h;: q, — Z;.

n n
gy = 3 (Start(xo) A /\ R, Xig1) A\ Bi(xi) A End(xn11)),
i=0 i=1

where B; € {Row} U {ﬂ |Te% k=0,1,2}. The q, will serve as the separating Xcq-CQs if T admits a tiling (in fact, if T
admits a tiling of some N x M grid, then g, is a separating Xcq-CQ for n = (N +1) x (M —1)). We illustrate the relationship
between M K2, and the CQs q, in Fig. 2: the lower part of the figure shows two interpretations, Z; and Z;, from M K2, (we

only mention the extensions of concept names in Xcq). The two interpretations coincide up to the Row-point before the
final row of the tiling. Then, because of the axiom (12), they realise two alternative continuations: one as described above,
and the other one having just a single R-successor in End. In the picture, we show a situation where row m coincides
with the row depicted below row m + 1 (that satisfies the vertical tiling conditions with row m + 1). For example, the first
row Tg-- f{]\” coincides with the row depicted below the second row (after the second Start). This is no accident and is
enforced by the query g, that is depicted in the upper part of the figure. If IC(Z:Q = q,, then q, holds in both Z; and Z;,
and so there are homomorphisms h;: q, — Z; and h;: q,, — Z,. As hj(x,—1) and h;(x,—1) are instances of B;_1, we have
Bh_1= T{VM_I in the figure, and so up(TNM=1) = down(TNM). By repeating this argument until X, we see that the colours
between horizontal rows match and the rows are of the same length. Note that for this to work, we have to make both
the P-successor of a and the first Row-point an instance of Start. We now formalise the observations above by proving the
following:

Lemma 18. The instance ¥ admits a rectangle tiling iff there exists q,, such that IC%Q =q,.

Proof. (=) Suppose ¥ tiles the N x M grid so that a tile of type T¥ € ¥ covers (i, j). Let

blockj = (T,}’j, .. .,T,f”j,Row),

for j=1,...,M—1 and k= (j — 1) mod3. Let q,, be the CQ in which the B; follow the pattern
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blockq, block,, ..., blocky_1
(thus, n= (N +1) x (M — 1)). In view of Lemma 11, we only need to prove that Z = q,, for each model Z € Mlch' Take

such an Z. We have to show that there is an R-path xg,...,X;+1 in Z such that xg € StartL, x; € B? for 1 <i<n, and
Xnt1 € EndZ.
First, we construct an auxiliary R-path yoq,..., yn. We take yg € Start® and y1 € IoT by (1) (I = T'1). Then we take

y2 e MEHT, ..., yn € (T)"HT by (2). We now have right(TN'1) = W. By (3), we obtain yy.1 € Row? N StartZ. By (9),
YN+1 € Rowlz C RowZ. We proceed in this way, starting with (5), till the moment we construct y,_1 € (T,’:”M—l)z with

right(TN-M=1) = W, for which we use (8) and (15) to obtain y, € Row!" < Row?, for some k. Note that TyZ € Tir by (10),
for a tile type T.

By (12), two cases are possible now:

Case 1: there is y such that (y,, y) € R and y € End”. Then we take X0=Y0,---,Xn=Yn, Xnt1 =Y.

Case 2: there is z; such that (yn,z1) € R and z; € (T}*)Z, where T =T'M and up(T) = C. We then use (13)

and find a sequence zy,...,zy,u,v such that z € (T}, where T = T"M, u e Row” and v € End”. So we take

X0 = YN+1»>--+>Xn—N—1 = Yn,» Xn—N = Z1,-..,Xn—1 = ZN, and X, = u,x,41 = v. Note that, by (11) and (16), we have
LINT i, j—1 T

(Tk ) g(T(kfl) mod3) .

(«=) Let q, be such that IC%Q E=q,. Then 7 =gq,, for each Z € M,CgQ. Consider all the pairwise distinct pairs (Z, h) such
that Z € MlCéQ and h is a homomorphism from ¢, to Z. Note that h(q,) contains an or-node oy (which is an instance of

Row,ﬁ'““, for some k). We call (Z,h) and h left if h(x,4+1) = 0y, - Wag gnd, and right otherwise. It is not hard to see that there
exist a left (Z;, hy) and a right (Z;, h;) with oy, = oy, (if this is not the case, we can construct 7 M,C%Q with 7 ~ q, by

choosing at every or-node o the left (right) branch if there is no left (respectively, right) homomorphism h from q, such
that h(x,) = o).

Take (Z;, h)) and (Zy, hy) such that oy = op, =0 and use them to construct the required tiling. Let o =awg--- wy.
We have hj(Xp+1) = 0 - Waggng and hy(xp) = o. Let hy(xp41) =0 V1 --- Vipy2, Which is an instance of End (see Fig. 2). Then
hy(xp) =0 vq---vpy1, which is an instance of Row.

Suppose vy = Wap phalt (other ks are treated analogously). By (14), right(T) = W; by (13), up(T) = C. Suppose w,_1 =

Wag.s,- Then k = 1. By (8), right(S) = W. By considering thg atom B;_1(x;—1) in q,, we obtain that both awg---wp_1 and
oVv1---Vy are instances of B,_1. By (10) and (16), B,—1 = S1 and down(T) = up(S).

Suppose Vi1 = Wap yhat- By (13), right(U) = left(T) and up(U) = C. Suppose wp_2 = W3g.q,- By (6), we have right(Q) =
left(S). By considering B,_»(xp—2) in q,, we obtain that both awq---wyp_3 and o vy ---vjy—1 are instances of Bp_3. By (10)
and (16), B,y = 07 and down(U) =up(Q).

We proceed in the same way until we reach o and awg--- w,_n—1, for N =m, both of which are instances of B,_ny_1 =
Row. Thus, we have tiled the two last rows of the grid. We proceed further and tile the whole N x M grid, where M =
n/(IN+D+1. O

Next, we define the ££-KB K, = (T, Acq)- Let Zo = {Row}U Ty ITe%,k=0,1,2}, and let T¢o contain the following

cQ
Cls:
AC 3P.D, (17)
DC3R.D n 3RAR.E n [ | X Start, (18)
XEEO
EC3REN [ | X n End. (19)
XeXp

As ICéQ is an £L-KB, it has a canonical model IIC}Q:

A p Start,Zo,D R Start, Xy, D R Start, Xy, D
a9 @——> o} o S
¢ ]

Note that the vertical R-successors of the Start-points are not instances of any concept name, and so ICéQ does not satisfy

any CQ q,. Now let Xcq = sig(lCéQ). We show that IC%Q = q implies IC%Q = q, for every Xcg-CQ g without a subquery of
the form q,,.
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Fig. 3. A query that contains both Start and End atoms must have variables with empty concept labels.

Lemma 19. ]_[M,C%Q is nXcq-homomorphically embeddable into IKICQ preserving {a}, foralln > 1, iffIC%Q ¥ qp, forallm > 1.

Proof. (=) Suppose IC%Q = q,, for some m. Then [[M K2, = q,,. By assumption, [ [M K2, is mXcq-homomorphically em-
beddable into IICéQ preserving {a}, and so we have I’CEQ = q,,, which is clearly impossible because none of the paths of
I,CéQ contains the full sequence of symbols mentioned in q,,.

(<) Suppose ICgQ ¥~ q,, for all m. Then HM}C§Q ¥~ q,, for all m. Take any subinterpretation of ]_[M,C% whose domain

contains n elements. Recall from the proof of Proposition 6 that we can regard the Xcq-reduct of this subinterpretation
as a Boolean Xcq-CQ, and so denote it by q. Without loss of generality we can assume that q is connected; clearly, q is
tree-shaped. We know that there is no Xcqg-homomorphism from gq,, into q for any m; in particular, ¢ does not have a
subquery of the form q,,,. We have to show that ZIQQ E=q.

If q contains A or P, then they appear at the root of q or, respectively, in the first edge of q. By the structure of K5,
the product [[M K2 does not contain a path from A to End, so q does not contain End and, therefore, can be mapped into

IICéQ‘ In what follows, we assume that q does not contain A and P (note that D and E also do not occur in q).
If q does not contain Start atoms or q does not contain End atoms, then clearly, Iich =q.

Suppose q contains both Start and End atoms. If there exists an R-path from a Start node to an End node in q then, by
the structure of IC%Q, the End node is a leaf of q (as End nodes are always leaves in the models from M K2 ) and the Start

node is the root of q (as there are minimal models Z; and Z; in Fig. 2, in which the first Start node has no R-predecessor).
Since q does not contain a subquery of the form gq,,, this R-path should contain variables with the empty Xcq-concept
label, in which case q can be mapped into IIQQ by sending the root of q to the P-successor of a and the rest of the query

SO as to map a variable with the empty Xcq-concept label to the vertical R-successor of a Start node.

Now, suppose that q does not contain a (directed) path from a Start node to an End node. Then the Start node is not
the root of q. We denote by qg,,; the subtree of q generated by this node (see Fig. 3), and by qg,,; the path from the root
yo of q to the End node. By the structure of IC%Q shown in Fig. 1(a), the projection of yg onto every minimal model of
IC% is of the form & - wgp pise. We prove that qg,q must have at least one intermediate node with the empty Xcq-concept
label. Indeed, suppose to the contrary that each intermediate variable x in qg,; appears in an atom of the form B(x), for
B e {/T\k | k=0,1,2}U{Row}. Since IC%Q = qgpq. it follows that there is some k such that the distance between two neighbour
Row nodes in g,  is k. Let Z; and Z; be the minimal models that satisfy (12) by picking the first and the second disjunct,
respectively, and identical, otherwise (see Fig. 3). Suppose that Z; satisfies qg,q by mapping yo to o; of the form & - wag st
and Z, satisfies qg,q by mapping yo to oy of the form o;--- wgg pae. Then the distance between o; and o; is k. Let t be
the distance from y( to the first Row node y;. If t <k, then y; should be mapped to ¢’ that is a predecessor of o, in Z;
or oy itself. However, such a map is not possible as the Tcq-label of ¢’ does not contain Row (only a concept of the form
To), and we get a contradiction. In the case t > k, the argument is similar; one needs to observe that the structure of IC%
(in particular, (4), (7), (10)) makes it impossible to map yo, ..., y; onto the common part of I; and I, in such a way that
hr(yi) = hj(yi)o with |o| = k. Thus, we conclude that g can be homomorphically mapped to IIQQ as follows: yo goes to

awsp.p, sy to the infinite path of Start nodes, and qg,4 so as to map a variable with the empty Xcq-concept label to the
vertical successor of a Start node. 0O

As an immediate consequence of Lemmas 18 and 19 and the characterisation of £-CQ-entailment given in Theorem 17
(3), we obtain:

Theorem 20. The problem whether an £ L KB 3-CQ entails an ALC KB is undecidable.
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We now modify the KBs constructed in the proof of Theorem 20 to show undecidability of ¥-CQ-inseparability.
Theorem 21. -CQ inseparability between £ L and ALC KBs is undecidable.
Proof. We set Ky = IC%QU IC%Q and show that the following conditions are equivalent:

(1) ICéQ Tce-CQ entails IC(Z:Q;
(2) IC&Q and Ky are Tco-CQ inseparable.

Let I,Cé be the canonical model of IC%Q and M,C%Q the set of minimal models of IC%Q. One can easily show that the
following set M, is complete for /Cy:

My, = {IHI/CEQ|IEMIC%Q 1,

where I&JI,QQ is the interpretation that results from merging the roots a of Z and IICéQ' Now, the implication (2) = (1) is
trivial. For the converse direction, suppose ICéQ >cq-CQ entails IC%Q. It follows that K, Xcq-CQ entails /CéQ. So it remains
to show that ICéQ Yco-CQ entails /Cy. Suppose this is not the case and there is a Xcg-CQ g such that K; =q and ICéQ ¥ q.
We can assume q to be a smallest connected CQ with this property; in particular, no proper sub-CQ of q separates IC%Q and

K. Now, we cannot have KZ, k= q because this would contradict the fact that K, Tco-CQ entails KZ,. Then KZ, b g, and
so there is Z € M/ng such that Z [~ q. On the other hand, we have IL*JIIQQ = q. Take a homomorphism h: q — ILJrJI,CéQ.

As q is connected, Z (~ q and IICéQ = q, there is a variable x in q such that h(x) = a. For every variable x with h(x) =a, we

remove Jx from the prefix of q if any. Denote by q' the maximal sub-CQ of q such that h(q') € Z (more precisely, S(y) € q
is in q' iff h(y) € AT). Clearly, q' S q and K3 =q'. Denote by q” the complement of q’ to q. Obviously, h(q”) < IICéQ'

Now, we either have ICéQ =q or IC}Q ¥ q'. The latter case contradicts the choice of q because q’ is a proper sub-CQ
of q. Thus, IC%Q = q/, and so there is a homomorphism h': q' — IlCéQ with h’'(x) = a, for every free variable x. Define a
map g: q— IIQQ by taking g(y) =h'(y) if y is in ¢’ and g(y) = h(y) otherwise. The map g is a homomorphism because
all the variables that occur in both q' and q” are free and must be mapped by g to a. Therefore, I/CéQ = q, which is a
contradiction. O

Observe that our undecidability proof does not work for UCQs as the UCQ composed of the two disjunctive branches
shown in Fig. 2 (for non-trivial instances) distinguishes between the KBs independently of the existence of a tiling. In
Section 5, we show that, for UCQs, entailment is decidable.

4.2. Undecidability of rCQ-entailment and inseparability with respect to a signature X

It is not difficult to see that the KBs ICQ:Q and IC%Q constructed in the undecidability proof for CQ-entailment cannot be

used to prove undecidability of rCQ-entailment. In fact, IC%Q 2co-rCQ entails ICZQ, for any instance of the rectangle tiling
problem. We now sketch how the KBs defined above can be modified to show that rCQ-entailment and inseparability are
indeed undecidable. Detailed proofs are given in the appendix.

Theorem 22. (i) The problem whether an £L KB -rCQ entails an ALC KB is undecidable.
(ii) Z-rCQ inseparability between £L and ALC KBs is undecidable.

Proof. For (i), we do not use the role name P but add R(a,a) and Row(a) to the ABox {A(a)}. The CQs q,, are modified by
adding a conjunct R(y, xo) with answer variable y to q,. In more detail, suppose that an instance ¥ of the rectangle tiling
problem is given. Let

Arcq = {R(a,a), Row(a), A(@)} U {To(@) | T € T), (20)
let ’7;%Q contain the Cls (5)-(16) of 7'c2Q as well as
A C 3R.(Rown3R.I), 21)

and let IC?CQ = (ﬂﬁq, Arcq). Note that the loop R(a,a) in A;cq plays roughly the same role as the path between two

Start-points in the previous construction (see Fig. 2). The existence of a tiling can now be checked by the rCQs
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Az;% | End
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Fig. 4. The structure of models Z; and Z; of K3, and homomorphisms h;: q;, — Z; and h;: g, — Z;.

n
4, (y) = 3 (R(y.x0) A /\ (R(xi, Xi41) A Bi(%0) A End(xn31)).
i=0
where B; € {Row} U {Tk |T €%,k=0,1,2}, for which we have an analogue of Lemma 18 for IC2 . The structure of the two
homomorphisms is shown in Fig. 4. Note that the CQ encodes the first row two times. Now, we take ICrCQ (7;CQ’ Arcq),
where ’TrlQ contains the following Cls (recall that we set Xg = {Row} U {T,( | Te%,k=0,1,2}):

AC3R.D n 3R3R.E, (22)
DC3R.D N 3IRIARE M |_| X, (23)
XeXp
EC3R.EnN [ | X n End. (24)
XeXy

The canonical model I’CECQ of ICECQ is shown below:

A,Row, Ty g %o, D R %o, D R %, D

RC;I I;I RT I;T ...................

O\A"o\k‘o\;‘ko\kfw‘k

We set ¥icq = sig(K! cQ) Again, one can show Lemma 19 for IC rcQ and ICrCQ The proof of (ii) is similar to the non-rooted
case and given in the appendix. O

4.3. Undecidability of (r)CQ-entailment and inseparability for full signature

The KBs used in the undecidability proofs above trivially do not X-CQ-entail each other for the full signature X. For
example, the answer to the CQ 3y3z(P(a, y) A R(y, 2) A L(2)) is ‘yes’ over IC o and ‘no’ over IC1Q To establish undecid-
ability results for separating CQs with arbitrary symbols, we modify the KBs constructed above. We follow [57] and replace
the non-X-symbols by complex .ALC-concepts that, in contrast to concept names, cannot occur in CQs. Let " be a set of
concept names. For any B €T, let Zg be a fresh concept name and let Rg and S be fresh role names. The abstraction of B
is the ALC-concept

Hp = VRp.3S5.—Zp.

The T-abstraction C'' of a (possibly compound) concept C is obtained from C by replacing every B € I' with Hg. The
[-abstraction 71T of a TBox 7 is obtained from 7 by replacing all concepts in 7~ with their I'-abstractions. We associate
with I' an auxiliary TBox

78 = {TC3Re.T, TC3Sp.Zp | BeT}

and call 71T U 7}3 the enriched T'-abstraction of T for T'. In what follows, we are going to replace TBoxes 7 with their
enriched I'-abstractions. We say that a TBox 7 admits trivial models if any interpretation Z with XZ = @, for any concept or
role name X, is a model of 7. The TBoxes used in the undecidability proofs above admit trivial models.
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Theorem 23. Suppose K1 = (71, A) and K2 = (T2, A) are ALC KBs and T a signature such that sig(A) C X, T'=sig(T1UT2)\ X
contains no role names, and 77 and T, admit trivial models. Let ICI.TF = (77“ uTs, A), fori =1, 2. Then the following conditions are
equivalent:

(1) K1 Z-(r)CQ entails ICy;
(2) ICIF full signature (r)CQ entails ICgF.

Proof. We start by defining the I'-abstraction Z'T and the I'-instantiation Z'T of an interpretation Z. The latter is defined
in the same way as Z except that BI" = HgZ, for all B €T. It is straightforward to show the following.

Fact 1. For all ALC concepts D over the signature sig(X; U K>) and all d € AZ, we have d e DX iff d e (D'T)Z. In
particular, if Z is a model of ICI.TF, then Z'T is a model of K;, for i =1, 2.

We now define the interpretation Z'T. The domain AZ'" of Z'T is the set of words w = dvi - - vy such that d € AZ and
v; € {Rg, Sp, Sg | B € '}, where v; = Sp if either (i) i > 2 or (ii) i =2 and d & BT or v # Rp. Then

AT — AZ, for all concept names A € sig(KC1 U K2) \ T;
BZ" — ¢, for all concept names B € I';
z5T" = 75T U {w | tail(w) = Sg}, for all concept names B € I';
sT" — sT forall role names S ¢ (R, Sg | B € T'});
RBITF = RpZ U {(w, wRp) | wRp € AITF}, for all concept names B € T';

r r _ _ r
s = spTU{(w, wSg) | wSg e AT JU {(w, wSg) | wSg € AZ"}, for all concept names B € T".
By the construction of Z'T, we have HBITr = BZ, for all concept names B € I'. For the interpretation Z below consisting

of two elements d; and d, with dq € BT and dy € (—-B)I and I' ={B}, the I-abstraction Z'T can be depicted as follows,
where the grey points @ correspond to the words of the form wSg:

I 7T
B -B d dy

Y

Sp B
Zg
Rp /\98 Rp ]
Zp Zp
B S B RIJ\YB Rzﬁfﬂ Rgl \SB

Sp Sg I/XSB Rp
Zp Zg Zg Zp
Ss Rpl \Ss RJ\{B RJ\SB Rs/ \Sz Rs/ \S& RB/\sB RB/\sB RB/\

Zp

Sp|Ss Rp

Fact 2. For all ALC concepts D over the signature sig(’; UK,) and all d € AT, we have d € (D“ﬂ)zTr iff d € DZ. Moreover,
if 7 is a model of K;, then Z'T is a model of IC,.TF, fori=1,2.

Proof of Fact 2. For the ‘moreover’-part, observe that, for CC= D € 7; and d € AT, we have that d € (CTI‘)ITr implies d €
(DTTYZ'™ by the first part of Fact 2. For d € AZ" \ AZ, observe that d ¢ HZ'" for any BT, d ¢ AZ" and any concept
name A € sig(K1 UKy), and (d,d’) ¢ RZ" for any d’ and role name R € sig(X\y UK3). Thus, if CED e 7; and d € cZ" then
it follows from the condition that 7; admits trivial models that d € DZ'" . Thus Z'T is a model of 7,TTF. Since Z'T is a model
of 7,2 by construction, it follows that Z'T is a model of 7;'" U 73.

We collect further basic properties of the interpretations Z'" and Z'T. In the formulation and proofs of Facts 3-6 below,
the homomorphisms are always constructed in such a way that individual names are preserved. For simplicity, we do not
state this explicitly.

Fact 3. Let Z, J be interpretations and n > 0. If 7 is n-homomorphically embeddable into .7, then Z'T is n-homomorphically
embeddable into 71T,

Proof of Fact 3. Suppose n > 0 and Z is n-homomorphically embeddable into 7. Let Z’ be a subinterpretation of Z'"" with
|AZ'| < n. For the subinterpretation Z” of Z induced by Ag = AZ N AT there exists a homomorphism hg from Z” to 7.
We extend hg to a homomorphism h from Z’ to 7T inductively as follows. Suppose d € AT \ AT and h(d) has not yet
been defined, but there is no Rz or Sp-predecessor of d in Z'T for which h(d) has not been defined. We distinguish three
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cases (which are mutually exclusive by the construction of Z'T). If (i) h(d’) has been defined for an Rp-predecessor d’ of
d in 7, then choose an Rp-successor e of h(d’) in 7T and set h(d) = e. Observe that such an Rg-successor exists by the
construction of J1T. If (ii) h(d’) has been defined for an Sg-predecessor d’ of d in Z’, then choose an Sg-successor e of
h(d) in J'T such that e € Zz7"" and set h(d) = e. Again such an Sg-successor exists by the construction of 7T (iii) There
does not exist any Rg or Sg-predecessor of d in Z’ for which h has been defined. In this case, choose h(d) arbitrarily in
JM such that if d e ZBITF, then h(d) € ZBJTF. Such a d exists since 23‘7Tr # (). The resulting map is a homomorphism
from 7’ to J1T.

Fact 4. Let 7 be a model of 1T, for K € {K1, K2}. Then (Z¥1)'T is homomorphically embeddable into Z.

Proof of Fact 4. Let hg be the identity mapping from Z'I to Z (observe that AT = AT). One can now extend hg to a
homomorphism h from (Z+")!T to Z in the same way as in the construction of h in the proof of Fact 3 above.

Fact 5. Let K € {K1, K2}. If M is complete for /C, then {Z'T | Z € M} is complete for C'T.

Proof of Fact 5. Suppose 7 is a model of KT, By Proposition 6, it suffices to show that, for any n > 0, there is Z € M such
that Z'T is n-homomorphically embeddable into 7. Fix n > 0 and consider the interpretation 7+I. By Fact 1, ‘' is a
model of K and so there exists a model Z of K such that Z is n-homomorphically embeddable into 7'T. But then, by
Fact 3, Z'T is n-homomorphically embeddable into (7+")'T which, by Fact 4, itself is homomorphically embeddable into
J. Thus, Z'T is n-homomorphically embeddable into 7. By Fact 2, Z'T is a model of 1T

Fact 6. Let M; be families of interpretations with XZ = ¢, for all Z € M; and all concept and role names X with X & sig(Cy),
i =1, 2. Then the following conditions are equivalent:

(a) [[ M3 is nZ-homomorphically embeddable into [ M1, for all n > 0;
(b) [[{Z'" | Z € M3} is n-homomorphically embeddable into [J{Z'T | Z € M4}, for all n > 0.

Proof of Fact 6. Suppose M1 ={Z; |iel} and My ={Jj|je J}.

Assume first that (a) holds and let J is a subinterpretation of ]_[{\7jTF | j € J} with |A7| <n. We have to construct a
homomorphism from J to ]_[{II.TF | i € I}. There is a ¥-homomorphism hg from the subinterpretation 7’ of [ My induced
by AT N AlIMz o [1M;. By definition, hg is a homomorphism from the subinterpretation 7" of ]‘[{jjTr | j € J} induced
by A N AlTM2 to ]_[{Ifr |i eI} (the only difference between 7’ and (J” is that B7” =@ for all B e I'). Following the

proof of Fact 3, one can now expand hp to a homomorphism h from J to 1_[{11.TF |iel}.

Conversely, assume that (b) holds and assume that 7 is a subinterpretation of [[M> with |A7| <n. We have to
construct a X-homomorphism from 7 to [[M;i. There is a X-homomorphism hg from the subinterpretation 7’ of

1_[{‘7],le | j € J} induced by A7 to ]_[{Il.TF | i € I}. To obtain from hg the required £-homomorphism h, we have to re-define

ho(d) for any d with ho(d) e AIIIZ" lieh \ AITM1_ Consider such a d. Observe that ho(d) & BINZ" i€l for any concept

AT,
name B € X and hg(d) is not in the range or domain of any RIIZ i€ for any role name R € X. But then, since hg is
a »-homomorphism, d ¢ B for any concept name B € ¥ and d is not in the range or domain of R for any role name
R € =. Thus, we can choose h(d) arbitrarily in AITM1 and obtain the required $-homomorphism.

For CQs, Theorem 23 now follows directly from Theorem 17 (3) and Facts 5 and 6. Note that we can consider sets M; of
interpretations that are complete for &; such that XZ = ¢, for all Z € M; and all concept and role names X with X ¢ sig(K;),
i=1, 2. For rCQs, we use Theorem 17 (4). O

Now, to prove undecidability of full signature (r)CQ entailment and inseparability, we apply Theorem 23 to the KBs
constructed in the proofs of Theorems 20, 21 and 22. Note that the KBs (IC%Q)Tr with T = sig(lCéQU IC%Q) \ Zcq and

(Kl with T'=sig(Klq U KZo) \ Ercq are still ££-KBs since Tcq = sig(Ky) and Zicq =sig(Kley)-
Theorem 24. (i) The problem whether an £ L KB full signature-(r)CQ entails an ALC KB is undecidable.
(ii) Full signature-(r)CQ inseparability between £ L and ALC KBs is undecidable.

5. Decidability of (r)UCQ-entailment and inseparability for .ALC KBs

We show that, in sharp contrast to the case of (r)CQs, £-(r)UCQ-entailment and inseparability of .ALC KBs are decidable
and 2ExPTIME-complete. We start by proving a new model-theoretic criterion for X-(r)UCQ entailment that replaces finite
partial X-homomorphisms by X-homomorphisms and uses the class of regular forest-shaped models for the entailing KB
K1 and the class of forest-shaped models for the entailed KB /C;. We then encode this characterisation into an emptiness
problem for two-way alternating parity automata on infinite trees (2APTAs) by constructing a 2APTA that accepts (represen-
tations of) forest-shaped models of the entailing KB into which there is no X-homomorphism from any forest-shaped model
of the entailed KB. Rabin’s result that such an automaton accepts a regular model iff it accepts any model will then yield
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the desired 2EXPTIME upper bound for (r)UCQ-entailment. Matching lower bounds are proved by a reduction of the word
problem for exponentially space bounded alternating Turing machines. Finally, we show that the same tight complexity
bounds still hold in the full signature case.

5.1. Model-theoretic characterisation of (r)UCQ-entailment based on regular models

We show that finite partial homomorphisms can be replaced by homomorphisms in the characterisation of -(r)UCQ
entailment between ALC-KBs given in Theorem 17 if one considers regular forest-shaped models of the entailing KB x4
and forest-shaped models of the entailed KB K. Recall that, by Proposition 9, the class M;ég of regular forest-shaped models
of outdegree < |7 is complete for any ALC-KB K = (T, .A). We also show that if X contains all role names in the entailed
KB, then X-rUCQ entailment coincides with X-UCQ entailment. This allows us to transfer our 2EXPTIME lower bound from
the non-rooted to the rooted case.

Theorem 25. Let K1 and K be ALC-KBs and X a signature.

(1) K1 Z-UCQ entails IC; iff, for any 77 € M;é‘f, there exists 7, € M’,JC"2 that is ¥-homomorphically embeddable into Z; preserving
ind(/Cy).

(2) K1 Z-rUCQ entails Ky iff, for any 71 € M;ggl, there exists 7, € Ml,’c"2 that is con-X-homomorphically embeddable into 71 pre-
serving ind(KCy).

Proof. We only prove (1) as the proof of (2) is similar. The direction (<) follows from Theorem 17 and the facts that M;ﬁf

and Ml,’c"2 are complete for KC; and /Cy, respectively (Propositions 8 and 9). To show (=), suppose that Ky X-UCQ entails

Ky and let Z; € Mff. We construct 7, € M’,’é’z and a X-homomorphism h from Z, to Z; preserving ind(/C;). By Theorem 17
(1) and Propositions 8 and 9, we have
() for any n > 0, there exists a model 7 € M?gz that is nX-homomorphically embeddable into Z; preserving ind(K>).

Denote by J|<; the subinterpretation of an interpretation J € Ms’c"z induced by the domain elements of 7 connected to
ABox individuals in ind(KC2) by paths of role names (possibly not in X) of length < n. A (X, n)-homomorphism h from J to Z;
preserving ind(/Cy) is a X-homomorphism preserving ind(X;) whose domain is a finite subinterpretation of 7 that contains
J\<n. Let Ey be the class of pairs (J,h) with J e Mﬁ’é’z and h a (¥, n)-homomorphism from 7 to Z;. By (%), all E, are
non-empty. We may assume that for (Z,h), (7, f) € Up>0 En, if Zj<n and Jj<, are isomorphic then Zj<;, = J|<p, for all
n > 0. We define classes ©,, C Um>n Em, n >0, with ®p 2 ®1 D --- such that the following conditions hold:

(@) ®, N Ep # 0 for all m >n;
(b) Zj<n = J\<n and h|<p = f<, for all (Z, h), (7, f) € ®, (here and below, h|<, denotes the restriction of h to Zj<p).

Let ®g be the set of all pairs (7, h) such that (J,h) € Eg. Our assumptions imply that ®¢ has the properties (a) and (b)
because h(a?) = aZ holds for every T-homomorphism h preserving ind(Xz) and all ABox individuals a € ind(Ky). Suppose
now that ® is defined and satisfies (a) and (b). Define an equivalence relation ~ on ®; N (Umzn+1 Em) by setting (Z, h) ~
(I, ) if Zy<pt1 = Jj<n41 and, for all x e A=+ \AJIS", the following holds: h(x) and f(x) are always roots of isomorphic
ditree subinterpretations of Z; and if, in addition, either h(x) € ind(K1) or f(x) €ind(XC1), or there is a y € A7I=n such that x
is an R-successor of y in Jj<n+1, for some role name R € %, then h(x) = f(x). By the finite outdegree and regularity of Z;,
the properties (a) and (b) of ®;, and the finite outdegree of all .7 such that (7, h) € E,, the number of equivalence classes
for ~ is finite. Hence there exists an equivalence class ® satisfying (a). Clearly, we can modify the (X, n)-homomorphisms
h, f in the pairs (Z,h), (J, f) € © in such a way that h(x) = f(x) holds for all x € ATisnt1 \ AJi=n while preserving the
remaining properties of ®. The resulting set of pairs satisfies (a) and (b).
We define an interpretation Z as the union of all J|<, such that there exists (7, h) € ©,, n>0:

AR = J{aT= 30 (T h) e Oy }:

n>0
AT — U {A71= | 3h (7, h) € ©, }, for all concept names A;
n>0
R — U {R7=" | 3h (7, h) € ®,, }, for all role names R.
n>0
Using Conditions (a) and (b) and the fact that the sequence ®g, ®1,--- is decreasing, it is straightforward to show that

I, € Mﬁ’c"z. Define a function h from Z, to Z; by setting

h=J{M= 3T (T.h) €O, }.

n>0
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It follows from Condition (b) that h is well defined. It is readily checked that h is a X-homomorphism from Z, to Z;
preserving ind(KCy). O

Lemma 26. Let K1 and K2 be ALC-KBs and X a signature containing all role names in sig(XCy). Then K1 X-UCQ entails ICy iff Kq
¥-rucCQ entails IC,.

Proof. Suppose K7 X-rUCQ entails K1. By Theorem 25, it suffices to prove that, for any Z; M;éf, there exists 7, € M’,JC"2
reg
K’
there exists 7, € Ml,’c"2 that is con-X-homomorphically embeddable into Z; preserving ind(K;). Moreover, as ¥ contains
the role names in sig(K;), we may assume that every u € ALz is T-connected to the ABox Ay of Ky. But then 7, is
con-X-homomorphically embeddable into Z; preserving ind(/Cy) iff it is £-homomorphically embeddable into Z; preserving
ind(XCy), as required. O

that is X-homomorphically embeddable into Z; preserving ind(XC;). By Theorem 25, we know that, for any Z; e M

5.2. 2EXPTIME upper bound for (r)UCQ-entailment with respect to signature *

We use the model-theoretic criterion of Theorem 25 to prove a 2EXPTIME upper bound for (r)UCQ-entailment between
ALC-KBs with respect to a signature . We focus on the non-rooted case and then discuss the modifications required for
the rooted one. Let K1, K2 be ALC-KBs and X a signature. We aim to check if there is a model Z; € M;é‘f into which no

model 7, € Ml,’c"1 is ©-homomorphically embeddable. In the following, we construct an automaton 2l that accepts (a suitable
representation of) the desired models Z;. It then remains to check whether the language £(2l) accepted by 2l is non-empty.
Note that £(2l) contains also non-regular models, but a well-known result by Rabin [58] implies that, if £(2() is non-empty,
then it contains a regular model, which is sufficient for our purposes.

We use two-way alternating parity automata on infinite trees (2APTAs) and encode forest-shaped interpretations as
labelled trees to make them inputs to 2APTAs. Let IN denote the positive integers. A tree is a non-empty (possibly infinite)
set T € IN* closed under prefixes. The node ¢ is the root of T. As a convention, for x € N*, we take x-0=x and (x-i)-—1 =x.
Note that & - —1 is undefined. We say that T is m-ary if, for every x € T, the set {i | x-i € T} is of cardinality exactly m.
Without loss of generality, we assume that all nodes in an m-ary tree are from {1,...,m}*.

We use [m] to denote the set {—1,0,...,m} and, for any set X, let B7(X) denote the set of all positive Boolean formulas
over X, i.e., formulas built using conjunction and disjunction over the elements of X used as propositional variables, and
where the special formulas true and false are allowed as well. For an alphabet I', a I"-labelled tree is a pair (T, L), where T
isatree and L: T — I' a node labelling function.

Definition 27. A two-way alternating parity automaton (2APTA) on infinite m-ary trees is a tuple 2 = (Q, T, §é, qo, c), where
Q is a finite set of states, I' a finite alphabet, §: Q x I' — BT (tran(2)) the transition function with the set of transitions
tran(?) = [m] x Q, qo € Q the initial state, and c : Q — N is the acceptance condition.

Intuitively, a transition (i, q) with i > 0 means that a copy of the automaton in state q is sent to the i-th successor of
the current node. Similarly, (0, g) means that the automaton stays at the current node and switches to state ¢, and (—1, q)
indicates moving to the predecessor of the current node.

Definition 28. A run of a 2APTA 2= (Q, T, 8, qo, ¢) on an infinite I'-labelled tree (T, L) is a T x Q -labelled tree (T;, r) such
that the following conditions are satisfied:

- 1(e) = (&, q0);
- ifyeT,, r(y)=(x,q), and 8(q, L(x)) = ¢, then there is a (possibly empty) set Q = {(c1,q1),---, (Cn, qn)} C tran(2A) such
that Q satisfies ¢ and, for 1 <i<n, x-¢; is a node in T, and there is a y -i € T, such that r(y -i) = (x- ¢i, q;)-

We say that (T,,r) is accepting if in all infinite paths y1y,--- of Tr, min({c(q) | r(y;) = (x, q) for infinitely many i}) is even.

An infinite I'-labelled tree (T, L) is accepted by 2l if there is an accepting run of 21 on (T, L). We use L£(2() to denote the
set of all infinite I'-labelled trees accepted by I.

We require the following results from automata theory:

Theorem 29 ([58,59]).

1. Given a 2APTA £, one can construct in polynomial time a 2APTA B with L(®8) = L(2().
2. Given a constant number of 2APTAs 214, . .., %, one can construct in polynomial time a 2APTA A such that L&) =L(2;)N---N
L(2Ao).
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3. Emptiness of 2APTAs can be decided in time single exponential in the number of states.
4. For any 2APTA 2, L(21) # @ implies that L(2() contains a regular tree.

Now, let I be the alphabet with symbols from the set

{root, empty} U (ind(KC1) x 2SNy U (RN(T7) x 2Ny,

where CN(7;) (respectively, RN(7;)) denotes the set of concept (respectively, role) names in 7;. We represent forest-shaped
models of 77 as m-ary I'-labelled trees, with m = max (|77, |ind(K1)|). The root node labelled with root is not used in the
representation. Each ABox individual is represented by a successor of the root labelled with a symbol from ind (K1) x 26N,
non-ABox elements are represented by nodes deeper in the tree labelled with a symbol from RN(77) x 26N(7D_ The label
empty is used for padding to make sure that every tree node has exactly m successors.

We call a I'-labelled tree proper if it satisfies the following conditions:

the root is labelled with root;

for every a € ind(A;), there is exactly one successor of the root that is labelled with a symbol from {a} x 26N(71); all of
the remaining successors of the root are labelled with empty;

all other nodes are labelled with a symbol from RN(77) x 26N or with empty;

if a node is labelled with empty, then so are all of its successors.

A proper I'-labelled tree (T, L) represents the following interpretation Z(t 1):

ATaD =ind(A)U{x e T | |x| > 1 and L(x) # empty},
ATon ={q|IxeT:L(x)=(a,t) withAet)U{xe T |L(kx)= (R, t)withAet},
RIa.L ={(a,b)|R(a,b) € A1}U

{(a,ij)|ijeT, L(i)=(a,t1), and L(ij) = (R, t2)} U

{(x,xi) |xi e T, L(x) =(S,t1), and L(xi) = (R, t2)}.

Note that Z(7 1) is a forest-shaped interpretation of outdegree at most | 77| that satisfies all required conditions to qualify
as a forest-shaped model of 77 except that it need not satisfy 77. In addition, the interpretation Zr 1) is regular iff the tree
(T, L) is regular (has, up to isomorphisms, only finitely many rooted subtrees). Conversely, every model Z € M%’l can be
represented as a proper m-ary I'-labelled tree. Note that the assertions from .41 are not explicitly represented in (T, L), but
readded in the construction of Z(t ).

The required 2APTA 2/ is assembled from the following three automata:

- a 2APTA 2l that accepts an m-ary I'-labelled tree iff it is proper;

- a 2APTA 2, that accepts a proper m-ary I'-labelled tree (T, L) iff Z(r 1) is a model of 77;

- a 2APTA 2, that accepts a proper m-ary I'-labelled tree (T, L) iff there is a model Z, € Ml,’gz that is ¥-homomorphically
embeddable into Z(r 1) preserving ind(KCy).

The following result shows that we would achieve our goal once we have constructed 2lp, (1, and 2[; and then define 2( in
such a way that L) = L(Rlo) N L(A1) N L(2A).

Lemma 30. The following conditions are equivalent:

(1) L&) NLE) NLE) =1,

(2) for each model Z; € M;’C"], there exists a model 7 € M?é’z that is X-homomorphically embeddable into Z; preserving ind(Ky),

(3) for each regular model 7 € Mb"l, there exists a model 7, € M’,JC"2 that is ¥-homomorphically embeddable into Z; preserving
ind(KCy),

(4) K1 X-UCQ-entails 5.

Proof. (1) < (2) follows from the properties of g, 24, 2A2; (1) < (3) follows from the properties of 2, A1, 2, and
Rabin’s Theorem [58]; and (3) < (4) is Theorem 25. O

The construction of 2o is trivial and left to the reader. The construction of 2; is quite standard [51]. Let C7; be the
negation normal form (NNF) of the concept

[1 (=CuD)

CCDeTy
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and let cl(C7;) denote the set of subconcepts of C;, closed under single negation. Now, the 2APTA 21 = (Q, T, 4, qo,¢) is
defined by setting

Q =1{q0.91, 95} U {g*.q%, %, ¢ |a eind(A1), C €cl(C), R € RN(T7)}

and defining the transition function § as follows:

8(qo, root) = /\ (i, q1),

i=1

8(q1,0) = ((0,gp) v (0,4“T)) A /\ (. q0), m
. i=1 8(q™C, root) = \/ (i, ™),
3@ @Un=\/(G.aYAGaNv \/ (1.4, 5q*C. (a.U)) = (0.45).
= fabed 5(q*, (x, U)) =true, if A€ U,
8(g™4, (x,U)) =true, if A¢ U,
8(@R, (R, U)) =true,

8(q°, (x,U)) = (0,4%) A (0,4,
8(q°UC, (x, U)) = (0,4%) v (0,9,

8@, @ Uy = A\ a v E.a7*vaEaNA N\ (1,49,

i=1 R(a,b)e A4 ZR .
m 8(q7",(S,U)) =true, if R#S,
8@, (5.U) = \/(.a") A (1. g, 3(ap. empty) = true,
i=1
m
5(q™RC, (S, U)) = /\((i, an v G,qa7® v (i, %)), 8(q, t) =false, forallotherge Q, £€eT.

i=1
Here x in the labels (x, U) stands for an individual a or for a role name S, and ¢ in the second transition is any label
from I'. The acceptance condition c is trivial (c(q) =0 for all g € Q). It is standard to show that 2(; accepts the desired tree
language.
To construct 2, we use the notation introduced in the proof of Proposition 9. Note that the set type(72) of 7>-types can
be computed in time single exponential in |/C3|. A completion of K, is a function 7: ind(Az) — type(72) such that, for any
a € ind(Ay), the KB

(ru  J  (Aca, Au | (Ad@})

acind(A3),Cet(a) acind(A3)

is consistent, where A, is a fresh concept name for each a € ind(A3). Denote by compl(K,) the set of all completions of y;
it can be computed in time single exponential in |/C;|.

We now construct the 2APTA 2l,. It is easy to see that if there is an assertion R(a, b) € A3 \ A; with R € X, then no
model of I is X-homomorphically embeddable into a forest-shaped model of K preserving ind(K;). In this case, we
choose 2, so that it accepts the empty language. Suppose there is no such assertion. It is easy to see that any model 7,
of C; such that some a € ind(K3) \ ind(XC1) occurs in S22, for some symbol S € %, is not £-homomorphically embeddable
into a forest-shaped model of I preserving ind(/C,). For this reason, we should only consider completions of I, such that,
for all a € ind(Ky) \ ind(K1), T(a) contains no X-concept names and no existential restrictions 3R.C with R € X. We use
comply (C3) to denote the set of all such completions. We define the 2APTA 2; = (Q, T, 4, qo, ¢) by setting

Q ={qo} U {q®*, q®*, ft |aeind(Ay), t etype(Tz), R € RN(T3) N T}

and defining the transition function § as follows:

V A Vo,

Tecomply (K2) acind(Az)Nind(Aq) i=1

AV (Vadtsy /e A AV o,

é(qo, root)

8(q**, (a. U))

EIg.ECEet sesuccap.c(t) i=1 R(a,b)e.Aq Hﬁé%e:t sesuccag.c(t)
m
st sy = A\ VadHa A/ 0.5,
Elg.e(fzet sesuccag.c(t) i=1 3§,¢C§t sesuccag.c(t)

where the last two transitions are subject to the conditions that every X-concept name in t is also in U,
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81, v, U0) = 0,¢"H Vv \/G fHV (-1, fH,

i=1

8(f*,ro0t) = \/ @i, f,
i=1

m
8(q™*, root) = \/(i,q™"),
i=1

3(q,¢) = false, forallotherqe Q and¢eT,

where v is an individual a or a role name S. Note that the states f* are used to find non-deterministically the homomorphic
image of X-disconnected successors in the tree. Finally, we set c(q) = 0 for ¢ € {qo,¢**, ¢®} and c(f*) =1.

Lemma 31. (T, L) € L(y) iff there is a model T, € Ml,’c"2 such that Z, is X-homomorphically embeddable into Z(t 1y preserving
ind(Kz).

Proof. (=) Given an accepting run (T, r) for (T, L), we can construct a model Z, € M‘,’C"2 and a X-homomorphism h from
7, to Z(t,1. Intuitively, the type t of a in Z; is given by the child y, of ¢ in T, with r(yq) = (Xq, g%, and the tree-shaped
part of 7, is defined inductively as follows. If an element d of 7, has type t and y4 € Tr, then for each 3R.C € t such that
R € %, d has an R-successor d’ whose type s € succag.c(t) is determined by a child yg of y4 in T, with r(yg) = (xa, q"5),
for some v. Moreover, for each 3R.C € t such that R ¢ %, d has an R-successor d’ whose type s € succag ¢ (t) is determined
by the descendants yi,...,¥n, ya of yq in Ty, n > 1, with r(y;) = (x;, f%), 1 <i <n, and r(yg) = (Xg,q"5) for some v.
The homomorphism h is defined by taking the identity on individual names, and setting h(d) = a if r(yq) = (x4, q*%), and
h(d) = xq if r(yq) = (x4, g®*). Observe that due to the accepting condition for which c(f*) = 1, the automaton cannot remain
forever in the states ff, and so has to eventually find the homomorphic image of X-disconnected successors in the tree.

(<) Suppose there is a model 7, € Ml,’c"2 such that 7, is X-homomorphically embeddable into Zr 1) preserving ind(K3).
It is straightforward to construct an accepting run for (T, L) by using Z, as a guide. O

The constructed automaton 2l has only single exponentially many states. Thus, by Theorem 29, checking its emptiness
can be done in 2EXPTIME.

Theorem 32. The problem whether an ALC KB %-UCQ entails an ALC KB is decidable in 2EXPTIME.

We now briefly discuss the modifications needed in the automata construction to obtain the same upper bound for
¥-rUCQ entailment. In the rooted case, we modify the automaton %, in such way that it does not attempt to construct a
¥ -homomorphism when reaching X-disconnected successors. Thus, the set Q of states of 2, does not contain f!, and the
transition function is simplified accordingly. In particular, in the definition of the transitions §(q**, (x, U)), for x € {a, S}, the
second set of conjunctions for 3R.C €t and R ¢ ¥ is omitted.

Theorem 33. The problem whether an ALC KB X-rUCQ entails an ALC KB is decidable in 2EXPTIME.

Our characterisation of X-(r)UCQ entailment using automata also allows us to formulate Theorem 25 without the restric-
tion to regular interpretations. For UCQs, this is a consequence of Lemma 30 and, for rUCQs, one can prove an analogous
lemma.

Theorem 34. Let K1 and K be ALC KBs and X a signature.

(1) K1 Z-UCQ entails IC; iff, for any 77 € Mb"l, there exists 7, € M’,’C"2 that is ¥-homomorphically embeddable into Z; preserving
ind(KCy).

(2) Ky XZ-rUCQ entails IC; iff, for any Z; € Mb"], there exists 7, € M’,JC"2 that is con-X-homomorphically embeddable into Z; pre-
serving ind(KCy).

5.3. 2EXPTIME lower bound for (r)UCQ-entailment and inseparability with respect to a signature

We first show a 2EXpTIME lower bound for ¥£-UCQ entailment between ALC KBs by giving a polynomial reduction of
the word problem for exponentially space bounded alternating Turing machines. Using Lemma 26, we obtain the same
lower bound for rUCQs. We then modify the KBs from the entailment case to obtain 2ExpTIME lower bounds for X-(r)UCQ
inseparability.
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An alternating Turing machine (ATM) is a quintuple of the form M = (Q, '}, T, qo, A), where the set of states Q = Q3 W
Qv W{qe} W {q;} consists of existential states in Qg, universal states in Qy, an accepting state qq, and a rejecting state qr; I';
is the input alphabet and T" O I'; the work alphabet containing a blank symbol [J; qo € Q3 U Qy is the starting state; and the
transition relation A is of the form

A S (Q\{qa,qrD) xT'x Q x ' x {1, +1}.

We write A(q, o) to denote {(¢/,c’,m)|(q,0,q,0’,m) € A} and assume without loss of generality that every set A(q, o)
contains exactly two elements. A configuration of M is a word wqw’ with w, w’ € I'* and q € Q. The intended meaning
is that the tape contains the word ww’, the machine is in state g, and the head is on the symbol just after w. The
successor configurations of a configuration wqw’ are defined in the usual way in terms of the transition relation A. A halting
configuration is of the form wqw’ with q € {qq, g-}. A configuration wqw’ is accepting if it is a halting configuration and q =
gq or g € Qv and all of its successor configurations are accepting or q € Q3 and there is an accepting successor configuration.
M accepts input w if the initial configuration qow is accepting. There is an exponentially space bounded ATM M whose word
problem is 2EXpTiME-hard.

Theorem 35. The problem whether an ALC KB K1 Z-(r)UCQ entails an ALC KB K3 is 2EXPTIME-hard.

Proof. We only consider the non-rooted case; the rooted case follows using Lemma 26 since the signature ¥ in our proof
contains all the role names used in the entailed KB K,. The proof is by reduction of the word problem for exponentially
space bounded ATMs. Let M = (Q,I';, T, qo, A) be such an ATM. We may assume without loss of generality that

- the length of every (path in a) computation of M on w € I';" is bounded by 22"

- all the configurations wqw’ in such computations satisfy |[ww’| <2, see [60];

- M never attempts to move left of the tape cell on which the head was located in the initial configuration;

- the two transitions contained in A(q,o) are ordered and use &g(q,0) and 81(q,0) to denote the first and second
transition in A(q, o), respectively;

- the existential and universal states strictly alternate: any transition from an existential state leads to a universal state,
and vice versa;

- qo € Qs3;

- any run of M on every input stops either in g, or qr.

Let w € T';" be an input to M. We construct ALC TBoxes 71 and 7, and a signature X such that M accepts w iff there
is a model Z; of K1 = (71, {A(a)}) such that no model of Ky = (73, {A(a)}) is L-homomorphically embeddable into Z;. In
our construction, the models of KC; encode all possible sequences of configurations of M starting from the initial one and
forming a full binary tree. Hence, most of the models do not correspond to correct runs of M. The branches of the models
stop at the accepting and rejecting states. On the other hand, the models of /C; encode all possible local defects (such as
invalid configurations or incorrect executions of the transition function), after the first step of the machine, or after the
second step, and so on, or detect valid (hence without local defects) but rejecting runs. Then, if there exists a finite model
7Z; of Ky such that no model of X3 is ¥-homomorphically embeddable into Z; preserving {a}, we have that Z; represents
a valid accepting computation of M.

The signature ¥ contains the following symbols:

- the concept name A;

- the concept names Ao, ..., An—1, Ao, ..., Ap_1 that serve as bits in the binary representation of a number between 0
and 2" — 1, identifying the position of tape cells inside configurations (Ag, Ag represent the lowest bit);

- the concept names A, for o €T

- the concept names Ag s, foro eT"and g€ Q;

- the concept names X, X; to distinguish the two successor configurations;

- the role names R, S; R is used to connect the successor configurations, whereas S is used to connect the root of each
configuration with symbols that occur in the cells of it.

Also, we make use of the following auxiliary symbols that are not in :

- Bi, Bi, Bs, Bg.o: Gi, Gi, Go, Ggo: Co, Cqo for 0 €T, qeQ,and 0<i<n-—1,
B Lf' Dfrans' for£e{0,1}and 0<i<n-—1,
~ Ko, K, Stop, Y, D, D, Deonf, Derans, D, Dy, DY, Counteriy for m & {—1,0,+1}, Ep, Ec.

rej’
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Fig. 5. The structure of the models of Cq.

TBox 71. Each model of K1 encodes a binary tree of configurations of M. Thus, 77 contains the axioms:

AC3R.(Xon K)m3R.(X1 N K),
(Xo U X1) M =Stop T AR.(Xo N K) M3IR.(X1 N K),

K € 3S.(LY m Ap) m3S.(L M Ao),

Lf E3S.(L) ; MA ) N3S(LL NAy), for0<i<n—2, £€{0,1},

i+1
4
L, ,C oel“(Aa u e Ago),

Agy MAs E L, for o1 # 03,
AU1 n AQZ»UZ cl,
Agq,o0 MAg0, E L, for (QL 01) # (_1127 07),
A;j T VS.A;, A; CVS.A;,
3S".Ag,,o E Stop, 35" Ag,,o C Stop,

where 3S".A is an abbreviation for the concept 35.3S....3S.A (S occurs n times). The models of /; look as in Fig. 5,
where the grey triangles are the trees encoding configurations rooted at K except for the initial configuration. These trees
are binary trees of depth n, where each leaf represents a tape cell. For w = o7 - - - 0y, the initial configuration is encoded at
a by the following 77-axioms:

AT 3S.(LYN Ao Ko) M3S.(L) M Ag 1 Ko),
Ko C VS.Ko,
Komi(vala =0) C Agy,0q»
Kom(valg =1) C Ay, for1 <i<n-—1,
Korm(valp >n) C A,

where (vals = j) is the conjunction over A;, A; expressing the fact that the value of the A-counter is j, for j <2" —1.

TBox 7,. Each model of K, encodes (at least) one of four possible defects:

- invalid configuration defect D onf;

transition defect Dyqns encoding errors in executing the transition function;

- copying defect D,y encoding errors in copying a symbol not under the head;
a rejecting run defect Dp;.

The first three defects are used to filter out sequences of configurations that do not correspond to valid runs of M. These

defects are ‘local, and so they are connected to a via paths. Instead, the last defect is used to detect valid rejecting runs of

M, so it is ‘global’ and is represented by a tree. Thus, 7> contains the following axioms:
AC3R.(XonY)u3IR.(X;nY)uD? YCDuD, DmDE 1,

rej’

YNDE3IR.(XonY)uUIR.(X; 1Y), D E Donf U Drans U Deopy-
We now describe each of the defects separately, using the following abbreviations:

pos? = (BouBg)M---M(Bp_1UBn_1),  symbol® = |_I By, statef = |_| Bgo-
oel qeQ, oel

The abbreviations pos®, symbol® and state® are defined analogously using concept names G;, G;, Gg,0, and Gg.

Invalid configuration defect. D, is the simplest ‘local’ defect that encodes incorrect configurations, that is, configurations
with at least two heads on the tape. It guesses the first position of the head, the symbol under it and the state by means
of the concepts pos? and state®, and similarly, it guesses the second position using the corresponding concepts with the
superscript G. This information is stored in the symbols transparent to ¥ (By, Bx and Gy, Gy).
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(a) An invalid configuration defect. (b) A transition defect. (c) A rejecting run defect.

Fig. 6. Models of defects.

D conf C pos® rstate® m3s™.Ep mpos® nstate® m3S".Eg M (valp # valg),

where (valp # valg) stands for (Bg M Go) L (Go M Bg) U --- U (By—1 M Gp_1) U (Gp_1 M By_1) and ensures that the position
encoded using B-symbols is different from the position encoded using G-symbols.

All the symbols By and By, and Gy and Gy are propagated down the S-successors, and at the concepts Ep and Eg they
are copied into the S-symbols Ay and Ay:

By CVS.Bx, GxC VS.Gx, EBMBxC Ay, EGMGyC Ay, forxe{0,...,n—1}U{(q,0),0|q€ Q,0 €T},
BiCVS.Bi, GiCVS.G;, EgnB;C A;, EcNG;EA;, forie{0,...,n—1}. (25)
A (partial) model of an invalid configuration defect is shown in Fig. 6(a), for n = 3.
Transition defect. Given a (correct) configuration, Dqns encodes defects in a following configuration coming from an in-
correct execution of the transition function. It is also a ‘local’ defect, but it operates on two consecutive configurations. It
guesses the position of the head, the symbol under it and the state by means of the concepts pos® and state®, and also
guesses which of the two transitions is violated:

1
U D},

D rans C pos® nstate? m3s™.Eg n (DY ans)-

trans

Then, given the current state and the symbol under the head, the transition defect guesses the result of an incorrect
execution of the transition function. The defective value at the successor configuration is stored in symbols C, while the
relative position of the defect is stored in Countery,, for m € {—1,0, +1}. Thus, for §,(q,0) = (q¢, 0¢, mg), £ € {0,1}, my €
{—1, +1}, we have

D¢
Bg.o N D

C 3R.(X*m3S".Ep),

C (Counterg m |_| CU/)|_| (Counterp,, M I_l(C(,/ u |_| Cq o).
o’elM\{oe} q'€Q\{q

trans —

trans =

The position of the defect is passed/updated along the R-successor as follows:

Counter 1 M By MBx_1M---MBgEVR.(ByMBy_1M---MBg), forn>k=>0,
Countery1 MBM By CVR.B, forBe{Bj,Bj|n>j>k},
Counter_1 MBgMBx_1M---MBgCVR.(BxMBy_1M---MBg), forn>k=>0, (26)
Counter_1 M B By E VR.B, forBe{B],§j|n>j>k},
CounteromBCVR.B, forBe{B;,Bi|0<i<n—1)}.

The defect is copied via R as follows:

CxEVR.Bx, x€{(q,0),0]qeQ,0€T}. (27)

Then the symbols By and By that have been copied via R are propagated down the S-successors, and copied at Eg into the
¥-symbols Ay and Ay using (25). A model of a transition defect is shown in Fig. 6(b), for n =3 and 681(q1, 01) = (q2, 02, +1).

Copying defect. Similarly to the transition defect, the copying defect concerns two consecutive configurations and encodes
errors in copying symbols that are not under the head. So it guesses a position of the head, a symbol under it, and a state
by means of the concepts pos® and state®, and a position different from the position of the head and a symbol at this
position by means of the concepts pos® and symbol?:
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Decopy = pos® Mstate® m3S™. E¢ mpos® msymbol® m3S" Eg m3R.3S".Ep 1 (valp # valg).

Then it chooses a new (incorrect) symbol (possibly with a state) at the B-position in the subsequent configuration:

By M Deopy E Counterg M |_| (Cor U |_| Cq.07)-
o’el’, 0'#0 qgeQ
Using (26) and (27), the incorrect value and its position are copied via R, and then propagated via the S-successors and
copied at Ep to A-symbols using (25).

Rejecting run defect. The rejecting run defect detects when M does not accept w. It is done by checking the negation of

the accepting condition. So this defect is a tree starting at A where every node at even distance from the root (Dfej) has

two successors (recall that go € Q3), every node at odd distance from the root (D\r’ej) has one successor, and the leaves are
‘labelled’ by rejecting states:
D€ [ ] 3R-(Xe 11 (D Drep)).
£e{0,1)
v 3
DY.C EIR.(Drej U Dyej),

rep —
. n
Drj & L1357.Ag, 5.

A (partial) model of a rejecting defect is shown in Fig. 6(c).
Now we sketch a proof that M accepts w iff XC; does not X-UCQ-entail /Cy.
(=) Suppose M accepts w. Then there is a model Z; of K1 such that

- it has no local defects, that is, it has only valid configurations, and at each step the transition function is executed
correctly and all symbols not affected by the head are copied correctly;
- it contains a subtree representing an accepting computation of M on w.

Note that the former means that Z; is finite as we assumed that any run of M on every input stops either in g4 or .
So the models of K that are infinite paths or trees not ‘realising’ any defect (such models never actually pick D or Dy
to satisfy disjunction) will not be X-homomorphically embeddable into Z;. Moreover, the latter implies that the models
of KC; encoding rejecting run defect will not be X-homomorphically embeddable into Z; either. So no model of C; is
Y-homomorphically embeddable into Z1, and hence X1 does not X-UCQ entail /C.

(«<) Suppose K1 does not X-UCQ entail Ky. Then there exists a model Z; of Iy such that no model Z, of K is
¥-homomorphically embeddable into Z;. It follows that:

- parts of Z; in grey triangles (see Fig. 5) represent configurations with at most one head, because of the models 7, of
KC, that detect invalid configurations;

- for every non-final configuration in Z; as explained above and for each of its two successor configurations, there are
neither transition nor copying defects, because of the models of Z, that detect such defects;

- it is not the case that the tree of configurations represented by Z; witnesses that M does not accept w, because of the
models 7, that detect such cases.

We thus conclude that Z; contains a valid accepting computation. O
We now modify the KBs in the proof above to obtain the following:
Theorem 36. -(r)UCQ inseparability between ALC KBs is 2EXPTIME-hard.

Proof. We only deal with the non-rooted case; the rooted case follows using Lemma 26. Consider the KBs C;, i =1, 2, and
the signature X from the proof of Theorem 35. We construct (in LoGSPACE) a KB ) such that Ky £-UCQ entails & iff g
and ) are £-UCQ inseparable. This provides us with the desired lower bound for %-UCQ inseparability. Let 7;" be a copy
of 77 in which all concept names X € sig(7;) \ {A} are replaced by fresh symbols X', and let T/ be the extension of 77" with
X C X, for all concept names X € ¥\ {A}. We set K= (T {A@}), i=1,2, and let K} = (T UT;,{A(@)}). Observe that
IC§ and K; are £-UCQ inseparable, for i =1, 2. We prove that £’y £-UCQ entails /C; iff K} and K/ are %-UCQ inseparable.
The implication (<) is straightforward.

Conversely, suppose K1 X-UCQ entails /C. Clearly, Kj X-UCQ entails X}, and thus it remains to prove that I’} £-UCQ
entails £C). For i =1,2, we consider the class M; of models Z € M';C"{ such that AT = {a}, if a € XT for a concept name

X, then X € {D?ej/, A}, and XT =g, for all concept names X ¢ sig(KC)). It follows from the construction of K; that M; is

complete for K. Let
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M={T W1 |ZieM;,i=1,2},

where 77 W7, is the interpretation that results from merging the root a of Z; and Z,. We first show that M is com-
plete for KJ. The interpretations Z € M are models of K} since, for all axioms C E D € 7/, either T c AZi\ {a} or

Ce {D?ej/, A,35". Ag,.6,35".Aq. o} and D is either a concept name or of the form 3R.C’ or 35.C’. To see that M is com-
plete for /C), let 7 be a model of K and n > 1. It suffices to show that there exists Z € M that is n-homomorphically
embeddable into J preserving {a} (Proposition 6). But since J is a model of K}, there are models Z; € M; such that Z;
is n-homomorphically embeddable into 7 preserving {a}, i = 1,2 (Proposition 6). By taking the union of the two partial
witness homomorphisms from Z; and Z,, one can show that Z; W Z, is n-homomorphically embeddable into 7 preserving
{a}, as required.

We now use Theorem 17 (1) to prove that K} X-UCQ entails K. Let Z; € M1 and n > 1. It suffices to find J € M that is
nXx-homomorphically embeddable into Z; preserving {a}. But since K} £-UCQ-entails X', there exists Z, € M such that Z;
is nX-homomorphically embeddable into Z; preserving {a}. By combining nX-homomorphisms from Z, with the identity
mapping from Zj, it is now straightforward to show that the model Z; W7, € M is nX-homomorphically embeddable into
7, preserving {a}, as required. O

The following theorem summarises the results obtained so far.
Theorem 37. X-(r)UCQ inseparability and X-(r)UCQ-entailment between ALC KBs are both 2EXPTIME-complete.

5.4. (r)UCQ-entailment and inseparability with full signature

We extend the 2EXPTIME lower bound from X-(r)UCQ entailment and inseparability to full signature (r)UCQ entailment
and inseparability. To this end we prove a UCQ-variant of Theorem 23:

Theorem 38. Let K1 = (71, A) and K3 = (T2, A) be ALC KBs and X a signature such that sig(A) C Tand ' =sig(T1 U T2) \ =
contains no role names. Suppose 7 and T, admit trivial models. Let ICiTF = (7;” U732, A), fori=1,2. Then the following conditions
are equivalent:

(1) K1 X-(r)uCQ entails ICy;
(2) ICIFfull signature (r)UCQ entails ICZTF.

Proof. We use and modify the proof of Theorem 23. Let M; be complete for ;, i = 1,2. We may assume that X% =¢
for all concept and role names X &sig(K;) and Z € M;, i = 1,2. By Fact 5 of the proof of Theorem 23, {Z'1 | Z € M;} is
complete for ICiT r Thus, by Theorem 17, it suffices to prove that Z, is nX-homomorphically embeddable into Z; preserving
ind(ICy) iff IzTr is n-homomorphically embeddable into Ifr preserving ind(XCy), for any n > 0, Z; € M1 and Z, € M>. This
can be done in the same way as in the proof of Fact 6. O

The following complexity result now follows from the observation that the KBs and signature ¥ used in the proof of
Theorem 36 satisfy the conditions of Theorem 38: X contains the signature of the ABox and all role names of the KBs, and
the TBoxes admit trivial models.

Theorem 39. Full signature (r)UCQ inseparability and entailment between ALC KBs are both 2EXxPTIME-complete.

6. Query entailment and inseparability for .ALC TBoxes

In this section, we introduce query entailment and inseparability between TBoxes. Two TBoxes 77 and 7, are query
inseparable for a class Q of queries if, for all ABoxes .4 that are consistent with 7; and 73, queries from QO have the
same certain answers over the KBs (77, .A) and (73, .A). The TBox 7; Q-entails 7 if, for any such A, the certain answers
to queries from Q over (72,.4) are contained in the certain answers over (77,.4). As in the KB case, we consider the
restriction of CQs and UCQs to a signature X of relevant symbols and their restrictions to rooted queries. In applications, it
is also natural to restrict the signature of the ABox which might be different from the signature of the relevant queries.

Definition 40. Let 77 and 7, be TBoxes, Q one of CQ, rCQ, UCQ or rUCQ, and let ® = (X1, ;) be a pair of signatures. We
say that 77 ©-Q entails T if, for every £1-ABox A that is consistent with both 77 and 75, the KB (77, .4) X,-Q entails the
KB (72,.A). 71 and T, are ®-Q inseparable if they ®-Q entail each other. If X is the set of all concept and role names, we
say ‘full ABox signature X,-Q entails’ or ‘full ABox signature ¥,-Q inseparable’
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In the definition of ®-Q entailment, we only consider ABoxes that are consistent with both TBoxes. The reason is that
the complexity of the problem of deciding whether every X-ABox consistent with a TBox 77 is also consistent with a TBox
T, is already well understood and is dominated by the ©®-Q-entailment problem as defined above. More precisely, we
say that a TBox 71 X -entails a TBox 7 if all X-ABoxes A consistent with 77 are consistent with 7. X -entailment is
closely related to the containment problem between ontology-mediated queries, which we define next [61-63]. For a query
q, TBoxes 771 and 73, and a signature X, we say that (77, q) is contained in (72, q) for ¥ and write (77, q) Cx (T2, q) if, for
every X-ABox A, the certain answers to q over (71,.A) are contained in the certain answers to q over (73,.4). We note
that the authors of [61,63] demand that the X-ABoxes considered in the definition of containment are consistent with both
TBoxes, but the complexity results for deciding containment do not depend on this condition. The containment problem for
a description logic £ relative to a class Q of queries is to decide, for TBoxes 77 and 7, in L, signature %, and query q € O,
whether (77, q) Cx (T2, q). Thus, in contrast to ®-Q-entailment, an instance of the containment problem does not quantify
over all q € Q but takes the queries q € Q as inputs to the decision problem. It is known [61-63] that the containment
problem is

- NExpPTiME-complete for ALC TBoxes and CQs of the form 3xA(x);
- ExpTiME-complete for Horn ALC TBoxes and CQs of the form IxA(x).

It is straightforward to show that the containment problem for a DL £ and CQs of the form 3xA(x) is mutually polynomially
reducible with the problem to decide X, -entailment between £ TBoxes. For a polynomial reduction of X, -entailment to
containment, observe that 77 X, -entails 73 iff (72, 3xA(x)) Cx (71, 3IxA(x)) for A & sig(71 U T>). For a polynomial reduction
of containment to X, -entailment, assume that 77,72, X%, and A are given. Let 717’ =Ti U{AC L}. Then (77, 3xA(x)) Cyx
(T2, 3xA(x)) iff T, %, -entails 7;. We obtain the following result.

Theorem 41. The problem whether an ALC TBox X | -entails an ALC TBox is NEXPTIME-complete. For Horn ALC TBoxes T and T,
this problem is EXPTIME-complete.

It follows, in particular, that our complexity upper bounds for ®-CQ-entailment still hold if one admits ABoxes that are
not consistent with the TBoxes.

As in the KB case, ®-UCQ inseparability of ALC TBoxes implies all other types of inseparability, and Example 13 can
be used to show that no other implications hold in general. The situation is different for HornALC TBoxes. In fact, the
following result follows directly from Proposition 14:

Proposition 42. For any ALC TBox 71 and Horn ALC TBox T,, T1 ©-(r)UCQ entails T iff T1 ©-(r)CQ entails 7.

We now show that ®-(r)CQ entailment and inseparability are undecidable for . ALC TBoxes. In fact, we show that ®-(r)CQ
inseparability is undecidable even if one of the TBoxes is given in ££ and that ®-(r)CQ entailment is undecidable even if the
entailing TBox 77 is in £L. The proofs re-use the TBoxes constructed in the undecidability proofs for KBs in Theorems 20
and 22. We also show that, for CQs, these problems are still undecidable in the full ABox signature case or if one assumes
that the signatures for the ABoxes and CQs coincide. It remains open whether rCQ-entailment or inseparability are still
undecidable in those cases.

Theorem 43. (i) The problem whether an £ L TBox ©-Q entails an ALC TBox is undecidable for Q € {CQ, rCQ}.
(ii) ®-Q inseparability between £ L and ALC TBoxes is undecidable for O € {CQ, rCQ}
(iii) For CQs, (i) and (ii) hold for full ABox signatures and for ® = (X1, X) with 1 =

Proof Here, we focus on the CQs; the proofs for rCQs are given in the appendix. We use the KBs IC1 = (TClQ Acq) and

(7'CQ, Acq) and the signature Xcq = sig(K} Q) from the proof of Theorem 20 Recall that it is undec1dab1e whether
IC Q Q- -CQ entails IC . Also recall that, for Ky = (72, Acq) with 7, = TCQ it is undecidable whether IClQ and Cy
are ECQ -CQ mseparable Theorem 21).

(i) Let X1 = {A}, £ = S¢q, and @ = (1, £2). We show that 7, ©-CQ-entails 75 iff K, Tcq-CQ-entails KZ. Recall
that Acq = {A(a)}. Thus, if IC does not Xcq-CQ entail ICCQ, then we have found a X{-ABox witnessing that Tc]Q does not
®-CQ entail T2 Conversely, observe that X;-ABoxes .A are sets of the form {A(b) |b e I} with [ a finite set of individual
names. Thus, 1f there exists a £1-ABox A such that (7 Cq, A) does not Ecq-CQ entail (7 CQ, A), then (7’CQ, Acq) does not
¥cq-CQ entail (7 Cq, Acq) either.

(ii) Set again © = (X1, X), for £1 = {A} and X3 = Zcq. In exactly the same way as in (i) one can show that IC%Q and

CQ'

IC, are Xcq-inseparable iff '7'Cl and 7, are ®-CQ inseparable.

(iii) We first show undecidability of full ABox signature 3-CQ inseparability. The undecidability of full ABox signature
3-CQ entailment follows directly from our proof. We employ the abstraction technique from Theorem 23 for I' = sig(72) \
Scq. Let 7] = 7'C1QU T3, T = 7'2TF u 7}3 and ¥ = Xcq \ {P}. We aim to prove that the following conditions are equivalent:
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(1) IC&Q and K, are ¥-CQ inseparable;
(2) 7{ and T are full ABox signature %-CQ inseparable.

Observe that undecidability of full ABox signature CQ-inseparability of TBoxes of the form 7/ and 7; follows since the proof
of Theorems 20 and 21 shows that the role name P is not needed to CQ-separate the KBs IC}Q and KC; (if they are Xcq-CQ
separable). Thus, it is undecidable whether IC%Q and /C, are X-CQ inseparable.

The implication (2) = (1) is straightforward: if ICéQ and KC; are not X-CQ inseparable, then the ABox .Acq witnesses that
7, and T, are not full ABox signature ¥-CQ inseparable. Conversely, suppose 7, and 7, are not full ABox signature X-CQ
inseparable. Then there exists an ABox A such that (7/,.4) and (7;,.A) are not £-CQ inseparable. The canonical model Z;
of the ££ KB (7{,.A) can be constructed as follows:

- for any A(b) € A, take a copy of the canonical model IICéQ and hook it to b by identifying a in IICéQ with b;

- for any D(b) € A, take a copy of the subinterpretation of the canonical model IIC};Q rooted at the P-successor of a and
hook it to b by identifying the P-successor of a with b;

- for any E(b) € A, take a copy of the (unique up to isomorphism) subinterpretation of the canonical model IKéQ rooted
at an E-node and hook it to b by identifying the E-node with b;

- to satisfy 73, let 7 be the singleton interpretation with X =@ for all concept and role names X; we hook to any
element u of the interpretation constructed so far a copy of 7T by identifying the root of 7' with u (see the proof
of Theorem 23 for the construction and properties of 7 1T).

Let M be the class of interpretations obtained from Z; by adding to any b with A(b) € A a P-successor b’ to which one
hooks the subinterpretation rooted in the P-successor of a in an interpretation from {Z'' |Z e M ,C%Q}. One can show that

M is complete for the KB (7, .4). To this end, first recall from the proof of Theorem 21 that for the canonical model IIQQ

of ICE:Q,

of Z and IIQQ) is complete for K. By Theorem 23 (Fact 5), {Z1T | Z My, } is complete for IC;F. Now completeness of M
for (75, .A) follows directly from the fact that every Z € M is a model of (75, .A). Next, observe that P ¢ ¥ and that two KBs

are X-CQ inseparable iff they are X-CQ inseparable for connected X-CQs. Thus, the only X-components of interpretations
in M that could distinguish ¥-CQs true in M from X-CQs true in Z; are the interpretations (Z'7 | Z MIC?;Q}' It follows

the set My, = { IL*JIIQQ |Z e M,C%Q } (where IL’-’JIIQQ is the interpretation that results from merging the roots a

that if (77,.4) and (77, .A) are not ¥-CQ inseparable, then (ICéQ)Tr and IC;F are not $-CQ inseparable either. But then, by
the proof of Theorem 24, IC% and K, are not ¥-CQ inseparable, as required.

To show undecidability of ®-CQ inseparability and entailment for ® = (X, X,) with X; = X,, we re-use the unde-
cidability proof for the full ABox signature case. Set ® = (X, X). Then the proof above shows that 7] and 7, are ©-CQ
inseparable iff they are full ABox signature £-CQ inseparable since one can always choose the ABox Acq as a witness for
CQ-inseparability if 7] and 7, are full ABox signature X£-CQ inseparable. O

7. Model-theoretic criteria for query entailment of Horn.ALC TBoxes by .ALC TBoxes

We have seen that ©-(r)CQ entailment of an ALC TBox 7, by an ££ TBox 77 is undecidable. We now investigate the
converse direction, with drastically different results (which even hold if ££ TBoxes are replaced by Horn. ALC TBoxes). Thus,
in this section, we give model-theoretic criteria for ®-(r)CQ entailment of a HornALC TBox 7, by an ALC TBox 7;. In
the next section, we use these criteria to prove tight complexity bounds for deciding ®-(r)CQ entailment and inseparability.
Recall that, by Proposition 42, our model-theoretic criteria and complexity results also apply to ®-(r)UCQ entailment.

We assume that Horn ALC TBoxes are given in normal form where concept inclusions look as follows:

ACB, AinACB, JRACB, ACl, TCEB, AC3IRB, ALCVR.B

and A, B are concept names. It is standard (see, e.g., [64, Proposition 28]) to show the following reduction of ®-(r)CQ
entailment for arbitrary Horn ALC TBoxes to Horn ALC TBoxes in normal form.

Proposition 44. For any Horn ALC TBox T, and any pair © of signatures, one can construct in polynomial time a Horn ALC TBox T,
in normal form such that an ALC TBox T1 ©-(r)CQ entails T3 iff Ty ©-(r)CQ entails 7.

Our model-theoretic criteria are based on two crucial observations. First, to characterise ®-(r)CQ entailment between
Horn ALC TBoxes and ALC TBoxes, it suffices to consider a very restricted class of acyclic (r)CQs that corresponds exactly
to queries constructed using £L£ concepts. Second, it suffices to consider ABoxes that are tree-shaped rather than arbitrary
ABoxes when searching for witnesses for non-©-(r)CQ entailment. We begin by introducing the relevant classes of CQs and
rCQs. A rooted £L query takes the form C(x), where C is an ££ concept. The set of rooted ££ queries is denoted by rELQ.



E. Botoeva et al. / Artificial Intelligence 272 (2019) 1-51 31

Given a KB K, a €ind(K), and an rELQ C(x) we say that a is a certain answer to C(x) over K if aZ € CZ, for every model Z
of IC. Note that rELQs can be regarded as acyclic CQs with one answer variable. A Boolean £L query takes the form IxC(x),
where C is an £L concept. The set of rooted and Boolean £L£ queries is denoted by ELQ. Given a KB K and a Boolean
EL query IxC(x), we say that K entails 3IxC(x) if CT # {4, for every model Z of K. Boolean ££ queries can be regarded as
Boolean acyclic CQs. In what follows we use the same notation for (r)ELQs as for (r)CQs. For TBoxes 71 and 7, and a pair
® = (X1, ) of signatures, we say that 7; ©-(r)ELQ entails T3 if, for every ¥; ABox A that is consistent with both 7; and
T2, and every Xo-(r)ELQ q(a) with a € ind(A), whenever (72, A) = q(a) then (71, A) = q(a).

Proposition 45. Let 71 be an ALC TBox, 7, a Horn ALC TBox, and ® = (X1, ) a pair of signatures. Then T; ®-(r)CQ entails T iff
T1 ©-(r)ELQ entails T>.

Proof. Suppose A is a £1-ABox and (73, A) &= q(a) but (71, A) i~ q(a) for a ,-CQ q. As (72, A) = q(a), there is a homo-
morphism h: § — Z(1; 4. Let T be the X-reduct of the subinterpretation of Z(7;, 4, induced by the image of q under h.
Then Z is the disjoint union of

- ditree interpretations 7 attached to a € ind(A) N AZ such that ind(A) N AZs = {a}, and
- ditree interpretations 7 with ind(A) N AY = (there exists no such 7 if q is an rCQ),

and, additionally, pairs (a, b) in RZ for a,b eind(A) N AZ, R € =1, and R(a, b) € A. Thus, if q is an rCQ then there exists Z,
such that the canonical CQ gz, (x) determined by Z, is an rELQ (see the proof of Proposition 6) and (72, A) = qz,(a) but
(71, A) ¥ q7,(a), as required. If g is not an rCQ and no such 7, exists, then there exists J such that the canonical CQ q 7
determined by J is a Boolean ££ query and (72, A) =q 7 but (71, A) =qy. O

An ABox A is called a tree ABox if the undirected graph

Ga = (ind(A), {{a,b} | R(a,b) € A})

is an undirected tree and R(a, b) € A implies R(b,a) ¢ A and S(a,b) ¢ A, for S # R. The outdegree of A is defined as the
outdegree of G 4.

Theorem 46. Let 71 be an ALC TBox, T; a Horn ALC TBox, and ® = (X1, 3). Then

(1) 71 ®-rCQ-entails T iff, for any tree 1-ABox A of outdegree bounded by | 7> | and consistent with T, and T, and any model Z;
of (T1, A), Z(73, 4) is con-%;-homomorphically embeddable into Z; preserving ind(.A).

(2) 71 ©-CQ-entails T iff, for any tree ¥1-ABox A of outdegree bounded by | 72| and consistent with T, and T, and any model Z;
of (T1, A), Z(73, 4 is X2-homomorphically embeddable into Z preserving ind(A).

Proof. (1) The direction from left to right follows from Theorem 34 and Proposition 14. Conversely, suppose 77 does not
®-rCQ-entail 7;. By Proposition 45, there are a X1-ABox A consistent with 7; and 73, a X,-rELQ C(x), and a € ind(A) such
that (73, .A) = C(a) and (77, A) b~ C(a). It is shown in [64] (proof of Proposition 30)? that there exist a tree ¥;-ABox A’
with outdegree bounded by |73| and (73, A) = C(a), and an ABox homomorphism® h from A’ to A with h(a) = a. It follows
from Proposition 63 in the appendix that A’ is consistent with 7; and 7; and that (77, A’) }& C(a). Let Z7 be a model of
(T1, A’) such that Z; & C(a). We know that Z(1; 4y = C(a). Thus, Z¢7;, 4,y is not con-X;-homomorphically embeddable
into Z; preserving ind(A’), as required. (2) is proved similarly using ELQs instead of rELQs and ¥,-homomorphisms instead
of con-X;-homomorphisms. O

The notion of (con-)2-CQ homomorphic embeddability used in Theorem 46 is slightly unwieldy to use in the subsequent
definitions and automata constructions. We therefore resort to simulations whose advantage is that they are compositional
(they can be partial and are closed under unions). Let Z7,Z» be interpretations and ¥ a signature. A relation S € ATt x AT2
is a ©-simulation from Z; to Z, if (i) d € AT' and (d,d") € S imply d’ € AZ2 for all ©-concept names A, and (ii) if (d, e) € RT1
and (d,d’) € S then there is a (d’,e’) € RZ2 with (e,e’) € S for all T-role names R. Let d; € AZi, i € {1,2}. (Z1.d1) is
Y-simulated by (Z,,dy), in symbols (Z1,dq) <y (Zy,d>), if there exists a X-simulation S with (dq,d») € S. Observe that
every X-homomorphism from Z; to Z, is a X-simulation. Conversely, if Z; is a ditree interpretation and (Z1,d1) <y (Z,d>),
then one can construct a X-homomorphism h from Z; to Z, with h(dy) =d,.

2 The proof of Proposition 30 in [64] shows this for ££ZF | TBoxes. Observe that we can regard every Horn. ALC TBox in normal form as an E£Z |
TBox by replacing AT VR.B by 3R~.AC B.
3 ABox homomorphisms are defined before Proposition 63 in the appendix.
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Lemma 47. Let 1 and X, be signatures, A a X1-ABox, and Z7 a model of (71, A). Then
(i) Z7;, A is not con-%,-homomorphically embeddable into 7 iff there is a € ind(.A) such that one of the following holds:

(1) thereis a Xy-concept name A witha € ATT2.A \ AL,
(2) there is an R-successor d of a in Z; 4, for some X,-role name R, such that d ¢ ind(A) and, for all R-successors e of a in Z;, we
have (Z7;, 4. d) £5, (11, ¢).

(ii) Z7;, A is not Xa-homomorphically embeddable into Z; if there is a € ind(A) such that (1) or (2) or (3) holds, where

(3) there is an element d in the subinterpretation of I, 4 rooted at a (with possibly d = a) and d has an Ro-successor do, for some
role name Rq ¢ %o, such that (Z7;, 4,do) £s, (Z1, e), for all elements e of 7.

Proof. We only prove (ii) as (i) is a direct consequence of our proof. Clearly, if there exists a € ind(A) such that (1) or (2)
or (3) holds for a, then there does not exist a X-homomorphism from Z; to Zr; 4 preserving {a} C ind(A).

Conversely, suppose none of (1), (2) or (3) holds for any a € ind(A). Then, for any a € ind(A), R-successor d of a in
Z7;.4 wWith R € £, and d ¢ ind(A), there is an R-successor d’ of a in Z; and a ¥;-simulation Sy from Z7; 4 to Z; such
that (d,d’) € Sq. As the subinterpretation of Z7; 4 rooted at d is a ditree interpretation, we can assume that Sy is a partial
function. Also, for every dg in Z7;, 4 with do ¢ ind(A) that has an Rg-predecessor in Z; 4 with Ro ¢ X2, we find an e in Z;
such that there is a Xj-simulation Sy, between Z7, 4 and Z; with (do, ) € Sg,. As the subinterpretation of Z7; 4 rooted
at do is ditree interpretation, we can assume that Sy, is a partial function. Now consider the function h defined by setting
h(a) = a, for all a € ind(A), and then taking the union with all the simulations Sq and Sy,. It can be verified that h is a
¥z-homomorphism from Z7; 4 to Z;. O

8. Decidability of query entailment of Horn. ALC TBoxes by .ALC TBoxes

We show that the problem whether an ALC TBox ®-CQ entails a Horn ALC TBox is in 2EXPTIME, and that the complex-
ity drops to EXPTIME in the case of rooted CQs. Using the fact that satisfiability of Horn ALC TBoxes is EXPTIME-hard, it is
straightforward to prove a matching EXPTIME lower bound even for the full ABox signature case and (X, X)-rCQ entailment
and inseparability between Horn ALC TBoxes. Proving a matching lower bound for the non-rooted case is more involved.
Using a reduction of exponentially space bounded alternating Turing machines, we show that (X, ¥)-CQ inseparability be-
tween the empty TBox and Horn ALC TBoxes is 2EXPTiME-hard. It follows that both (X, ¥£)-CQ inseparability and (Z, £)-CQ
entailment between Horn ALC TBoxes are 2ExpTiME-hard. The problem whether the 2EXPTIME upper bound is tight in the
full ABox signature case remains open.

8.1. EXPTIME upper bound for ©-rCQ-entailment of Horn ALC TBoxes by ALC TBoxes

Our aim is to establish the following:

Theorem 48. ®-rCQ inseparability between Horn ALC TBoxes and ®-rCQ entailment of a Horn ALC TBox by an ALC TBox are both
ExpTIME-complete. The EXPTIME lower bound holds already for © of the form (X, X) and the full ABox signature case.

The lower bounds can be proved in a straightforward way using the fact that satisfiability of Horn ALC TBoxes is Exp-
TiME-hard. Note that EXpTiME-hardness of (X, X)-rCQ inseparability is also inherited from [38], where this bound is shown
for £L TBoxes. It thus remains to prove the upper bound.

We use a mix of two-way alternating Biichi automata (2ABTAs) and non-deterministic top-down tree automata (NTAs),
both on finite trees (in contrast to Section 5.2). A finite tree T is m-ary if, for any x € T, the set {i | x-i € T} is of cardinality
zero or exactly m. 2ABTAs on finite trees are defined exactly like 2APTAs on infinite trees except that

- the acceptance condition now takes the form F C Q and a run is accepting if, for every infinite path y1y,---, the set
{i | r(yi) = (x,q) with g € F} is infinite;

- we allow a special transition leaf and add to the definition of a run r the condition that, for any node y of the input
tree T, r(y) = (x, leaf) implies that x is a leaf in T.

Note that runs can still be infinite.

Definition 49. A nondeterministic top-down tree automaton (NTA) on finite m-ary trees is a tuple 2= (Q, T, Qo, 8, F) where
Q is a finite set of states, I' a finite alphabet, Qg C Q a set of initial states, §: Q x I' — 2Q" 3 transition function, and F C Q
is a set of final states. Let (T, L) be a I'-labelled m-ary tree. A run of 2 on (T, L) is a Q -labelled m-ary tree (T, r) such that
r(e) € Qo and (r(x-1),...,r(x-m)) € 8(r(x), L(x)), for each node x € T. The run is accepting if r(x) € F, for every leaf x of T.
The set of trees accepted by A is denoted by L(.A).
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We use the following results from automata theory [59,65,66].

Theorem 50.

1. Every 2ABTA A = (Q, T, 8, qo, F) can be converted into an equivalent NTA 21 whose number of states is (single) exponential in
|Q |; the conversion needs time polynomial in the size of 2';

2. Given a constant number of 2ABTAs (respectively, NTAs) 24, ..., 2., one can construct in polynomial time a 2ABTA (respectively,
an NTA) A such that L(A) = L(&A1) N --- N L&RAe);

3. Emptiness of NTAs 2l = (Q, ', Qo, 8, F) can be decided in polynomial time.

Before proceeding further, we give a concrete definition of the canonical model for Horn. ALC KBs that was mentioned in
Proposition 8, tailored towards the constructions used in the rest of this section. Let X = (7, .A) be a HornALC KB with T
in normal form. We use CN(7") to denote the set of concept names in 7. For any a € ind(A), we use tpy-(a) to denote the
set {A € CN(T) | K = A(a)}. For t CCN(T), setclr(t) ={A€CN(T) | T E Mt A}. A set S={3R.A,VR.B1,...,VR.B,} is
a successor set for t if there is a concept name A’ € t such that A’ CT3R.A €7 and VR.B1,...,VR.B, is the set of all concepts
of this form such that, for some B € t, we have B C VR.B; € 7. Later on, we shall call S a X;,-successor set if R € £,. We
use S to denote the set {A, By, ..., By}. A path for K is a sequence aSq - -- S, such that a € ind(A), Sy is a successor set for
tpic(a), and S;4q is a successor set for cIT(S,.l), for 1 <i <n. Now, the canonical model Zx- of KC is defined as follows:

ATK = ind(A)U{aS;---Sp | aSy --- Sy path for K},
ATk {fal|Aetpc(@}U{aS:---SpIn>1and A e CIT(S#)},
RIK = {(a,b) | R(a,b) € A}U{(aSi---Sn—_1,aS1---Sp) | R is the role name in Sy}.

The following result is standard:

Lemma 51. Let K = (T, .A) be a Horn ALC KB in normal form. Then Ty is a model of KC iff K is consistent iff there is no a € ind(A)
with T E=tpy(a) T L.

We now establish the upper bound in Theorem 48. Let 77 be an ALC TBox, 72 a Horn ALC TBox, and X1, X signatures.
Set m = |73|. We aim to construct an NTA 2 such that a tree is accepted by 2l iff this tree encodes a tree X1-ABox A of
outdegree at most m that is consistent with both 7; and 7 and a (part of a) model Z; of (771, .A) such that the canonical
model Z7; 4 of (72, .A) is not con-X;-homomorphically embeddable into Z;. By Theorem 46, this means that 2 accepts the
empty language iff 7, is (21, X2)-rCQ entailed by 77. To ensure that Z7; 4 is not con-X;-homomorphically embeddable
into Z7, we use the characterisation provided by Lemma 47. We first make precise which trees should be accepted by the
NTA 2 and then show how to construct 2I.

We assume that 7; takes the form T E Cy; with C7; in NNF and use cl(Cr;) to denote the set of subconcepts of C;,
closed under single negation. We also assume that 7, is in normal form and use sub(7;) for the set of subconcepts of
(concepts in) 7;. Let Ty denote the set of all subsets of £; U{R™ | R € £} that contain at most one role, where a role is a
role name R or its inverse R~. Automata will run on m-ary I'-labelled trees where

I' = T x 2970 x 2ON(T2) (0, 1} x 28972,

For a I'-labelled tree (T,L) and a node x from T, we write L;j(x) to denote the i + 1st component of L(x), for each i €
{0, ..., 4}. Informally, the projection of a I'-labelled tree to the

- Lp-components represents the tree ¥;-ABox .4 that witnesses non-X,-query entailment of 7, by 71;

Li-components (partially) represents a model Z; of (77, .A);

- Ly-components (partially) represents the canonical model Zr, 4 of (72, A);

Ls-components mark the individual a in A from Lemma 47;

L4-components contains bookkeeping information that helps to ensure that the individual marked by the L3-component
indeed satisfies one of the two conditions from Lemma 47.

By ‘partial’ we mean that the restriction of the respective model to individuals in A is represented whereas its ‘anonymous’
part is not. We now make these intuitions more precise by defining certain properness conditions for I'-labelled trees,
one for each component in the labels, which make sure that each component can indeed be meaningfully interpreted to
represent what it is supposed to. A I'-labelled tree (T, L) is O-proper if it satisfies the following conditions:

1. for the root € of T, Lo(e) contains no role;
2. for every non-root node x of T, Lo(x) contains a role.
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Every O-proper I'-labelled tree (T, L) represents the tree ¥1-ABox

Ay ={AX) |AeLoX)}U{RX,y)|ReLo(y),yisachildof x} U{R(y,x) | R™ € Lo(y), y is a child of x}.
A T'-labelled tree (T, L) is 1-proper if it satisfies the following conditions, for all x, y € T:

1. there is a model Z of 77 and a d € AT such that d € CZ iff C € L (x) for all C € cl(T7);

2. A€ Lp(x) implies A € L1(x);

3. if y is a child of x and R € Lo(y), then VR.C € L1(x) implies C € L1(y) for all VR.C € cl(T7);
4. if y is a child of x and R~ € Ly(y), then VR.C € L1(y) implies C € L1(x) for all VR.C € cl(T7).

A T'-labelled tree (T, L) is 2-proper if, for every node x € T,

L L) =tpp 4y, ®;
2. hEMLM&®E L

It is 3-proper if there is exactly one node x with L3(x) = 1.

The canonical model Z7; s of 7, and a finite set S C sub(7) is the interpretation obtained from the canonical model
of the KB that consists of the TBox 7, U{Ac C C | C € S} and the ABox {Ac(as) | C € S}, with all fresh concept names Ac
removed. A T'-labelled tree (T, L) is 4-proper if the following conditions hold, for x1,x; € T:

1. if L3(x1) =1, then there is a X,-concept name in Ly(x1) \ L1(x1) or La(xq) is a Xp-successor set for Ly(x1);

2. if L4(x1) = {3R.A,VR.B1, ..., VR.By}, then there is a model Z of 77 and a d € AT such that d € CZ iff C € L1(x;) for all
Cec(Ty) and (Z7;.(a.B,....B,)- Ae) £5, (Z,e) for all (d,e) € RT;

3. if xp is a child of x1, Lo(x2) contains the role name R, and L4(x1) = {3R.A,VR.Bq, ..., YR.B;}, then there is a X,-concept
name in cly; ({A, B1, ..., Bp}) \ L1(x2) or La(x2) is a Xp-successor set for cly; ({A, B1, ..., Bn});

4. if xp is a child of xq, Lo(x2) contains the role R™, and L4(x2) = {3R.A,VR.B1,...,VR.B,}, then there is a X,-concept
name in cly; ({A, By, ..., Bp}) \ L1(x1) or Lg(x1) is a Xp-successor set for cly; ({A, By, ..., By}).

For L4(x) ={3R.A,VR.B1, ..., VR.By}, this expresses the obligation that (Z7; (a,,,...B,}. de) Zx, (Z,e), for (d,e) € RZ, where
T is the interpretation that is (partly) represented by the Li-components of the labels in (T, L); see the proof of Lemma 52
for a precise definition of Z. With this in mind, note how 4-properness addresses (1) and (2) of Lemma 47. In fact, Condi-
tion 1 of 4-properness decides whether (1) or (2) is satisfied. If (2) is satisfied, which says that there is an R-successor
d of x1 in Zp; 4, for some X,-role name R, such that d ¢ ind(A) and, for all R-successors e of x; in Z, we have
(Z7;.4.4) £5, (Z,e), then the role name R and the element d are represented by the successor set stored in L4(x1). In
fact, that element is d = x1L4(x1), see the definition of canonical models. The remaining conditions of 4-properness imple-
ment the obligations represented by the L4-components of node labels.

Lemma 52. There is an m-ary [-labelled tree that is i-proper for all i € {0, ..., 4} iff there are a tree ¥1-ABox A of outdegree
at most m that is consistent with 71 and T, and a model Z; of (71, .A) such that the canonical model Z7; 4 of (T2, A) is not
con-X-homomorphically embeddable into Z;.

Proof. (=) Let (T, L) be an m-ary I'-labelled tree that is i-proper for all i € {0, ...,4}. Then A(r ) is a tree X;-ABox of
outdegree at most m. Moreover, At 1) is consistent with 75, by 2-properness and Lemma 51.

Since (T, L) is 3-proper, there is exactly one xo € T with L3(xp) = 1. By construction, xo is also an individual name in
A(r.1). To finish this direction of the proof, it suffices to construct a model Z; of (71, A(r,1)) such that (Z7; 4, X0) £5,
(Z1,%0). In fact, such an Z; witnesses consistency of A(r ) with 7; and, moreover, by the definition of simulations,
77 must satisfy one of (1) or (2) of Lemma 47 with a replaced by xo. Consequently, by that lemma, Z7; 4 is not
con-3X,-homomorphically embeddable into Z;.

We start with the interpretation Zy defined as follows:

ATo =T,
AZo ={xeT|Aeli(x)},
R70 = {(x1,X2) | x child of x; and R € Lo(x2)} U {(x2, X1) | x child of x; and R~ € Lo(x2)}.

Then take, for each x € T, a model Zy of 77 such that x € CZx iff C € L1(x) for all C € cI(77), which exists by Condition 1
of 1-properness. Moreover, if L4(x) = {3R.A,VR.B1, ..., VR.By}, then choose Z, such that (Z7; (4 B,,....B,}» ) 5, (Ix, y) for
all (x, y) € R%x, which is possible by Condition 2 of 4-properness. Further, suppose AZe and AZx share only the element x.
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Then Z; is the union of Zp and all chosen interpretations Zy. It is straightforward to prove that Z; is indeed a model of
(T, Ar,L)-
We show that 73, A1) %0) £5, (Z1,%0). By Condition 1 of 4-properness, there is a Xj-concept name A in Ly(xg) \

Iy,

L1(x0) or La(xg) is a Xp-successor set for Ly(xg). In the former case, xg € A~ 24D \AL, and so we are done. In the latter

case, it suffices to show the following.
Claim. For all x e T, if L4(x) = {3R.A,VR.B1,...,VR.By}, then (Z7; (A B;,...B,} Ge) £5, (Z1,y) for all (x,y) e RT,

The proof of the claim is by induction on the co-depth of x in A(r 1), which is the length n of the longest sequence of
role assertions R1(X,X1), ..., Ra(Xa—1, Xn) in At 1). It uses Conditions 2 to 4 of 4-properness.

(<) Let A be a tree X1-ABox of outdegree at most m that is consistent with 77 and 73, and Z; a model of (77, .4) such
that Zr; 4 is not con-X;-homomorphically embeddable into Z;. By duplicating successors, we can make sure that every
non-leaf in A has exactly m successors. We can further assume without loss of generality that ind(.A) is a prefix-closed
subset of N* that reflects the tree-shape of A, that is, R(a, b) € A implies b=a-c or a=b-c, for some c € N. By Lemma 47,
there is an ag € ind(A) such that one of the following holds:

(1) there is a ¥,-concept name A with ag € AlT2A \ AL,
(2) there is an Ro-successor dg of ag in Z;, 4, for some X;-role name Ry, such that dg ¢ ind(A) and, for all Rq-successors
d of ag in Zy, we have (Z7; 4,do) £s, (Z1,d).

We now show how to construct from A a I'-labelled tree (T, L) that is i-proper for all i € {0, ..., 4}. For each a € ind(A), set
R(a) = ¢ if a = ¢, and otherwise set R(a) = {R} if R(b,a) € A and a=b - c, for some c € N, and R(a) ={R™} if R(a,b) € A
and a=>b - c, for some c € N. Now set

T = ind(A),
Lox) = {A| A(x) € A}U{R(X)},
Li(x) = {Cecl(Ty) |xe ),
Ly(x) = tpp;, 4 (%),

1 ifx=ag,
L3tg = 0 otherwise.

It remains to define L. Start with setting L4(x) = @ for all x. If (1) above holds, we are done. If (2) holds, then there is a
Xp-successor set S = {3Rg.A,VRo.B1, ..., VRo.By} for Ly(ap) such that the restriction of Z7; 4 to the subtree-interpretation
rooted at dp is the canonical model Z7; (4 ;... B,}- Set L4(ag) = S. We continue to modify L4, proceeding in rounds. To keep
track of the modifications that we have already done, we use a set

Q Cind(A) x (Ng N Ep) x ALT2.4
such that the following conditions are satisfied:

(i) if (a,R,d) € @, then L4(a) has the form {3R.A,VR.By,...,VR.By} and the restriction of Z7; 4 to the subtree-
interpretation rooted at d is the canonical model Z7; (4 ;,...B,};
(i) if (a,R,d) € Q@ and d’ is an R-successor of a in Zi, then (Z1;, 4,d) £5, (Z1,d").

Initially, set = {(ag, Ro, dp)}. In each round of the modification of L4, iterate over all elements (a, R, d) € 2 that have not
been processed in previous rounds. Let L4(a) = {3R.A,VR.B1,...,VR.B,} and iterate over all R-successors b of a in A. By
(i), (Z71;.4,d) £s, (Z1,b). By (i), there is thus a top-level ¥;-concept name A’ in cly; ({A, By, ..., By}) such that b ¢ AT or
there is an R’-successor d’ of d in Z7; 4, R’ a £;-role name, such that for all R’-successors d” of b in 71, (Z7;. 4,d") £3,
(Z1.d"). In the former case, we do nothing. In the latter case, there is a X-successor set S’ ={3R".A’,VR'.B},...,VR'.B] }
for cl7; ({A, B1, ..., Ba}) such that the restriction of Z7; 4 to the subtree-interpretation rooted at d’ is the canonical model
Isz(A,,B;,'_',B;,}. Set L4(b) =S’ and add (b, R’,d) to Q.

Since we are only following role names (but not inverse roles) during the modification of L4 and since A is tree-shaped,
we shall never process tuples (a1, R1,d1), (a2, R2,dy) from  such that a; = a,. For any x, we might thus only redefine
L4(x) from the empty set to a non-empty set, but never from one non-empty set to another. For the same reason, the
definition of L4 finishes after finitely many rounds.

It can be verified that the I'-labelled tree (T, L) just constructed is i-proper for all i € {0,...,4}. The most interesting
point is 4-properness, which consists of four conditions. Condition 1 is satisfied by the construction of L4. Condition 2 is
satisfied by (ii), and Conditions 3 and 4 again by the construction of Ly. O
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By Theorem 46 and Lemma 52, we can decide whether 77 does (X1, £,)-rCQ entail 7, by checking whether there is
no I'-labelled tree that is i-proper for each i € {0, ..., 4}. We do this by constructing automata Ay, ..., A4 such that each
A; accepts exactly the I'-labelled trees that are i-proper, then intersecting the automata and finally testing for emptiness.
Some of the constructed automata are 2ABTAs while others are NTAs. Before intersecting, all 2ABTAs are converted into
equivalent NTAs (which involves an exponential blowup). To achieve EXPTIME overall complexity, the constructed 2ABTAs
should thus have at most polynomially many states, while the NTAs can have at most (single) exponentially many states. It
is straightforward to construct

- an NTA 2y that checks O-properness and has constantly many states;

- a 2ABTA 2l that checks 1-properness and whose number of states is polynomial in |77| (note that Conditions 1 and 2
of 1-properness are in a sense trivial as they could also be guaranteed by removing undesired symbols from the alpha-
bet T;

- an NTA 23 that checks 3-properness and has constantly many states.

It thus remains to construct

- a 2ABTA 2, that checks 2-properness and whose number of states is polynomial in |73];
- an NTA 204 that checks 4-properness and whose number of states is (single) exponential in |73].

In fact, the reason for mixing 2ABTAs and NTAs is that while 2(, is easier to construct as a 2ABTA, there is no obvious way
to construct 24 as a 2ABTA with only polynomially many states: it seems that one state is needed for every possible value
of the L4-components in I'-labels. The 2ABTA 2l is actually the intersection of two 2ABTAs 2(; ; and 2(; ;. The 2ABTA 23 1
ensures one direction of Condition 1 of 2-properness as well as Condition 2, that is:

(i) (T2, Ar.1)) E A(x) implies A € Lo(x) for all xe T and A € CN(73);
(i) T2 ML) E L.

Note that, by Lemma 51, (i) and (ii) imply that At 1) is consistent with 75. It is easy for a 2ABTA to verify (ii), alternatively
one can simply refine I'. To achieve (i), it suffices to guarantee the following conditions, for x1,x; € T:

A € Lo(xq) implies A € Ly(x1);

- if A1,...,Ap€ly(x;) and T, EA1N---MA; C A, then A € Ly(x1);

- if A € Ly(x1), X2 is a successor of x1, R € Lg(x2), and A CVR.B € 75, then B € Ly(x2);
- if A € Ly(x2), X2 is a successor of x;, R~ € Lg(x2), and A C VR.B € T3, then B € Ly(x1);
- if A€ Ly(x), x is a successor of x1, R € Lg(x2), and AR.AC B € T, then B € Ly(x1);
- if A € Ly(x1), x2 is a successor of x;, R~ € Lg(x2), and AR.AC B € T3, then B € Ly(x3),

all of which are easily verified with a 2ABTA. Note that Conditions 1 and 2 can again be ensured by refining I'.

The purpose of 2, ; is to ensure the converse of (i). Before constructing it, it is convenient to characterise the entailment
of concept names at ABox individuals in terms of derivation trees. A 7,-derivation tree for an assertion Ag(ag) in A with
A € CN(7T) is a finite ind(A) x CN(73)-labelled tree (T, V) that satisfies the following conditions:

- V(&) = (ao, Ao);

- if V(x) = (a, A) and neither A(a) € A nor T C A € 7, then one of the following holds:
- x has successors yq, ..., yp with V(y;) =(a, A;), for 1<i<n,and T, =A1n---NA,C A;
- x has a single successor y with V(y) = (b, B) and there is an 3R.BC A € 7, such that R(a,b) € A;
- x has a single successor y with V(y) = (b, B) and there is a BC VR.A € 7, such that R(b,a) € A.

Lemma 53.If (73, A) = A(a) and A is consistent with T, then there is a derivation tree for A(a) in A, for all assertions A(a) with
A € CN(T2) and a € ind(A).

(A proof of Lemma 53 is based on the chase procedure, details can be found in [67].) We are now ready to construct the
2ABTA 25 ». Since 20, 1 ensures that At 1) is consistent with 73, by Lemma 53 it is enough for 2(; » to verify that, for each
node x € T and each concept name A € L(x), there is a 7>-derivation tree for A(x) in A p).

For readability, we use I'” =T'g x CN(73) as the alphabet instead of I" since transitions of 2, only depend on the
Lo- and Lp-components of I'-labels. Let rol(72) be the set of all roles R, R~ such that the role name R occurs in 73. Set
Ay =(Q,I'",38,q0, F), where Q ={qo} ¥ {qa | A€ CN(T2)} ¥ {qa.r,qr | A € CN(T2),R €rol(72)} and F =0 (i.e., exactly the
finite runs are accepting). For all (09, 02) € '™, set
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8(qo. (90,02)) = /\ (0,a) A (leafv /\ (i, q0)),

Aeoy iel.m
é(qa, (00,02)) = true, whenever Acogor TC Ae Ty,

8(qa, (00,02)) = \V  ©.ga) A A0.a))V whenever A ¢ opand TC A ¢ Ta,
ToE=AN---NARCA

\V  O.gg)A=1ge) v \/ Gasr) Vv

JR.BCAE€T, Rexy iel.m
Vg ALg) v \/ (.gpr)).
BCVR.A€T, Rexq iel.m
8(qa.r, (00,02)) = (0,qa), whenever R € oy,
3(qa,r, (09, 02)) = false, whenever R ¢ oy,
3(qr, (00, 02)) = true, whenever R € oy,
3(qR, (00, 02)) = false, whenever R ¢ op.

Note that the finiteness of runs ensures that 7,-derivation trees are also finite, as required.

We next discuss the construction of the NTA 24, omitting most of the details because the construction is not difficult.
Conditions 1 and 2 of 4-properness can be enforced by making sure that certain symbols from I' do not occur. However,
in the case of Condition 2, we have to decide during the automaton construction whether, for given sets S; C cl(77) and
S, ={3Ry.A,VRo.B1, ..., YRo.Bn} C sub(75), there is a model Z of 7; and a d € AZ such that

(a) d e €T iff C € Sq for all C e cl(77) and
(b) (Iﬁ,si’as) £s, (Z,e) forall (d,e) € ROI.

We have to show that this check can be done in EXPTIME. We give a sketch of a decision procedure based on nondetermin-
istic Biichi automata on infinite trees that borrows ideas from the above constructions, but is much simpler.

Definition 54. A nondeterministic Biichi tree automaton (NBA) on infinite m-ary trees is a tuple 2= (Q, T, Qq, 8, F) where Q
is a finite set of states, I' a finite alphabet, Qo € Q a set of initial states, §: Q x ' — 2Q" 4 transition function, and F C Q
is an acceptance condition. Let (T, L) be a I'-labelled m-ary tree. A run of 2 on (T, L) is a Q -labelled m-ary tree (T, r) such
that r(¢) € Qo and (r(x-1),...,r(x-m)) € 8(r(x), L(x)), for each x € T. We say that (T, r) is accepting if in all infinite paths
y1y2--- of T, the set {i | r(y;) € F} is infinite. An infinite I"-labelled tree (T, L) is accepted by 2l if there is an accepting run
of 2 on (T, L). We use L(2) to denote the set of all infinite I'-labelled trees accepted by 2I.

The emptiness problem for NBAs can be solved in polynomial time. Our aim is to build an NBA 5 such that the labelled
trees accepted by B represent tree interpretations Z that satisfy Conditions (a) and (b). We make precise which trees should
be accepted by B. Let I') be the set of all subsets of cI(71) U{R € Nr | R occurs in 71} that contain at most one role name
and let T = (I'y x 2sub(72)) U {empty}. For a I'-labelled tree (T, L) and a node x in T with L(x) # empty, we write L;(x) to
denote the i + 1st component of L(x), for i € {0, 1}. Informally, the projection of a I'"'-labelled tree to the Lo-components
represents Z and the projection to the Li-components contains bookkeeping information that helps to ensure Condition (b).
A T"-labelled tree is proper if the following conditions hold, for x1,x; € T:

- L(e) = (51, 52);

- if L(xq) # empty, then Lo(x7) is satisfiable with 77;

- if x is a child of x; and R € Lo(x2), then VR.C € Lg(x1) implies C € Ly(xy) for all VR.C e cl(T7);

- if 3R.C € Lo(x1), then there is a child x, of x; such that {R, C} C Lg(x2);

- if x is a child of x; and L(x1) = empty, then L(xy) = empty;

- if X2 is a child of x1, Lo(x2) contains the role name R, and L{(x1) = {3R.A,VR.B1,...,VR.B,}, then there is a ¥,-concept
name in cly; ({A, B1, ..., Bp}) \ Lo(x2) or Li(x2) is a Xp-successor set for cly; ({A, B1, ..., Bp});

- there are only finitely many nodes x with Li(x) # 0.

In the conditions above, we assume that whenever a condition is posed on a component of the label of a node x, then L(x) #
empty. Note that the Li-component of a node label plays the same role as the L4-component in the previous construction.
Every proper I'-labelled tree (T, L) represents the following tree interpretation Zr r):

ATTL = {x e T |L(x) # empty},
AT = (x| AeLy(x)},
RIa.L = {(x1,X3) | x2 child of x; and R € Lo(x2)}.

Set m’ = |71|. The proof of the following lemma is similar to that of Lemma 52, but simpler.
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Lemma 55. There is an m’-ary proper I”-labelled tree (T, L) iff there is a model Z of 71 and a d € AT that satisfy Conditions (a)
and (b) from before Definition 54; in fact, Z(t 1) is such a model.

It is now straightforward to construct an NBA 98 whose number of states is polynomial in |77| and exponential in |73|
and which accepts exactly the m’-ary proper I''-labelled trees. Details are left to the reader.

8.2. 2ExPTIME upper bound for ®-CQ-entailment of Horn ALC TBoxes by ALC TBoxes

We now consider the case of non-rooted CQs. Our aim is to prove the following 2EXPTIME upper bound:
Theorem 56. ®-CQ entailment of Horn ALC TBoxes by ALC TBoxes is in 2EXPTIME.

The proof again builds on the characterisations provided by Theorem 46. Since we are now working with CQs rather
than rCQs, we have to consider X;-homomorphic embeddability instead of con-3;-homomorphic embeddability. Note that
Lemma 47 also provides a characterisation in terms of simulations in that case, adding a third condition. We modify the
previous construction to accommodate this additional condition.

Condition (2) of Lemma 47 tells us to avoid certain simulations. In the previous construction, we were able to do that by
storing a single successor set in the L4-component of each I'-label, that is, it was sufficient to avoid at most one simulation
into each individual of the ABox A(r ). In the current construction, this is no longer the case. We thus let the L4-component
of I'-labels range over 22*°72 rather than 25%0(72) and use it to store sets of successor sets. To address (3) in Lemma 47, we

. 2sub(T3) . .
add an Ls-component to I'-labels, which also ranges over 2 . The purpose of this component is to represent elements
of the canonical model Z7; 4 from which we have to avoid a simulation into any individual in A(r 1) and, in fact, into
any element of the interpretation (partially) represented by the L,-components of node labels. The notion of i-properness
remains the same for i € {0, 1, 2, 3}. We adapt the notion of 4-properness and add a notion of 5-properness.

As a preliminary, we define a notion of Xj-descendant set. While a ¥;-successor set for t C CN(7;) represents a
Xp-successor of an element d in a canonical model Z7; 4 that satisfies d € AInA for all Aet, a ¥,-descendent set
represents a descendent of such a d that is attached to its predecessor via a role name that is not in 3, as in (3) of
Lemma 47. Formally, for t € CN(73), we define T'; to be the smallest set such that t € Iy and if t' €'y and S is a suc-
cessor set for cly; ('), then St eTy. A set s CCN(T) is a Xy-descendant set for t if there is a t' € 'y and successor set
S={3R.A,VR.B1,...,YR.By} for cly; (t') with R & X such that s = st

A T'-labelled tree (T, L) is 4-proper if the following conditions are satisfied for all x;,x, € T:

- if L3(x1) =1, then one of the following holds:
- there is a ¥-concept name in Ly(x1) \ L1(x1);
- L4(x1) contains a Xy-successor set for Ly(x1);
- Ls(x1) contains a ¥y-descendant set for Ly(xq1);

- there is a model Z of 77 and a d € AT such that the following hold:
- decT iff C e Li(xy), for all C e cl(T7);
- if {3R.A,VR.B1,...,VR.By} € L4(x7) and (d, e) € RZ, then Z7;.40,8
- if seLs(x1) and e € AT, then (Z7.5,a¢) £5, (Z,€);

- if xy is a child of x1, Lo(x2) contains the role name R, and L4(x1) > {3R.A,VR.Bq, ..., VR.B;}, then there is a ¥,-concept

,,,,, By)»Ue) 3, (Z,€);

name in cly; ({A, By, ..., Bp}) \ L1(x2) or Lg(x2) contains a Xp-successor set for cly; ({A, By, ..., Ba});
- if xy is a child of xq, Lo(x2) contains the role R™, and L4(x2) > {3R.A,VR.B1,...,VR.B,}, then there is a ¥,-concept
name in clg; ({A, By, ..., Bp}) \ L1(x1) or L4(x1) contains a X;-successor set for cl; ({A, By, ..., Bp}).

A T-labelled tree (T, L) is 5-proper if the following conditions are satisfied for all x; € T:

- all x e T agree regarding their Ls-label;

- if s € L5(x7), then one of the following holds:
- there is a X;-concept name in s\ L1(x1);
- L4(x1) contains a Xj-successor set for s.

Note that 4-properness and 5-properness together implement (2) and (3) of Lemma 47; in particular, Point (3) from
Lemma 47 requires that (Z7;, 4,do) £x, (Z1,e) for any element e of Z; which can be broken down into the two cases
above.

The proof of the following lemma is similar to that of Lemma 53:

Lemma 57. There is an m-ary I'-labelled tree that is i-proper for all i € {0, ..., 5} iff there is a tree £1-ABox A of outdegree at most m
that is consistent with 71 and T, and amodel Z1 of (71, A) such that the canonical model Z,, 4 of (T2, A) is not X>-homomorphically
embeddable into Z;.
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We can now adapt the automata construction presented in the previous section. It is straightforward to construct an
NTA 205 with double exponentially many states that verifies 5-properness. Also, the NTA 2(4 for 4-properness will now have
double exponentially many states because L4- and Ls-components are sets of sets of concepts rather than sets of concepts.
In fact, we could dispense with NTAs altogether and use a 2ABTA that has exponentially many states, both for 204 and 2s.
The construction of 24 needs to decide whether, for given sets S; Ccl(77) and S, S3 C 20N(T2) | there is a model Z of T
and a d € AT such that

(a) d e CT iff C € Sy, for all C e cl(T7);
(b) I7;,s.a¢) £5, (Z,d) for all S € Sy;
(€) (Z7s.5.0e) £5, (Z,e) for all S € S3 and e € AZ;

This check can be implemented in 2EXPTIME using a decision procedure based on NBAs, mixing ideas from the corresponding
construction in the previous section and the construction above. Overall, we obtain the 2EXPTIME upper bound stated in
Theorem 56.

8.3. 2EXPTIME lower bound for ®-CQ-inseparability between Horn ALC TBoxes

We prove a matching lower bound for the 2EXPTIME upper bound established in Theorem 56 using a reduction of the
word problem of exponentially space bounded ATMs (see Section 5.3). More precisely, we show the following:

Theorem 58. (X, X)-CQ inseparability between the empty TBox and Horn ALC TBoxes is 2EXPTIME-hard.

Note that we obtain a 2EXPTIME lower bound for ®-CQ entailment as well since, clearly, the empty TBox (X, X)-CQ-
entails a TBox 7 iff the empty TBox and 7 are (X, X)-CQ-inseparable. Let M = (Q, T}, T, qo, A) be an exponentially space
bounded ATM whose word problem is 2ExpTIME-hard, where Q is the finite set of states, I'; the input alphabet, ' O T'; the
tape alphabet with blank symbol O € '\ T'j, qo € Q the initial state, and A € Q x I’ x Q x I" x {L, R} the transition relation.
We use A(g, o) to denote the set of transitions (q’,0’, D) € Q x I" x {L, R} possible when M is in state q and reads o, that
is, (q,0,q',0’, D) € A. We may assume that the length of every computation path of M on w € £" is bounded by 22" and
all the configurations wqw’ in such computation paths satisfy |[ww’| < 2" (see [60]). To simplify the reduction, we may also
assume without loss of generality that M makes at least one step on every input, that it never reaches the last tape cell,
and that every universal configuration has exactly two successor configurations.

Note that when M accepts an input w, this is witnessed by an accepting computation tree whose nodes are labelled with
configurations such that the root is labelled with the initial configuration of M on w, the descendants of any non-leaf
labelled with a universal (respectively, existential) configuration include all (respectively, one) of the successors of that
configuration, and all leafs are labelled with accepting configurations.

Let w be an input to M. We aim to construct a Horn ALC TBox 7 and a signature ¥ such that M accepts w iff there is
a tree ©-ABox .4 such that

(a) A is consistent with 7 and
(b) Z7, 4 is not X-homomorphically embeddable into Z7, 4,

where 7y = (. Note that this is equivalent to (X, X)-CQ-entailment of 7 by 7y due to Theorem 46 (2); that theorem
additionally imposes a restriction on the outdegree of 4, but it is easy to go through the proofs and verify that the char-
acterisation holds also without that restriction. We are going to construct 7 and X such that A represents an accepting
computation tree of M on w.

When dealing with an input w of length n, in A we represent configurations of M by a sequence of 2" elements linked
by the role name R, from now on called configuration sequences. These sequences are then interconnected to form a rep-
resentation of the computation tree of M on w. This is illustrated in Fig. 7, which shows three configuration sequences,
enclosed by dashed boxes. The topmost configuration is universal, and it has two successor configurations. All solid ar-
rows denote R-edges. We shall see at the very end of the reduction why successor configurations are separated by two
consecutive edges instead of a single one.

The above description is an oversimplification. In fact, every configuration sequence stores two configurations instead of
only one: the current configuration and the previous configuration in the computation. We will later use the homomorphism
condition (b) above to ensure that

(*) the previous configuration stored in a configuration sequence is identical to the current configuration stored in its
predecessor configuration sequence.

The actual transitions of M are then enforced locally inside configuration sequences.
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Fig. 7. Configuration tree (partial).

The signature T consists of the following symbols:

- the concept names Ao, ..., An_1, Ao, ..., An_1 that serve as bits in the binary representation of a number between 0
and 2" — 1, identifying the position of tape cells 1n51de configuration sequences (Ag, A are the lowest bit);
- the concept names Ap,..., A/, _; and AO,... Am 1» where m = [log(2" + 2)], that serve as bits of another counter

which is able to count from 0 to 2" + 2 and whose purpose will be explained later;
- the concept names A,, A/, Ay, for each o €T
- the concept names Aqo, Ag 5 Aqo, foreacho eT and ge Q;
- the concept names X1, X that mark the first and second successor configuration;

- the role name R.

From the above list, the concept names Ay and Aq,, are used to represent the current configuration and A; and A , for
the previous configuration. The role of the concept names A, and ﬁq,g will be explained later.

It thus remains to construct the TBox 7, which is the most laborious part of the reduction. We use 7T to verify the
existence of a computation tree of M on input w in the ABox. For the time being, we are going to assume that (x) holds
and, in a second step, we will demonstrate how to actually achieve that. We start with verifying halting configurations,
which must all be accepting in an accepting computation tree, in a bottom-up manner:

Agm---MAp_1MA; MALCV, ()
AinaR.A; 1 L3R .A; Cok;, @)

j<i
A;n3RA; nLI3R.A; T ok;, 3)

j<i
Ain3R.A;n [ 13R.A; C ok, (4)

j<i
Ain3R.A;n [ 13R.A; Cok;, ()

j<i
ok0|—|...|—]okn71[‘IZiI_IHR.Vl_lAgﬂA, cCVv, (6)
Oko M-+ Moky—1 MA;M3R.V NAg MA, , E Vi, (7
oko M-+ Moky_1 MA; M3R.V M Ag,0 MAL E Vg, (8)
Ok M-+ Moky_1 M A M3RV Lo M Ag.o AL EVigeo. )
oko M- --Moky—1 MA; M3AR.VR g, I_IAUI_IAqU/EVR,qﬂ,aa (10)
oko M-+ Moky—1 MA;MIR.Vp g0 MAs AL E VD g0 (11)
JR.A;MIRAC L, (12)
where 0,0’ range over T, q over Q, i over 0,...,n—1, and D over {L, R}. The first line starts the verification at the last

tape cell, ensuring that at least one concept name A, and one concept name A/ is true (it also verifies that the symbol
is identical in the current and previous configuration, assuming (x); it is here that the assumption that M never reaches
the last tape cell makes the construction easier). The following lines implement the verification of the remaining tape cells
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of the configuration. Lines (2)-(5) implement decrementation of a binary counter and the conjunct A; in lines (6)-(11)
prevents the counter from wrapping around once it has reached 0. We use several kinds of verification markers:

- with V, we indicate that we have not yet seen the head of the ATM;

- Vi indicates that the ATM made a step to the left to reach the current configuration, writing o’;

- VR,q indicates that the ATM made a step to the right to reach the current configuration, switching to state q;

- Vp g0 indicates that the ATM moved in direction D to reach the current configuration, switching to state q and writ-
ing 0.

In the remaining reduction, we expect that a marker Vp g, has been derived at the first (thus top-most) cell of the
configuration. This makes sure that there is exactly one head in the current and previous configuration, and that the head
moved exactly one step between the previous and current position. Also note that the above Cls ensure that the tape
content does not change for cells that were not under the head in the previous configuration, assuming (). Note that it is
not immediately clear that lines (2)-(11) work as intended since they can speak about different R-successors for different
bits. The last line fixes this problem. We also ensure that relevant concept names are mutually exclusive:

AiMA;C 1, (13)

Agy MAg, E L, if o1 # 02, (14)

Ag, MAg 0, EL, (15)

Agi.o1 MAg0, E L, if (q1,01) # (92, 02), (16)

where i ranges over O,...,n—1, 01,02 over I', and q1,q> over Q. We also add the same CIs for the primed versions of
these concept names. The next step is to verify non-halting configurations:

IRIR.(X1MAgM---NA 11 (Vpgo UVp44)) E Lok, (17)

IR.3R.(X2M Ao+ N A1 N (Vpgo UVp 4 ,)) E RO (18)

AoM-+-MAs—1MAs MA, MLokMRok T V', (19)

okoM---Moky_1 MA; 3RV MA, MAL CV/, (20)

okol_l---l’loknq[‘IK,’I’]EIR.V’I‘IAJI‘IA;,G,EVLG, (21)

okoM---Moky—1 MA;M3RVE ;M A; MAY Vi o, (22)

okoM---Moky—1 MA;M3RV] o o MA AL EV) oy, (23)

where o,0’,0"” range over I, q and q’ over Q, i over 0,...,n—1, and D over {L, R}. We switch to different verification

markers V', V|, V,’Q’q, Vb,q, - to distinguish between halting and non-halting configurations. Note that the first verification
step is different for non-halting configurations: we expect to see one successor marked with X; and one with X,, both
the first cell of an already verified (halting or non-halting) configuration. For easier construction, we require two succes-
sors also for existential configurations; they can simply be identical. The above CIs do not yet deal with cells where the
head is currently located. We need some prerequisites because when verifying these cells, we want to (locally) verify the
transition relation. For this purpose, we carry the transitions implemented locally at a configuration up to its predecessor

configuration:

IRIR.(XeMAg M-+ M A1 M Vo) ES; 5 s (24)
IRIR.(XeMAg M- M A1V o p)E S 5 s (25)
IR.(Ao N SG 51 p) E St o7 (26)

where g ranges over Q, o and ¢’ over I, t over {1, 2}, and i over O, ...,n — 1. Note that markers are propagated up exactly

to the head position. One issue with the above is that additional St o.D -markers could be propagated up not from the
successors that we have verified, but from surplus (unverified) successors To prevent such undesired markers, we add the
Cls

st

nst Cl (27)

q1,01,D1 q2,02,07 =

for all t € {1,2} and all distinct (q1, 01, D1), (q2,02,D3) € Q x I' x {L, R}. We can now implement the verification of the
cells under the head in non-halting configurations. We take
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oko M-+ Moky—1 MA;M3RV M Ag 0, A, 1Se 50 5, M Se. 50 03 E Vi, (28)

oko M-+ Moky—1 MA;MARV] ;M Ag 0y MAG NSg 50 0, NS 000 E Vi o (29)

for all (q1,01) € Q x I' with g1 a universal state and A(q1,01) = {(q2, 02, D2), (q3,03, D3)}, i from 0,...,n—1, and o from
I'; moreover, we take

oko M-+ Moky—1 MA;M3AR.V M Agy0y AL MSg, 50 0, 1S, 0000 E Vig, (30)

oko M-+ +Moky—1 MA;M3RV] 5 M Agyo M AL MSe 50 0, St 60, EVigro (31)

for all (q1,01) € Q x I with g1 an existential state, for all (q2, 02, D2) € A(q1,01), alli from 0,...,n—1, and all o from T.

It remains to verify the initial configuration. Let w = o ---0on—1, let (C = j) be the conjunction over the concept names
A;, A; that expresses j in binary, for 0 < j <n, and let (C > n) be the Boolean concept over the concept names A;j, A;
expressing that the counter value is at least n. Then we take

Agn---MAs_1NAgnLokmRokE VI, (32)
okoM---Moky—1 M (C>n)n3IR.VI mAgC V!, (33)

oko M---Moky—1 M(C=1)M3IR.V N A, CV/, (34)
where i ranges over 1,...,n—1 and o, 0’ over I'. This verifies the initial conditions except for the left-most cell, where

the head must be located (in initial state qp) and where we must verify the transition, as in all other configurations. Recall
that we assume qg to be an existential state. We can thus add

okoM-++Moky—1 M(C=0)N3AR.V M Aoy NSy 5 pMSe s pEI (35)

for all (q, o, D) € A(qo, 00)-

At this point, we have finished the verification of the computation tree, except that we have assumed but not yet
established (). Achieving (%) consists of two parts. In the first part, we use the concept names B;, B;, i <m (recall that
m = [log(2" 4+ 2)]) to implement an additional counter that serves the purpose of generating a path whose length is 2" + 2,
the distance between two corresponding tape cells in consecutive configurations. Let oy, ..., o,_1 be the elements of Q U
(Q x I'). We add the following to 7 :

IR.IC EIS.€|_|kEIR.(Aw M Bg, M (Cp =0)) (36)
<

By, C3R.T, (37)
Bin[1B;CVR.B;, (38)

j<i
Bin[1B;CVR.B;, (39)

j<i
Bin LI B; C VR.B;, (40)

<t
Eil_l u‘EjEVR.Ei, (41)

j<i
(Cp <2"+1)M By, CTVR.By,, (42)
(Cp=2"+1)N By, CTVR.Ag,, (43)
where ¢ ranges over 0,...,k — 1, i ranges over O,...,m, and (Cg = j) (respectively, (Cg < j)) denotes a Boolean concept

expressing that the value of the B;/B;-counter is j (respectively, smaller than j). We will explain shortly why we need to
travel one more R-step (in the first line) after seeing I.

The above Cls generate, after the verification of the computation tree has ended successfully, a tree in the canonical
model of the input ABox and of 7 as shown in Fig. 8. Note that the topmost edge is labelled with the role name S, which
is not in . To satisfy Condition (b) above, we must thus not (homomorphically) find the subtree rooted at the node with
the incoming S-edge anywhere in the canonical model of the ABox and 7y (which is just a different presentation of A). We
use this effect to ensure that (x) is satisfied everywhere. Note that the R-paths in Fig. 8 have length 2" + 2 and that we do
not display the labelling with the concept names B;, B;, By. These concept names are not in ¥ and only serve the purpose
of achieving the intended path length and of memorising «. Informally, every R-path in the tree represents one possible
copying defect. The concept names of the form A, stand for the disjunction over all A/, with g # «. Although we have not
done it so far, we can easily modify 7 to achieve that they are indeed used this way in the input ABox. For example, we
can add the conjunct na/er\[g}ﬁa, to the left-hand side of the concept inclusion in (1), and likewise for (6), (7), and so
on.
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S
“0 A“’k 1
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R R
Z‘Y() X"k—]

Fig. 8. Tree gadget.

M a
Adg - . R
R R Aqg; R Aoy | R
>< -
R R R
Zﬂ/O K(Y,‘ Xﬂ/k*]

Fig. 9. Additional paths attached to computation tree. In the sequence of paths on the left, the path for Ay, is missing.

If there is a copying defect somewhere in the ABox, then one of the R-paths in Fig. 8 can be homomorphically embedded.
We have to ensure that the other paths can be embedded, too. The first step is to add the following Cls:

(C'=2"+2)NAy CV,, (44)
A;naR.A;n LI3R.A) C ok, (45)
j<i
A;n3RA; N LI3R.A} C ok, (46)
j<i
A;n3RA; N [3RA; C ok, (47)
j<i
A;n3R.A;n[13RA] C ok, (48)
j<i
ok M---Mok,_;MA;M3R.V, N A, NA, C V), (49)
AR.((C'=0)11V,MAg,) C Vy, (50)
where ¢ ranges over 0,...,k — 1, i ranges over 0,...,m, and (C' = j) denotes a Boolean concept which expresses that the

value of the A] /Z;-counter is j; recall that the concept names implementing this counter are in X. The purpose of the
above ClIs is to set the verification marker V, at an individual a whenever we find in the ABox an R-path with root a that
is isomorphic to the R-path labelled with Ay, /Aq, in Fig. 8 (and additionally is decorated in an appropriate way with the

concept names used by the A;/Z;—counter).
As the second step, it remains to add the verification markers V, to the left-hand side of the CIs in 7 in such a way that

(*x*) whenever an ABox individual a that is part of the computation tree has an R-successor in that tree which is labelled
with Ag,, then all verification markers V; with je{0,...,£—-1,£+1,...,k — 1} must be present at a.

Informally, (+*) achieves the presence of additional paths attached to nodes of the computation tree, as displayed in Fig. 9.
There, a and b are nodes in the computation tree proper and since Ay, holds at b, we attach to a all paths from Fig. 8
except the one for Ay,. By what was achieved in the first step, we can thus homomorphically embed the R-tree in Fig. 8 at
a iff there is a copying defect at the successor of a.
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We next describe the modifications required to achieve (xx). Line (20) needs to be extended by adding to the left-hand
side the conjunct [jc(o,... ¢1,¢+1,...k—1} Vj M 3R.c¢¢ where £ ranges over 0, ...,k — 1. Here, we want 3R.cz¢ to refer to the
same R-successor whose existence is verified by the existing concept 3R.V’ on the left-hand side of (20), or at least to a
successor that has the same «-label. This can be achieved by adding the Cls

JR.ayMIR.ap C L (51)

where ¢ and ¢ are distinct, ranging over O, ...,k —1.

The same conjunct needs to be added to the left-hand sides of Lines (21)-(23), (28)-(31), and (33)-(35). We also need
to add the conjunct into the scope of the outermost (but not innermost!) existential quantifier in (17) and (18) and to
(36), outside the scope of the existential quantifier. Note that we indeed need to travel one more R-step after seeing I (the
explanation of this was deferred until now): we always consider copying defects at R-successor of some individual name
and thus also the root of our configuration tree should be the R-successor of some individual. Also note that we indeed
need to separate successor configurations by two R-steps (the remaining deferred explanation). If we used only one R-step,
then the branching ABox individual would always allow the R-tree from Fig. 8 to be homomorphically embedded, no matter
whether there is a copying defect or not.

Lemma 59. The following conditions are equivalent:

(1) thereis a tree X-ABox A such that (a) A is consistent with T and (b) ZT 4 is not ©-homomorphically embeddable into I, 4;
(2) M accepts w.

Proof. (sketch) For (2) = (1), suppose M accepts w. The accepting computation tree of M on w can be represented as
a X-ABox as detailed above alongside the construction of the TBox 7. The representation only uses the role name R and
the concept names A;, A;,Al, A, Ag, Aqor Ay, Ay Acy Aqo, X1, and Xp. As explained above, we need to duplicate
the successor configurations of existential configurations to ensure that there is binary branching after each configuration.
Also, we need to add one additional incoming R-edge to the root of the tree. The resulting ABox A is consistent with 7.
Moreover, since there are no copying defects, there is no homomorphism from Z7 4 to Z7, 4.

For (1) = (2), suppose there is a tree X-ABox .A that satisfies (a) and (b). Because of (b), I must be true somewhere
in Z1 4: otherwise, Z7 4 does not contain anonymous elements and the identity is a homomorphism from Z7 4 to
Z7,. A, contradicting (b). Since I is true somewhere in Z7 4 and by the construction of 7, the ABox must contain the
representation of an accepting computation tree of M on w, except satisfaction of (). For the same reason, Z7 4 must
contain a tree as shown in Fig. 8. As already been argued during the construction of 7, however, condition (x) follows from
the existence of such a tree in Z7 4 together with (b). O

We remark that the above reduction also yields 2ExPTIME hardness for (2, £)-CQ entailment in the DL ££Z extending
EL with inverse roles. In fact, CIs D C Vr.C can be replaced by 3r~.D C C and disjunctions on the left-hand side can be
removed with only a polynomial blowup. It thus remains to eliminate 1, which only occurs non-nested on the right-hand
side of ClIs. With the exception of the Cls in (27), this can be done as follows: replace 73 with a non-empty TBox 7; and
rename 7 to 7, for uniformity; include all CIs with L on the right-hand side in 77 instead of in 75; then replace L with a
fresh concept name D and further extend 77 with CIs which make sure that Z7; 4 contains an R-tree as in Fig. 8 whenever
D is non-empty, which is straightforward. As a consequence, any ABox that satisfies the left-hand side of a L-CI in the
original TBox 7 cannot satisfy (b) from Lemma 59 and does not have to be considered.

For the excluded Cls, a different approach needs to be taken since these Cls rely on many ClIs in 7, that are not in-

cluded in 77. We only sketch the required modification: instead of introducing the concept names th.m p,» one would
. 01,

41.01.D1" s2 p,» and V’ would be integrated into a single marker
1,01,01 q2,02,D3
and likewise for V| 4. The excluded Cls can then simply be dropped.

propagate transitions inside the V’-markers. Thus, S
V/

q1,01,D1,q2,02,D"

Theorem 60. It is 2EXPTIME-hard to decide whether an £LT TBox (X, ¥)-CQ entails an £LZ TBox.
A corresponding upper bound has recently been established in [68].

9. Related work

The comparison of logical theories has been an active research area almost since the invention of formal logic. Important
concepts include Tarski's notion of interpretability [69] of one theory into another and the notion of conservative extension,
which has been employed extensively in mathematical logic, in particular to compare theories of sets and numbers [70].
Conservative extensions have also been used to formalise modular software specification [71-73] and to enable modular
ontology development [42,16,17]. Query entailment can be regarded as a generalisation of conservative extension where we
do not require that one of the theories under consideration is included in the other and where conservativity depends on
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Table 4

KB query inseparability [34].
DL Complexity DL Complexity
ELHT) P - -
DL-Litecore P DL-Litelt, EXPTIME
Horn ALC(H) EXPTIME Horn ALC(H)T 2EXPTIME

Table 5

TBox query inseparability.
DL Complexity DL Complexity
EL ExPTIME [38] Horn ALC(H)T 2EXPTIME [68]
DL-Litecore in P [41] DL—LiteZ;‘,E EXPTIME [34]

database queries in a signature of interest instead of formulas in the signature of the smaller theory. In an independent but
closely related research field, various notions of equivalence between (extended) datalog programs have been proposed and
investigated [74], often focusing on answer set programming [74-77].

The state of the art in the research of inseparability between description logic ontologies has recently been presented in
great detail in [41]. This survey contains, in particular, a discussion of the relationships between concept-based, model-
based, and query-based inseparability. In the first approach, one compares the concept inclusions entailed by the two
versions of an ontology. In the second approach, one compares the models of the two versions. In contrast, in the query-
based approach underpinning the present investigation, one compares the certain answers to database queries. It turns
out that the three approaches exhibit rather different properties and require different model-theoretic and algorithmic
techniques. While various forms of bisimulations and corresponding bisimulation-invariant tree automata are required to
investigate concept-based inseparability, query-based inseparability relies on understanding homomorphisms between in-
terpretations and products, which are then reflected in the games or automata required to design algorithms; we refer
the reader to [41] for an in-depth discussion. Important notions that are closely related to query inseparability, such as
knowledge exchange and entailment between OBDA specifications, are discussed in [34].

In what follows, we focus on summarising what is known about query inseparability between description logic ontolo-
gies, discussing both the KB and the TBox cases. All existing results are about Horn-DLs as the present paper is the first
one to study query-based inseparability for expressive non Horn-DLs. As discussed in this paper, for Horn-DLs, there is no
difference between CQ- and UCQ-inseparability, so we do not explicitly distinguish between them below.

We start with the KB case. In [34], CQ-inseparability between KBs is investigated for Horn-DLs ranging from the
lightweight £L£ and DL-Litecyre to HornALCHZ. The authors develop model-theoretic and game-theoretic characterisations
of query inseparability. In contrast to the present investigation, the main complexity results, summarised in Table 4, are
then obtained using the game-theoretic characterisations instead of reductions to the emptiness problem of tree-automata.
It is also proved that rootedness does not affect the worst-case complexity of query entailment. Observe that the addition
of the inverse role constructor leads to an exponential increase of the complexity of checking query inseparability.

CQ-inseparability between TBoxes has been investigated for ££ terminologies (a restricted form of TBox) extended with
role inclusions and domain and range restrictions [15,78], for (unrestricted TBoxes in) the description logic ££ [38], and for
variants of DL-Lite [41,34]. The algorithms presented in [15] are based on both model-theoretic and proof-theoretic methods.
The authors focus not only on deciding inseparability but also on presenting the logical difference between TBoxes to the
user. A versioning and modularisation system for acyclic ££ TBoxes based on CQ-inseparability is presented and evaluated
in [78]. The system makes intense use of the fact that, in this case, query inseparability can be decided in polynomial time.
This is in contrast to general ££ TBoxes for which EXPTIME completeness of deciding CQ-inseparability is shown in [38].
The method is purely model-theoretic and based on the close relationship between concept and query inseparability for
EL. More recently, CQ inseparability has been investigated for HornALCHZ and shown to be 2EXPTIME-complete, using a
subtle approach that combines a mosaic technique with automata [68]. The mentioned results are summarised in Table 5.

10. Conclusion and future work

We have made significant steps towards understanding query entailment and inseparability for KBs and TBoxes in ex-
pressive DLs. Our main—and rather unexpected—results are as follows:

- for ALC-KBs, -(r)UCQ inseparability is decidable and (r)CQ-inseparability is undecidable (even without restrictions on
the signature);
- for Horn ALC-TBoxes, ®-rCQ inseparability is ExPTIME complete and ®-CQ inseparability is 2ExPTIME complete.

The first result reflects a fundamental difference between the model-theoretic characterisations of inseparability for CQs
and UCQs: while UCQ-inseparability can be characterised using (partial) homomorphisms between models of the respective
KBs, CQ-inseparability requires the construction of products of the models of the respective KBs, a result which is at the
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core of our undecidability proof. The second result reflects a fundamental difference between homomorphisms whose do-
main is connected to ABox individuals (as required for rooted CQs) and those whose domain is not necessarily reachable
from the ABox. Searching for the latter turns out to be much harder. Both results have important practical implications.
The first one indicates that one should approximate CQ-inseparability using UCQ-inseparability when designing practical
algorithms. Observe that this is a sound approximation as no two ontologies that are UCQ-inseparable can be separated by
CQs. The second one indicates that it is worth focusing on rooted (U)CQs rather than all (U)CQs when designing practical
algorithms for inseparability. The latter are likely to cover the vast majority of queries used in practice. We believe that our
model-theoretic characterisations provide a good foundation for developing practical (approximation) algorithms.

Many problems remain open. The main one, which can be directly inferred from the tables presenting our results, is the
decidability of UCQ-inseparability for .ALC TBoxes. We conjecture that this problem is undecidable but have found no way
of proving this. Another family of interesting open problems concerns the role of the signatures ¥ and ® in our investigation
of the decidability/complexity of inseparability between KBs and TBoxes, respectively. Observe that admitting more symbols
in ¥ or © leads to sound approximations of the original inseparability problem: for example, if TBoxes are ®’-CQ insepa-
rable for a pair of signatures ® 2 ©, then they are ®-CQ inseparable as well. It would, therefore, be of great interest to
understand the complexity of inseparability if ¥ and ® consist of all concept and role names (the ‘full signature’ case). We
have been able to prove undecidability of full signature (r)CQ-inseparability for ALC KBs, but the complexity of full signa-
ture (r)UCQ-inseparability between ALC KBs remains open. Similarly, the decidability of full signature (r)CQ-inseparability
and (r)UCQ-inseparability between .ALC TBoxes remains open. The ‘hiding technique’ discussed in this paper might be a
good starting point to attack those problems. Finally, it would be of interest to consider extensions of ALC with inverse
roles, qualified number restrictions, nominals, and role inclusions. We conjecture that extensions of our results to DLs with
qualified number restrictions and role inclusions are rather straightforward (though proofs might become significantly less
transparent). The addition of inverse roles, however, might lead to non-trivial modifications of the model-theoretic criteria,
see also [68].
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Appendix A. Proof of Theorem 22

For the proof of Theorem 22 (i), suppose that an instance ¥ of the rectangle tiling problem is given. Consider the KBs
IC;CQ= (7;1CQ, Arcq) and ICfCQ = (7;%(1, Arcq) given in the proof sketch for Theorem 22 (i). It suffices to prove Lemmas 18
and 19 for the new KBs, the rCQs g},(y), and the signature Xcq.

Lemma 61. The instance T admits a rectangle tiling iff there exists qj,(a) such that IC%CQ = q;(a).

Proof. (=) Suppose ¥ tiles the N x M grid so that a tile of type T € T covers (i, j). Let

blockj = (T;’j, .. .,T,iv’j,Row),

for j=1,...,M—1 and k= (j — 1) mod3. Let q}, be the CQ in which the B; follow the pattern

Row, blocky, blocky, blocky, ..., blocky_1

(thus, n=(N+1) x M + 1). In view of Lemma 11, we only need to prove Z = q;,(a) for each minimal model Z € M,CZCQ.

Take such an Z. We have to show that there is an R-path a, xg, ..., X;+1 in Z such that x; € BiI and xp41 € End”.

First, we construct an auxiliary R-path yo, ..., ya—n—1. We take yo € RowZ, the successor of a in Z, and y; € IoZ, the
successor of yg in Z, by (21) (Ig = T'1). Then we take y, € (T>1H)Z, ..., yn € (TV-1)Z by (6). We now have right(TN-1) = w.
By (7), we obtain yy41 € RowiZ. By (9), yn+1 € Row;Z € RowZ. We proceed in this way, starting with (5), till the moment
we construct y,_q € (TN"M=1Z for which we use (8) and (15) to obtain y, € (ROWZ“”)I C Row?, for some k. Note that
TZ < TZ by (10).

By (12), two cases are possible now.

Case 1: there is y such that (yn,y) € RZ and y € EndZ. Then we take X0 =+ =XN =0, XN+1 = Y0,---,Xn =
Yn—-N-1,Xn+1 =Y.

Case 2: there is z; such that (yn,z1) € RZ and z; € (T}:a”)z, where T =T!M and up(T) = C. We then use (13) and
find z,...,zn,u, v such that z; € (T,’:alt)z, where T = T"M, u € Row? and v € End%. We take X0 = Y0,.--»Xn—N—1 =
Yn—N—1,Xn—N = Z1, .+, Xn—1 = ZN, Xn = U, Xn1 = v. Note that, by (11) and (16), we have (T#)HT c (THi-1)ZT,
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Fig. A.1. Two homomorphisms to minimal models.

(<) Suppose IC?CQ = q;,(a) for some n > 0. Consider all the pairwise distinct pairs (Z, h) such that 7 M,CzCQ and h is a

homomorphism from gqj,(a) to Z. Note that h(q},) contains an or-node o (which is an instance of Rowf;’“”, for some k). We
call (Z,h) and h left if h(x;,+1) = O} - W3R Eng» and right otherwise. It is not hard to see that there exist a left (Z;, h)) and a
right (Zy, hy) with oy, = oy, (if this is not the case, we can construct 7 € M’Cch such that 7 (¥ q),(a)).

Take (Z;, hy) and (Zr, hy) such that oy, = oy, =0 and use them to construct the required tiling. Let o =awg - -- wy. We
have hj(xp) = o, hj(Xn+1) = 0 - Wag gnd. Let hr(Xp11) =0 V1 ... V2, Which is an instance of End. Then hy(X;) =0 Vvy...Vp+1,
which is an instance of Row.

Suppose vy, = Wap ppalt (any k other than 2 is treated analogously). By (14), right(T) = W; by (13), up(T) = C. Suppose

Wp_1 = wag.s,. Now, we know that k = 1. By (8), right(S) = W. Consider the atom B;,_1(x,—1) from qj,. Both awq--- wy_4
and ovq---vy are instances of B,_1. By (10) and (16), By—q :§1 and down(T) = up(S). Suppose vp_1 = WE‘R_Ugalt. By
(13), right(U) = left(T) and up(U) = C. Suppose wWy_y = WaR.q,. By (6), right(Q) = left(S). Consider the atom Bj_3(xX;—2)
from qj,. Both awg---wy_; and o --- vy are instances of Bn_>. By (10) and (16), By—2 = 0; and down(U) =up(Q). We
proceed in the same way until we reach o and awg---w,_y_1, for N =m, both of which are instances of B,_y_1 = Row.
Thus, we have tiled the last two rows of the grid.

We proceed in this way until we have reached some variable x;, for t > 0, of g, that is mapped by h; to awow; (see
Fig. A.1). Note that this situation is guaranteed to occur. Indeed, h;(a) = a, h;(xo) € {a,awp}, hj(x1) € {a,awg, awow1}, etc.
Clearly, the assumption that h;(x;) € {a,awg} for all i (0 <i <n+ 1) leads to a contradiction. Let h,(x;) = awg--- ws, for
some s > 1. Note that s = N + 2. By (21), it follows that awow; is an instance of Ip. Therefore, B :Tg and, by (11),
awg - -- Ws is an instance of Vq, for some tile V such that down(V) = up(I).

Thus, we have a tiling as required since the vertical and horizontal compatibility of the tiles is ensured by the construc-
tion above and by the fact that the tile I occurs in it as the initial tile. O

Lemma 62. [[M K2, is con-nX,cq-homomorphically embeddable into I’Clcq preserving {a} for all n > 1 iff there does not exist an
rCQ qy,(y) such that l—IMK:ZCQ =q, ().
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Proof. (=) Suppose otherwise, that is, [[M KZq = q),(a) for some m. By the assumption, [[ M KZq is con-nX;cqo-homo-
morphically embeddable into IK]CQ for n =m + 3 (the length of qj,). So we have IK]CQ = q7,(a), which is clearly impossible
because none of the paths of IK:ICQ contains the full sequence of symbols mentioned in g}, (y).

(<) Suppose [[M KZq ¥ q),(a) for all m. Take any subinterpretation of [|[M K2, whose domain contains n ele-

ments connected to a. Recall from the proof of Theorem 6 that we can regard the Xcq-reduct of this subinterpretation
as a X;cq-rCQ, and so denote it by q(y). Clearly, q is tree shaped plus the atom R(y,y). We know that there is no
% cq-homomorphism from qj,(y) into q(y) for any m; in particular, q(y) does not have a subquery of the form qj,(y).
We have to show that I,ch = q(a). We show how to map q(y) starting from a.

We call a variable x in q(y) a gap if there exists no B € Xcq such that B(x) is in q(y). Since q(y) does not contain a
subquery of the form g/, (y), we know that every path p starting from y in q(y) either:

(a) does not contain End(x), or
(b) contains End(x) and contains a gap x’ that occurs between the y and x.

If all paths p starting from y in q(y) are of type (a) we map q(y) on the path m,:

A,Row, Ty g %0, D R %, D R %, D

IrK‘rl(Q: R a »O- >0 o I ﬂ'w
R RI RI RT
o—s o\/e‘ o—% o—s
fz"g\> Z07 e S e RSy

}7‘2’20 ..... ﬂl E,Za,,zo'é ..... 71-2 E”(/,ZO.. ..... 71-3 E”ﬂ:):o e, 7'[4

Otherwise, let y be the current variable and a the current image. Let xq,...,X; be all successor gaps and zi,...,z all
successor non-gaps of the current variable in q(y). We map all x; to the vertical successor and all z; to the horizontal
successor of the current image. All the rest of the paths starting from x; can then be mapped to an appropriate ;. We
then consider each z; as the current variable, and the point where it has been mapped as the current image, and continue
analogously. Thus, the paths o not containing gaps and End(x) atoms would result in being mapped to 7, while the paths
with gaps would each result in being mapped to an appropriate 77;. O

We now prove Theorem 22 (ii). We set Ky = K2

QY IC:CQ and show that the following are equivalent:

(1) IC;CQ Srcq-TCQ entails C2 7
(2) IC}CQ and Ky are X;cq-1CQ inseparable.

Let )1 be the canonical model of IC}CQ and M- the set of minimal models of ICfcq. Again, one can easily show that
1CQ rCQ
the following set M, is complete for K3:

KK, = {IHJI)C}CQ |Z e M]CECQ}’

where I&JI,@ is the interpretation that results from merging the roots a of Z and I’C1 Now (2) = (1) is trivial. For the

converse, suppose ICrCQ >rco-1CQ entails ’CrCQ It directly follows that Ky Xcq-1CQ entalls ICch So it remains to show that
’Crcq ¥cq-rCQ entails K,. Suppose this is not the case. Without loss of generality, we may assume that there is a X,cq-rCQ

q(y), a ditree with one answer variable y not mentioning D and E, such that /; &= q(a) and IClcQ ¥ q(a). We can assume
q to be a smallest rCQ with this property. Consider the various cases of q(y):

- q(y) does not contain End atoms: but then ’Crcq = q(a) (see the proof of Lemma 62), contrary to our assumption.

- q(y) contains End atoms and, on each path from y to an End atom, there is a variable x that does not appear in q(y)
in any atom of the form B(x), for a concept name B € . But then ICrCQ = q(a) (see the proof of Lemma 62), contrary
to our assumption.

- q(y) contains End atoms and a path from y to an End atom such that each variable x on this path appears in an atom
of the form B(x) for a concept name B € X. Denote this path by q'(y), and observe that q'(y) is a query of the form
q,,(y). Then IC 1CQ %~ q'(a) by the construction of ICICQ, moreover there is no subquery q” of q’(y) such that there is a

model 7 € M,Cz and IUIKI = q'(a) by mapping q” entirely into I,@ So it must be that ICECQ = q'(a). But now,

as ICrCQ = ICrcq, we know that ’CrCQ ¥ q;,(a) for each n, which is again a contradiction.
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The contradictions arise from the assumption that IC:CQ does not X;cq-rCQ entail .
Appendix B. Proof of Theorem 43 for rooted CQs

We show that it is undecidable whether an ££ TBox is ®-rCQ inseparable from an .ALC TBox. For the proof we require
homomorphisms between ABoxes and the observation that they preserve certain answers. Let .4; and .4, be ABoxes. A map
h from ind(A1) to ind(A3) is called an ABox-homomorphism if A(a) € A; implies A(h(a)) € Ay for all concept names A, and
R(a, b) € A; implies R(h(a), h(b)) € A, for all role names R. The following is shown in [64].

Proposition 63. Let 7 be an ALC TBox, A, A’ be ABoxes, and h: A — A’ an ABox homomorphism. Then

o A s consistent with T if A’ is consistent with T, and
o (T. A E=q(a) implies (T, A") k= q(h(a)) for all CQs q(x).

To prove the undecidability of the problem whether an ££ TBox is ®-rCQ inseparable from an .ALC TBox, we use the
TBoxes constructed in the proof of Theorem 22. Recall the KBs IC:CQ = (7;1CQ, Arcq), ICch = (7;(2:Q, Arcq) and Ky = (T2, Arcg),

where 75 = TlcQU 7:%(1 Set ©® = (X1, X;), where Xy = sig(Arcq) and X = Eycq- We aim to show that the following

Tt
conditions are equivalent:

(1) ’C;CQ and K, are X;cq-1CQ inseparable;
(2) Ti&q and Tz are ©-rCQ inseparable.

The implication (2) = (1) is straightforward: if IC}CQ and /C; are not X;cq-CQ inseparable then the ABox A;cq witnesses
that 7;]CQ and 7, are not ®-rCQ inseparable. Conversely, suppose 7;1CQ and 7, are not ®-rCQ inseparable. Take a £1-ABox A
such that (7,{,,.A) and (72, A) are not X,-rCQ inseparable. Clearly, (72, A) £2-rCQ entails (7,y, A). Thus, (7;&1, A) does

not ¥,-rCQ entail (73, A). The canonical model Z; of the ££ KB (7;}@ A) can be constructed by taking, for every A(b) € A,

a copy of the canonical model I’Clcq and hooking the two R-successors of a in I,@CQ (together with the subinterpretations
T T

they root) as fresh R-successors to b. On the other hand, the class M of minimal models of (73, .4) is obtained from Z; by

hooking to every b with A(b) € A a copy of a minimal model 7, € M’Cch by identifying the root a of 7}, with b.

Now consider a X,-rCQ q(a) with (7;&1, A) ¥ q(a) and (72, .A) = q(a). Suppose q(a) is the smallest rCQ with this

property. Using the description of the canonical model Z; of (7;1CQ, A) and the class M of minimal models of (73, .A4), one
can show in the same way as in the proof of Theorem 22 (ii) given in the appendix above that there must be a path in q
from an answer variable to an End atom such that each variable x on this path appears in an atom of the form B(x) with
B € cq. But then q contains a query of the form qj,(x) (see again the proof of Theorem 22 (ii)) such that (73, .A4) = q},(a)
for some individual a and n > 0. Observe that the map h: ind(.4) — {a} is an ABox-homomorphism from the ABox .A
onto the ABox Acq. It follows from Proposition 63 that (73, .Awcq) = g} (h(a)), for some n. We know from the proof of
Theorem 22 that IC}CQ ¥ qr(a). Thus, IC;CQ and Ky are not X;cq-rCQ inseparable, as required.

Appendix C. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.artint.2018.09.003.
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