ILASP - Proofs M. Law, A. Russo and K. Broda

This document provides the proofs which were omitted from the paper Inductive Learning of Answer Set Programs.
In the first section, we recall the necessary definitions from the paper. In section 2 we introduce some extra notation
which serves only to simplify the proofs. In section 3 we give some lemmas necessary for the proofs; and finally, in
section 4 we give the proofs.

1 Definitions

Definition 1.1 corresponds to definition 4 from the paper.

Definition 1.1. A Learning from Answer Sets task is a tuple T' = (B, Sy;, ET, E~) where B be is the background
knowledge, Sy the search space defined by a language bias M, E™ and E~ are sets of partial interpretations called,
respectively, the positive and negative examples. A hypothesis H € ILPas(T), the set of inductive solutions of T
if and only if:

1. HC Sy

2. Vet € E* 3A € AS(B U H) such that A extends e
3. Ve~ € E- AA € AS(BU H) such that A extends e~

We write ILP},4(T') to mean the set of all inductive solutions of length n.

Definition 1.2 corresponds to definition 6 from the paper.

Definition 1.2. Let T = (B, Sy, ET, E7) be an ILPp a5 task. An hypothesis H € positive_solutions(T), called
the set of positive inductive solutions of T, if and only if H C Sy; and Ve™ € ET 34 € AS(B U H) such that A
extends e™.

Definition 1.3 corresponds to definition 7 from the paper.

Definition 1.3. Let T'= (B, Sy, ET, E7) be an ILPy 45 task. An hypothesis H € violating_solutions(T), called
the set of violating inductive solutions of T', if and only if H € positive_solutions(H) and Je~ € E~ 3A € AS(BUH)
such that A extends e™.

We will write positive_solutions™(T) and violating_solutions™(T) to denote the positive and violating solutions of
length n.

Definition 1.4 corresponds to definition 8 from the paper.

Definition 1.4. Let T= (B, Sy, ET,E™) be an ILPp 45 learning task and n € N. Let R;q be a unique identifier
for each rule R € Sy; and let e:;l be a unique identifier for each positive example e™ € ET. The learning task T is
represented as the ASP task program T .., = meta(B)Umeta(Syr) Umeta(E1)Umeta(E™) Umeta(Auz,n) where
each of these five “meta” components are as follows:

1. meta(B) is generated from B by replacing every atom A with the atom e(A, X), and by adding the condition
ex(X) to the body of each rule.

2. meta(Sys) is generated from Sy by replacing every atom A with the atom e(A, X), and by adding the two
conditions active(R;q) and ex(X) to the body of the rule R that matches the correct rule identifier R;q.
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3. meta(E™) includes for every e™ = ({li1,...,lin}, {le1,...,lex}) € BT the rules

— ex(ex]y)
— < not ezample_covered(ex;;)
— example_covered(e}y) < e(lir,ext), ... e(lin, exl),
not e(ler, ex},), ..., not e(lex, ex;)

4. meta(E™) includes for every e” ={{li1,...,lin},{le1,...,lex}) € E~ the rule

— wiolating + e(li1, negative), . .., e(liy, negative),
not e(le1, negative), . . ., not e(lex, negative)

5. meta(Aux,n) includes the ground facts length(R;q, | R|) for every rule R€ S); and the rule n #sum{active(R) =
X : length(R, X)}n to impose that the total length of the (active) hypothesis has to be n.

Definition 1.5 corresponds to definition 9 from the paper.

Definition 1.5. Let hypothesis H={Ry,..., Ry }. We denote with constraint(H) the rule «+ active(Ria1),...,active(Rian),

where R;q1,... Riqn are the unique identifiers of rules Ry,..., Ry in H.

For any set of active ids A, meta=!(A) = {R € Sy : active(R;q) € A} (meta™!

back to hypotheses).

2 Extra notation

converts the Answer Sets of T

meta

This section gives some definitions which weren’t in the paper. The only purpose of these definitions is to give some

notation which simplifies the proofs.

Definition 2.1. Given a rule R and a constant ¢, we write e(R, ¢) to denote the rule constructed by replacing every

atom A in R with e(A4,c).

For any ASP program P and constant const we will write e(P, const) to mean the program constructed by replacing
every atom A € P by e(A, const). We will use the same notation for sets of literals/partial interpretations, so for a

set S: e(S, const) = {e(A, const) : A € S}.

Definition 2.2. For any ASP program P and any atom a, append(P,a) is the program constructed by appending

a to every rule in P.

Definition 2.3. Given a program P and a positive example et = (E""¢, E°®¢) the expansion of P wrt et is written

eT[P] and constructed as follows:

append(e(B U H, e}y),ex(ef;)) U {ex(ex])). example_covered(exf)) < N\

litcex

< not example_covered(ex;).}

inc

Definition 2.4. Given a program P and the set of all negative examples £~

negative[P, E~] = {4 not violating. ex(negative).} U append(e(B U H,negative), ex(negative)) U

U A{violating + A\ e(lit,negative) A N\  not e(lit, negative)}.
e~ €bE~ lit€ex;,, . lit€eToye

e(lit, ex})) A

A

litEew;tm

not e(lit, exh;).
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Definition 2.5. For any ILP; a5 task T and hypothesis H C Sy;:
Trneta|H) = meta(B) Umeta(Syr) Umeta(ET) Umeta(E~) U {active(R;q) : R € H}.
(This is T

e Without meta(Auz,n) in addition to one fact active(R;q) for each rule R € H)

3 Lemmas

Lemma 3.1. For any ASP program P, AS(ground(P)) = AS(P).

Lemma 3.2. For any ASP program P, such that P contains no rule with the predicate active in the head, and
any sum rule S: n #sum {active(r1) = w1, ..., active(ry,) = wy,}n (where the r;’s are constants and the w;’s are
integers).

For any subset X of [I,m] st n = . yw;, then AS(P U {active(r;) : i € X}) = {A € AS(PUS) : AN
{active(1), ..., active(m)} = X}.

Corollary 3.3. For any hypothesis H C Sy, st |H| = n:
JA € AS(T ;) st H = meta™(A) & ThetaH] is satisfiable.

Lemma 3.4. Let P be any ground ASP program and C be any constraint <— b; A ... A b, Anot ¢; A ... Anot ¢,
AS(PUC)={Ac AS(P): (Fiel,n]stb; € A)V (Tie[l,m]stc e A}

Lemma 3.5. For any ASP program P: AS(e(P,const)) = e(AS(P), const).

Lemma 3.6. For any program P U (@ in which the atom a does not occur:

AS(append(P,a) UQ U {a.}) ={AU{a.}: A€ AS(PUQ)}

Lemma 3.7. For any ASP program P any partial interpretation E = (E™¢, E°®¢) and any ground atom a which
does not appear in P or E.

JA € AS(P) st Aextends Eiff PU{a+ A litA AN notlit. < a.} is satisfiable.
lite Eine lite Bewe

Lemma 3.8. For any ILPp s task T = (B, Sy, ET, E~):

H € positive_solutions™(T) iff |H| =n and H C Sy and |J [eT[BU H]| is satisfiable.
eteE+

Proof. Assume H € positive_solutions™(T)

& HC Sy and |H|=nand Vet € EY: 3A € AS(BUH) st A extends e™ (by definition).

& H C Sy and |H| =n and Vet € ET : A € AS(BU H) st e(A, e};) extends e(e™, e}).

& H C Sy and |H| =nand Vet € E* : 3A € AS(e(BU H, e}))) st A extends e(et,el,) by lemma

& H C Sy and |H| =n and Ve™ € E* : e(BU H,ef;) U {< not example_covered(e};).
example_covered(e) < N\ e(lit,ef;) A N\ not e(lit,e};).} is satisfiable by lemma [3.7
litee], lit€edee

“inc
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& H C Sy and |H| =n and Vet € ET : append(e(BU H, e}y),ex(e}})) U {ex(e};). < not ezample_covered(e;;).

example_covered(e}) < N\ e(lit,ef;) A A\ not e(lit,e};).} is satisfiable by lemma (used once for each
litee} . lit€ed,e

et € ET).

& H C Sy and |H| =n and Vet € E1 : eT[BU H] is satisfiable.

& H C Sy and [H=nand |J eft[BUH] is satisfiable (the individual programs have no atoms in common as
etcE+
every atom in each contains the relevant constant e;'i).

O

Lemma 3.9. For any program P and set of examples E~:
Jde~ € E~ st 3A € AS(P) st A extends e~ iff negative[P, E~] is satisfiable.
Proof. Assume e~ € E~ st 3A € AS(P) st A extends e”
< Jde” € E~ st 3A € AS(P) st e(A, negative) extends e(e™, negative).
< Je” € E- st 3A € AS(e(P,negative)) st A extends e(e, negative) by lemma
< Je” € E™ st e(P,negative) U {< not violating.
violating < A lit A A not lit.} is satisfiable by lemma (3.

litce(e;,, .,negative) lit€e(ecye,negative)
e(P,negative) U |J {4 not violating. wviolating <+ A lit A A not lit.} is satisfiable

e~ €E~ litce(e;, .,negative) lit€e(ecyc,negative)

(as violating already occurs in every Answer Set, so adding more rules with violating at the head will make no
difference).

& negative[ P, E~] is satisfiable by lemma O

4 Proofs

Theorem 4.1 corresponds to Theorem 1 from the paper.

Theorem 4.1. Let T = (B, Sy, ET, E~) be an ILPyzs learning task.
Then ILPras(T) = positive_solutions(T)\violating_solutions(T)

Proof.

H € ILPLaAs(T) < HC SyAVe" € ET: 3A€ AS(BUH) st A extends e
AVe~ € E- :AA € AS(BUH) st A extends e
& HC SyAVet € ET:3A€ AS(BUH) st A extends e™
A Be” € E- st 3A € AS(BUH) st A extends e
< H € positive_solutions(T)
A Be” € E- st 3A € AS(BUH) st A extends e™
& H e positive_solutions(T) N H & violating_solutions(T)

Proposition 4.2 corresponds to proposition 1 from the paper.
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Proposition 4.2. Let T=(B, Sy, ET,E~) be an ILPr 45 task and neN.
Then H € positive_solutions™(T) if and only if 3A€ AS(T",,) such that H=meta'(A).

Proof. Assume H € positive_solutions™(T')
& HC Sy and [H=nand |J [eT[BU H]| is satisfiable by lemma

eteE+

& HC Sy and [H=nand |J [et[BUH]|Uappend(e(BU H, negative), ex(negative)) is satisfiable (as none of
eteE+
the bodies of these new rules can be true - ex(negative) does not appear at the head of any rule).

& H C Sy and |H| =nand |J [e"[BUH]| Uappend(e(B U H,negative), ex(negative)) U |J {violating +
eteEt e~€E~
N e(lit,negative) A N\ not e(lit, negative).} is satisfiable (as violating does not appear in the body of any
lit€e,, lit€ecye

inc

other rule (can seen by splitting the program on every literal other than violating)).

& H C Sy and |H| = n and ground(Tpetq[H]) is satisfiable by lemma [3.6] (we use lemma [3.6] once for each R € H
to add active(R;q) as a fact, and append it to every rule of the form e(R, ¢) for some constant c).

< H C Sy and |H| = n and Thera[H] is satisfiable by lemma
& JA € AS(TR,,,) st H = meta=*(A) by corollary

Proposition 4.3 corresponds to proposition 2 from the paper.

Proposition 4.3. Let T=(B, Sy, ET,E~) be an ILPp 45 task and n € N.
Let P be the ASP program T}

meta

Then H € violating_solutions™(T) if and only if 34 € AS(P) such that H=meta 1(A).

U {« not violating; ex(negative)}.

Proof. Assume H € violating_solutions™(T)
& H € positive_solutions™(T) and Je~ € E~ st 3A € AS(BU H) st A extends E.
& |H|=nand HC Sy and |J (e"[BU HJ) is satisfiable and Je~ € E~ st 3A € AS(BU H) st A extends F

eteE+
lemma
& |H|=nand HC Sy and |J (eT[BU H]) is satisfiable and negative| B U H] is satisfiable lemma
eteE+

& |H| =nand H C Sy and  |J  (e[BU H]) Unegative[B U H] is satisfiable (as the two programs share no
eteE+
atoms).

& ground(Timetqe[H]) U {¢— not violating. ex(negative).} is satisfiable by lemma (we use lemma once for
each R € H to add active(R;q) as a fact and also append it to every rule of the form e(R, ¢) for some constant c).

& Tmeta[H] U {4 not violating. ex(negative).} is satisfiable (by lemma [3.T)).
& JA € AS(Th ., U {+ not violating. ex(negative).}) st H = meta*(A) (by corollary .

meta

Proposition 4.4 corresponds to proposition 3 from the paper.

Proposition 4.4. Let T=(B, Sy, ET,E~) be an ILPp 45 task and n € N.
Let P =T .,, U {constraint(V) : V € violating_solutions™(T)}.

Then a hypothesis H € ILP},4(T) if and only if 34 € AS(P) such that H = meta™!(A).



ILASP - Proofs M. Law, A. Russo and K. Broda

Proof. Assume H € ILP}'44(T) (then n = |H|)
< H € positive_solutions™(T) and H & violating_solutions™(T') by proposition
& JA € AS(T!.,.) st H = meta™(A) and H ¢ violating_solutions™(T) by proposition

& JA € AS(T?,,,) st H = meta='(A) and H is does not satisfy the body of any constraint {constraint(V):V €

violating_solutions™(T)}.

& 3JA € AS(P) st H = meta™'(A) by lemma [3.4]
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