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Abstract We generalize a smoothing algorithm for finite min—max to finite min—
max—min problems. We apply a smoothing technique twice, once to eliminate the inner
min operator and once to eliminate the max operator. In mini—-max problems, where
only the max operator is eliminated, the approximation function is decreasing with res-
pect to the smoothing parameter. Such a property is convenient to establish algorithm
convergence, but it does not hold when both operators are eliminated. To maintain
the desired property, an additional term is added to the approximation. We establish
convergence of a steepest descent algorithm and provide a numerical example.

1 Introduction

We propose an algorithm for the finite min—max—min problem

min ®(x) = maxmin f; ;(x

e =g jel fi.i @)
with finite sets /, J and continuously differentiable functions f; ; with bounded first
derivatives for alli € I, j € J.

The min—max—min problem has applications in multiple fields including computer
aided design [1], facility location [2] and civil engineering [3].
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To tackle the problem, we generalize the smoothing technique described in [3-7],
which approximates a max function

max g; (x)
l

with the smooth approximation

log (Z exp(eg; (x))) /e.

The same idea, where in this case the maximization is over an interval and an
integral appears in place of the summation, appears in the laplace method, that studies
the asymptotic behavior of integrals [8]. In the context of optimization, it has been used
in convergence proofs of simulated annealing methods [9] to describe a distribution
over the state space of solutions that converges to the global optimum as the parameter
€ increases [10].

This smoothing technique has been used to solve the minimax problem in [5-7] by
transforming it into a smooth minimization problem. In [7] an adaptive method for the
update of the parameter € is used which provides robustness in view of potential ill-
conditioning problems. Furthermore, the same technique has been used to transform
the min—max—min problem to minimax problems [3], which are solved with a different
method.

In Sect. 2 we extend this methodology to eliminate both the inner minimization and
the maximization operands and reduce the min—max—min problem to the minimization
of a smooth function and in Sect. 3 we provide a steepest descent algorithm of the
approximation function and we show that it converges to a point that satisfies a first
order optimality condition for the original min—-max—min problem. In Sect. 4 we
provide a computational example.

2 Smoothing of max—min functions

Proposition 2.1 provides a smooth approximation of max;c; min ey f; j(x).

Proposition 2.1 Let
D(x) = in f; 1
(x) = max min fij(x) ()]

Let My = |I|, My =|J|ande; > 0, €5 < 0. Then

€l

€J

In(M 1 In(M
o0+ "8 < i | 3| Sexptes fin || = 000+ L,

A

iel | jeJ

@ Springer



A smoothing algorithm for finite min—-max—min problems

Proof Let
®;(x) = min f; ;(x).
j

Then
@iffl',j, Viel, jel,

exp(e; ;) < D exp(es fi ) < Myexple;®;), Viel,
jeJ

€@ <In| D exp(es fi)) | SIn(M))+e; @i, Viel,
jeJ

1 1
O+ —In(M;) < —1In | D exples fij) | < i, Viel,
€ € el

€l

€J
€
61<I>,-+€—11n(M])§1n > exp (es fig) <€, Viel,
J ;
jeJ

o
7 <

My’ exper®;) < | D explesf) | <exple;®), Viel,
jeJ

A

€J
In (Z exp(GICDi))Jr E—jln(MJ) <In Z ZeXp(éin,j)

iel iel | jeJ
<In (Z eXP(EICDi))- )
iel
We have

® = max P;
L

exp(e;P) < ZexP(fchi) < Mjexp(e;P)

iel

ed < ln(Zexp(eICD,-)) <In(Mj) +¢;. 3)

iel
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From (2,3), we have

In(My) +€;P > ln(z exp(elcbi))

iel

L
€J

> In Z Zexp(e]f)

iel | jeJ
> In (Z exp(eICD,')) + LMy
: €
iel
€1
> e d+ —In(My)
€J

€l

€J

1 1 1
o+ e—ln(M]) < e—m DD exples f) < e—ln(MI) +®
T y iel | jed !

Set

1
ey (1) = —In | D | D exples f(x))

iel | jeJ

It is shown in [5] that the convergence of the approximation method described in
the Introduction is monotonic. Proposition 2.2 shows that this is not the case when we
eliminate both operands.

Proposition 2.2 Fore;, <€y <0,
q)€[,€jl x) < ®€],€]2 (x),
and for €, > €1, > 0,

qDO((-x’GI]?GJ) > q)a(.x,EIZ,Gj).

Proof Let gi(x,€5) = [Zjej eXp(EJf,-,j(x))]q - 0.
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1

gi(x,€p) _Zje] ‘”‘P(szfi,j(x))]E]2
gilven) 1 &
T[S es epten fien |
- o
€J2
. Zje] exp(e, fi,j(x))
B 5
_[ZjeJ exp(ey, fz',j(X))]EJ‘
— o 1
2 €
_ [ exp(ey, fi,j(x)) :|€]1 h
I 2 kes expey, fik(x)) '
Since
£k 1, exp(ey fi.j () <1 and €5, <0,
€1 D ey expley, fir(x))
we have
1
gi(x.€s) _ exp(es, fij(0) |
gilx.en) | 157 2 kes €xpley, fik(x))
Therefore

gi(x,€ep) = gi(x,€y)

1 1
o ln(Zg,-(x, 612)6’) z (Z gi(x, €y, )6’)

iel iel

q)EI,GJZ (-x) Z q)el,éjl (X)

For the second part we have

1
[Xics gitx, en) ] Dier 8ilx, €))h

1 I

[Zie] gi(xﬂef)q']q _[Zie[ 8i(x,61)€"]q

612

Dicr 8ilx, e

612

_[Xiel gi(x, 61)611]; i

@ Springer



A. Tsoukalas et al.

Therefore

[Z g e |

iel

|_|
S
A

< |:Zg,(x GJ)EII:| !

iel
1 1

|:Zg,(x 61)6’2:| h |:Zg,'(x,ej)€11:| !

iel iel

IA

®E[2,€j (x) < (Dql,ej (x).
O

We see that when we increase |€;|, P, , decreases and when we increase |e |,
®,, ¢, increases. In order to prove convergence of the local optimization algorithm it
would be convenient if the approximation function was decreasing with both |ej|
and |ey|. Consider the alternative approximation function

/ In(My)
D, o, (X) = D¢ e, (x) — :
€J
It is obvious that ®. decreases as |€7| increases. Next we examine what happens

€],€)
when we increase |€y|.

Lemma 2.3 Forallb > 1,0 < a; <1, we have

1 b m—1 ) b
L Z —l >mlb.
1+Z,_1 a; = 1+Zk | ak

m—1 m—1 b
f(al,az,...,am_l)z1+Zaf’—mlb(l—f-Zai) , 0<ag <1.

i=1 i=1

Proof Let

The set {(ay, ..., anm—1)|0 < a; < 1} is closed and bounded and therefore, f has a
global minimum a*.
The partial derivatives of f are

3f m—1
| 1-b ,
ﬁj—baf —m b(l—i—Zal)

i=1

b—1

Since

of(ar,...,a; =0,...,an-1) _
8aj
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a? is strictly positive for all i. Solving the system

af _

8aj

we obtain the unique solution a; = 1 for all j. Since this boundary point is the only
stationary point and there is no other boundary point eligible for a global minimum,
we have a* = 1 for all j.

As aresult we obtain

f@,....am_1) > f(LL, ..., D=14m—1—m'""bmb =0.

b
Dividing by (1 + >t a,-) and re-arranging, we have

b m—1 ' b
+ S — >m1_b.
(1+Z 1at) Z(1+Zk 1ak)

Proposition 2.4

Pepe), () = P ), (X)

forey, <€y <O.

1 =1
Proof Let g/(x,€;) = [Zjej exp(ey fi,j (x))]” M," >0.
_ L
Glren) | Zies oPenfi )™y

— J
g,/'(X, 6]])

- T L
> jes exples fi @) | 7w

1

€. 1
2 1

6]1

Zjej exp(e, fi,j(x)) M,

€h 1

[Zerexpten fiion]™ | My

- R
_ [ exp(ey, fi.;(x)) } 2oy
D ey eXpley fik(x))

Ljes
Let

exp(fi,j (x))

ffx) = mj@lX fi,j(x) and a;; = PO
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Wehave 0 <a; ; <1 Vi,j andVi, 3jwitha;; = 1. Therefore

_ e 1 1
h e 2N
gi(x,€5) [ aj,j exp(ey, [ (x)) }wl M
- 1
gi(x,€5)) Y D ke ik exp(ey, £ (x)) yo
- J
B ) # o
_ [ aj e |7 My
N D ke Gik o
eJ A )
L/ M,
N o
1—22\ € Mgl
Ejl ] _
(Y
E.2
M,
where the inequality holds due to Lemma 2.3 and the fact that % > 1, ﬁ < 0.
1 J2
Therefore,
gl{(-xs 6]2) = gl{(xa 6]1)
d>€1,€]2 x) < @61’611 (x).
O
Choosing

€ =—€5=€>0

we obtain the approximation function

b, (x) = éln (Z > ! )+ ““f’)

el jelJ eXp(—Gf,',j(x))

which is a decreasing function of €.

3 A steepest-descent algorithm

The following theorem from [11], gives a first order optimality condition for min—
max—min problems.

Theorem 3.1 If f; ; are continuously differentiable, and % is a local minimizer of
O (x) then 0 € GO (x) where

} fi,j(x) = ®i(x)
G®(x) = convjconv; D(x) — D;(x)
Vfij(x)
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We have
VO ()= > uf;Vfij@) @
iel,jeJ
where
exp(—efi,; (1))
(ke exp(—€fix(x)))?
ug ;= — ke TRCSUON 5)
Zpel Zke] exp(—¢€fp k(x))
Note that
D uij =1 Ve
iel,jeJ
and
lim pi§ ;=0 VG, j) ¢ (1, Jp,
€E—>00 ’
where

[={iecl: dkx) = mjin £},
Ji={jel: min f,-,,-<$c> = fi,i(0)}.
Corollary 3.2 If
Jlim Vo (f) =0,

then X satisfies the stationarity condition of Theorem 3.1.

We present the following Armijo Gradient algorithm.
Concerning step 7 we remark that any increasing updating rule u(€;) can be used
as long as

lim ¢ = oo. (6)
k—o00

For example we can choose u(e;) = €, + y. Condition 6 is also satisfied, by the
adaptive parameter update proposed in [3,7], which has the advantage of avoiding
ill-conditioning due to a quick increase or €.

The proof of the next proposition is similar to the proof of stationarity of limit
points for gradient methods in [12]. We repeat the arguments for completeness.

Proposition 3.3 Let {x;} be a bounded sequence generated by Algorithm 1. Then the
sequence {xy} converges to a stationary point.
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Algorithm 1 Armijo Gradient Algorithm

1: Seto, € (0,1),s >0

2: Choose ¢y > 0

3: Setk =0

4: Compute the steepest descent direction

hi = =V ¢, (xp).
5: Compute the step-size

= r[g;{sﬁ’ L De, (v + BIAK)) — D, (xp) < —oBls|hy |2

6: Set xgy1 = x; + aghy
tSetepy =ule), k=k+1
8: goto4

~

Proof To arrive at a contradiction assume that X is a limit point of {x;} with
lim [V ()| = p,
€—>00

with p > 0.
Since ®. is continuous and monotonically non-increasing with respect to both €
and x, and given

M;+ My

[P, — Pey| < ——,
“ '~ min{e, e}

Ver, e > 0,
it follows that @, (x;) converges to the finite value
®(x) = lim P, (x).
€—> 00
We have

D (xp) — Py (Xpr1) = Py (k) — Py (xx41)
o[V, (x|,

v

where the first inequality follows from Propositions 1.2, 1.4 and the second inequality
by the definition of Armijo’s rule.
Hence, since o > 0,
o[V e, ()| — 0,
and therefore, by the hypothesis,

{ax) — 0.
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From the definition of Armijo’s rule, there is an index k > ( such that
oy ooy N
D (1) — Pe (xk - EVcbe(xk)) < THVcbe(xk)nz, Vk > k,

that is, the initial step-size will be reduced at least once for all k > k.
This can be written as

Vo, Vo,
P (xx) — Pey (Xk — B el ||V<I>gg8||)

< o||VO(xp)ll, Vk >k

o |[VPe (xp)]
B

By the Mean Value Theorem, we obtain

vV T vo .
Vo, (xk—~ E(x")) OO v ol VK = R,

ak
(VO (xi)ll ) IV Oe(xp)ll

where &y, is a scalar in the interval [0, M].

Since ||V®,|| is bounded, taking limits we obtain

lim [[V®(X)||(1 —0) <0,
€—00
lim [[V®e ()] <0,
€—00

which contradicts the initial assumption.

Therefore,
lim ||V, (D)[| =0
€—> 00
and X is a stationary point of ®(x) by Corollary 3.2. O

4 Numerical example

To prevent overflows, the values of ®(x) and j have to be computed carefully,
in a similar way to the approximations of mini—max problems in [4,6].

! ! In(M,)
e(x) = -1
(X) € n(; Zjej eXP(—ffi,j(X))) + €

1 1 In(M,)
P -1 )
O+ “(Z S es exp(—e (i) @(x)))) e

iel
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Fig. 1 Approximations for increasing values of €
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and

exp(—€fi.j(x)) exp(—e(f;,; ()= (x)))
—ef; 2 e 5
,va,j _ (Dkes exp(—€fik(x))) _ ey exp(—e(fix()—P(x)))) . o

1 1
ZPEI 2 kes exp(—€fp r(x)) ZPEI 2 kes exp(—e(fpx(x)—P(x)))

Example 1 Consider the problem

min max min_fj ;(x)
xeRie(l.2) je(1,2,3) "

with

fia() =10x* =15, fia(x) = (x +2)? +3, fi3(x) = 10(x — 6)* — 10,
Fi) =207 =5, frax) = Gx—15%>-10, fr3(x) =x.

Figure 1 shows how the approximation function ®, converges to ® for increasing
values of €.

We run our algorithm with parameters o = 0.01, 8 = 0.5, s = l,eo = 0.02 and
the updating parameter rule

e, if ||V Pe, (x)]] > 0.5
€k+1 =
2e if ||[VDe (xp) ] = 0.5

From the starting point xo = —10 our algorithm converges to x* = 0 in 11 iterations.
From the starting point xg = 6 the point x* = 5.51318 is reached in 25 iterations.
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